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PROCEEDINGS 


OF THE 


LONDON MATHEMATICAL SOCIETY. 


VOL. IV. 


EIGHTH SESSION, 1871-2. 
November 9th, 1871. 


ANNUAL GENERAL Muzzrtina, held at 22, Albemarle Street. 


Dr. SPOTTISWOODE, F.R.S., President, in the Chair. 


The Reports of the Treasurer and Secretaries were read and adopted. 
~ From the Report of the Secretaries, it appeared that the number of 

-Members since the last General Meeting, held November 10th, 1870, 
had increased from 110 to 114. 

The Obituary of the Society, during the Session, comprised the name 
of one of its most distinguished members, and its first President. [An 
account of the tributes paid by the President and Treasurer to the 
memory of the late Prof. De Morgan has been given in the Society’s 
Proceedings for April 13th, 1871, (No. 34). ] 

The communications made to the Society during the past Session 
had been as follows :— 

“Sketch of recent researches upon Quartic and Quintic Surfaces :” 

by Prof. Cayley, V.P. 

“On Elliptic Integrals :” by Prof. H. J. 8. Smith, V.P. 

‘Note on the Theory of the Rational Transformation between Two ~ 
Planes, and on Special Systems of Points ;” and a “Second 
Memoir on Quartic Surfaces :” by Prof. Cayley, V.P. 

“On the Polar Correlation of Two Planes, and its connexion with 
their Quadric Correspondence :” by Dr. Hirst, Treasurer. 
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“On Systems of Tangents to Plane Cubic and Quartic Curves:” by 
Mr. J. J. Walker. ) 

“On the Order and Singularities of the Parallel of an Algebraical 
Curve:” by Mr. 8S. Roberts. 

“Methods made use of in his ‘Linear Associative Algebra’ :” by Prof. 
Peirce, of Harvard University. 

“On an Analytical Theorem from a new point of view ;” and “Ona 
Problem in the Calculus of Variations: by Prof. Cayley, V.P. 
“‘A Property of Conical and Cylindrical Surfaces:” by Mr. C. W. 

Merrifield. 

“On Skew Cubics:” by Prof. H. J. S. Smith, V.P. 

‘Remarks on the Mathematical Classification of Physical Quantities:” 

by Prof. J. Clerk-Maxwell. 

“Historical Note upon Certain Formule (Gauss’s Analogies) in 

Spherical Trigonometry :” by Mr. I. Todhunter. 

‘“¢ Stresses in Warren and Lattice Girders:” by Prof. M. W. Crofton. 

“A Third Memoir on Quartic Surfaces :’’ by Prof. Cayley, V.P. 

‘On the Singularities of the Envelopes of a Non-Unicursal Series of 

Curves :” by Prof. Henrici, V.P. 

“Note on the Explanation of Coronas, as given in Verdet’s ‘Legons 

d'Optique Physique,’ and other Works :” by Hon. J. W. Strutt. 

“On the Problem of finding the Circle which cuts three given Circles 

at three given Angles:’’ by Mr. J. Griffiths. 

“On Pliicker’s Models of Certain Quartic Surfaces:” by Prof. 

Cayley, V.P. 
**On the Motion of a Plane under Certain Conditions:” by Mr. S. 
Roberts. 

Several lesser communications were made, and descriptions given of 
models exhibited. 

The same Mathematical Journals had been subscribed for as in the 
preceding Session. In future, however, the “ Bulletin des Sciences 
Mathématiques et Astronomiques” will not be subscribed for, as it will 
be given to the Society in exchange for its own Proceedings. 

The Proceedings of the Society had been sent to the Royal Societies 
of London and of Edinburgh; the Royal Irish Academy; the Cambridge 
Philosophical Society; the Philosophical Society of Manchester ; the 
Institute of Actuaries; the British Museum; ]’Académie des Sciences, 
Paris; l’Ecole Polytechnique; la Société Philomathique; l’Académie 
Royale de Belgique; Akademie der Wissenschaften, Berlin; Royal 
Society of Gottingen; il Istituto Lombardo, Milan; the Smithsonian 
Institution, Washington, U.S.; United States Naval Observatory, 
Washington ; Connecticut Academy, New Haven; Prof. Luigi Cremona, 
an Kditor of the “Annali di Matematica’; Herr Borchardt, Berlin, 
Kditor of ‘Crelle’s Journal”; the Editor of “Nature.” 
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In return for these, the Society had received the Proceedings of the 
Royal Society; the “Journal of the Institute of Actuaries’; the 
“Annali di Matematica”; the ‘‘Monatsberichte” for 1871, from the 
Akademie der Wissenschaften ; ‘Crelle’s Journal,” from Herr Bor- 
chardt; ‘‘ Nature’ weekly from the Editor; Annuaire et Bulletins de 
Académie Royale des Sciences, des Lettres, et des Beaux Arts de 
Belgique ; Journal de lV’ Ecole Polytechnique; Report and Proceedings 
of the Smithsonian Institution, Washington ; Transactions of the Con- 
necticut Academy of Arts and Sciences (3 parts); Jahrbuch tiber die 
gesammten Fortschritte der Mathematik. 

The following presents had been made to the Society :— 

Royal Society’s Catalogue, Vols. III, IV., V. 

“On the Determination of the Orbit of a Planet from Three Obser- 
vations,” by A. Cayley, F.R.S.: from the Author. 

“Géométrie Supérieure,’’ by M. Chasles: from the President. 

“Tanear Associative Algebra,” by Prof. Benjamin Peirce: from the 
Author. 

‘Nautical Almanac” for 1874: from the Nautical Almanac Office. 

“ Journal of the London Institution,” Nos. 1—7. 

“On Hills and Dales,’”’ and an Address to the Mathematical and 
Physical Section of the British Association, September 15th, 1870, by 
J. Clerk-Maxwell, F.R.S.: from the Author. 

“The Annual of the Royal School of Naval Architecture and Marine 
Engineering :” from C. W. Merrifield, F.R.S., the Principal. 

Ten Memoirs by M. Chasles (the titles of which are given p. 232, 
No. 34): from the Treasurer. 

“Theorie und Anwendung des sogenannten Variationscalculs,”’ von 
Dr. G. W. Strauch: from C. R. Hodgson, B.A. 

Several early numbers of the ‘“‘ Cambridge Mathematical Journal” 
(10 numbers), and “ Quarterly Journal of Pure and Applied Mathe- 
matics,’ March, 1855: from the President. 

“Sulle Trasformazioni razionali nello Spazio,’’ Nota 1* del Prof. L. 
Cremona: from the Author. 

Model of the Surface called the ‘‘Cylindroid”’: from Prof. R. Stawell 
Ball. 

Appendix to Benjamin Anderson’s Journey to Musadu: from the 
Connecticut Academy. 

“ Rapport sur les Progrés de Géométrie,” par M. Chasles: from the 
President. 

“Verzeichniss der Abhandlungen der Kéniglich-Preussischen Aka- 
demie der Wissenschaften von 1710—1870, in Alphabetischer Folge der 
_ Verfasser,”’ Berlin, 1871. 

The following Models had been added to the Society’s collection :— 
Of the tubular surface which is the envelope of a sphere of constant 


radius which moves with its centre on a given parabola. 
B2 
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Of the cubic surface whose equation is 
ayz— (2)? (e+y+z2—1)° = 0. 

No Cartes de Visite had been received during the Session. 

After the Reports had been read, and Mr. R. Wormell, M.A., ap- 
pointed Auditor for the ensuing Session, the Meeting proceeded to the 
election of the new Council. ace 

The following gentlemen were declared by the Scrutators to be duly 
elected :— 

President, Dr. Spottiswoode, F.R.S. ; Vice-Presidents, Profs. Cayley, 
Henrici, H. J. S. Smith, and *Mr. S. Roberts; Treasurer, Dr. Hirst ; 
Hon. Secs., Messrs. M. Jenkins and R. Tucker; other Members of the 
Council, Profs. Clifford and Crofton, Messrs. Cotterill, Merrifield, 
Stirling, Sylvester, and Walker, and the *Hon. J. W. Strutt. (The 
gentlemen marked * were not on the preceding Council list.) 

A vote of thanks was carried to the retiring Members of the Council. 

Mr. A. Freeman, M.A., F.R.A.S., Fellow of St. John’s College, 
Cambridge, was proposed for election. 

The President entered into an explanation of the reasons which had 
led the Council to think the time had arrived for increasing the number 
of Honorary Foreign Members, and mentioned that at this date it had 
been resolved to recommend that the number be raised to six. It being 
unanimously agreed that it was desirable so to enlarge this class of Mem- 
bers, the Chairman proceeded to nominate, for the Council, the follow- 
ing five Foreign Mathematicians:—Prof. Betti, Dr. Clebsch, Prof. 
Cremona, M. Hermite, and Dr. Hesse. [Though this list had not been 
drawn up with reference to geographical divisions, yet it now gave 
two representatives for France, two for Germany, and two for Italy, 
M. Chasles being the other representative for the first-named country. | 

Mr. Sylvester made a communication ‘On the partition of an even 
number into two primes.” 

The following presents were received :— 

“‘ Monatsbericht”’ for August, 1871. 

“* Nautical Almanac”’ for 1875. 

“ Annali di Matematica,” April, 1871. 

** Crelle’s Journal,’ 74 Band, erstes Heft. 


The following is an abstract of Mr. Sylvester’s communication :— 

In one of his minor papers, Huler has enunciated, as a theorem rest- 
ing entirely on intuition from a comparatively small number of instances, 
that every even number may be decomposed into a sum of two primes. 
The object of Mr. Sylvester’s communication was to obtain some mea- 
sure of the probable number of ways in which such decomposition can 
be effected for any given number ; if it can be shown to be probably 
greater than the square root of the number itself, it will follow, from 


1871.] of a Number into two Primes. 5 


generally admitted principles of the theory of chances, that the pro- 
bability of the theorem being universally true above any assigned 
limit, if proved to be true up to that limit, may be represented by an 
infinite product of terms which will approach as near as we please to 
unity the higher the limit is taken. 

The mere fact of the theorem, as Euler gave it, being proved up to 
100,000,000 or any other number, however great, would leave the pro- 
bability of its being universally true absolutely zero, just as the fact of 
the sun having risen 100,000,000 times would not contribute an atom 
of probability to the supposition that it would continue to rise for all 
time to come. In the case before us, on the contrary, the probability 
of the theorem being universally true by a sufficiently copious induction 
may be made to approach as near as we please to absolute certitude. The 
Author considers that he has established beyond the reach of reasonable 
doubt that the order of the magnitude which represents the mean pro- 
bable value of the number of modes of effecting the resolution of a very 
large even number into two prime numbers is that of the square of the 
number of primes inferior to the given number divided by the number 
itself, or, which (thanks to the discoveries of Legendre and Tchebicheff) 
we know to be the same thing, the number of the decompositions in 
question bears a finite ratio (assignable within limits) to the number to 
be decomposed divided by the square of its Napierian logarithm. If 
we agree provisionally to call preter-primes in respect to ” those 
numbers which are prime themselves and also when subtracted from 
leave prime remainders, the Author shows that the probable number of 
such preter-primes (7. e. the most probable value attainable under our 
present conditions of knowledge) may be found approximately by mul- 
tiplying the number of ordinary primes inferior to 7 by the product of 
a set of fractions depending in part on the order of the magnitude and in 
part on the constitution of the number n. If nis the double ofa prime, 
the product in question is got by multiplying together all the quantities 
fea where p is every odd prime between unity and the square root of 
n; but if n itself contains any such primes among its factors, then the 
corresponding factors are to be omitted out of the product. We thus 
see that if two even numbers of considerable magnitude lie adjacent 
and tolerably near to each other, one of which is the double of a prime, 
but the other six times a prime, the number of preter-primes relative 
to the latter will be about twice as many as those relative to the former. 
For the purpose of greater simplicity of explanation, the formula of 
approximation has been stated above with less accuracy than it admits 
of being stated with ; instead of the total number of odd primes being 
multiplied by the product of factors last described, those only should 
have been taken which are not intermediate between 2 and ./n, and 


6 Proceedings. [Dec. 14, 


the result so modified should have been stated to be the probable value, 
not of the total number of preter-primes, but only of such of them (by 
far the larger number) as are not of the excluded class above described, 
nor, subtracted from , give rise to remainders belonging to such class. 
The Author has found, by actual trial on an extensive scale, that the 
estimated values of the number of decompositions never differ by more 
than a moderate, and in some cages exceedingly slight, percentage from 
their actual values, determined by the use of Borchardt’s tables. 

The same methods enable him also to assign a probable value to the 
number of modes of resolving an odd number into the sum of one prime 
and the double of another, and in general leads to an approximate re- 
presentation of the number of solutions in prime numbers of any system 
of linear equations of which the total number of solutions is limited, 
and even to resolve approximately such questions as that of determin- 
ing how many prime numbers there are inferior to a given limit which 
are followed by prime numbers differing from them by any assigned 
interval. 

Since the communication made to the Mathematical Society, the 
Secretaries have been informed by Mr. Sylvester that he has verified 
his results by quite a different method. The exact number of the 
solutions of the equation «+y—=~2 in prime numbers may be expressed 
algebraically by means of the method of Generating Functions in terms 
of the inferior primes to n. The expression will be found to consist of 
two parts—one a constant multiple of n, the other a function of the 
roots of unity corresponding to the several inferior primes and their 
combinations. The former non-periodic part may obviously be regarded 
as the mean value of the expression, and Mr. Sylvester has found that 
it is identical with the value obtained by the method of averages 
previously employed. 


December 14th, 1871. 


Dr. SPOTTISWOODE, F.R.S., President, in the Chair. 


Mr. A. Freeman, M.A., F.R.A.S., was elected an Ordinary Member, 
and the following gentlemen Foreign Members of the Society :—Prof. 
Betti, Dr. Clebsch, Prof. Cremona, M. Hermite, and Dr. Hesse. 

Mr. Sylvester made a communication “On the Theorem that an 
Arithmetical Progression which contains more than one, contains an 
infinite number of prime numbers.” 
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Profs. Cayley and Smith took part in a discussion on the subject. 

Prof. Clifford gave an account of a paper he is preparing for the 
Society. 

Prof. Cayley drew attention to the question of the determination of 
the surfaces capable of division into infinitesimal squares by means of 
their curves of curvature. 

Mr. 8. Roberts exhibited a thread model of a homographic transfor- 
mation of the developable surface which circumscribes a system of 
confocal quadrics. The surface is generated by planes touching an 
ellipse at a constant inclination, and its equation is obtained by writing 
pe for 7? in (x, y’, 7°) =0, representing the plane parallel of the 
ellipse. 

The following presents were received :— 

“‘Annali di Matematica,’”’ April, 1871. 

Extrait du “Bulletin des Sciences Mathématiques et Astronomiques”’: 
“Sur une surface de cinquiéme ordre et sur représentation sur le plan,” 
par M. G. Darboux; “Sur une série de lignes analogues aux lignes 
géodésiques,” par M. G. Darboux; “ Sur les équations aux dérivées 
partielles du second ordre,” par M. G. Darboux: from the Author. 

“Memorie del Reale Istituto Lombardo,” and “ Rendiconti,”’ 17 
parts. 

‘“‘ Rapporti sui progressi delle Scienze i sopra alcuni recenti studj di 
Chimica Organica,” del Dottor L. Gabba. 


The following is an abstract of Mr. Sylvester’s communication :— 


This celebrated theorem is one of those which no one would think of 
doubting, but which are of extreme difficulty to prove. A pretended 
proof had been given by Legendre a good part of a century ago, and 
occupies a whole chapter in the “Théorie des Nombres’’; but the 
first real demonstration was accomplished by Lejeune Dirichlet in 
his great memoir published in the Berlin “Transactions” for the 
year 1837. 

The present communication is limited to the case of Arithmetical 
Progressions, proceeding according to the common difference 4 or 6. 
The fundamental theorem employed is an identical equation, on the one 


2p 
side of which are algebraical fractions of the form ae where p re- 
—2 


2p? 
presents any combination of the simple powers of any system of primes 
taken with the positive or negative sign, according as p contains an 
even or an odd number of factors, and on the other side simple powers 
of z, whose indices are all the odd numbers not containing any one of 
the given system of primes as a factor. In the case of progressions 
with the common difference 4, all the primes of the form 4¢g+3 and 
their primary combinations figure as indices on the first side of the 
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equation, and consequently the powers of w on the other side have for 
their indices combinations of factors of the form 4qg+1. By writing in 
place of w the square root of negative unity into 2, it is shown instan- 
taneously that if the number of primes of the form 4¢+3 were finite, 
a finite series of fractions converging to an infinite value as v approaches 
to unity would be equal to another such series which would remain 
finite, which is of course absurd. The proof applicable to the case of 
progressions of the form 4q+1 is not quite so simple: it depends on 
showing that, if their number were only 7 in number, it would be 
possible to have a rational integer function of the degree 27 in the 
logarithm of 7 greater than a finite multiple of n for a value of n un- 
limitedly great, which is known to be absurd. 

A process precisely similar applies, mutatis mutandis, to the case of 
progressions of the form 6q¢+1, 6q+5, the sole difference being that, 
instead of substituting for 2, multiplied by the square root of nega- 
tive unity, we must now substitute for it « multiplied successively by 
the two prime sixth-roots of unity, and subtract the results from one 
another. The method here successfully employed in the treatment of 
these elementary cases appears to differ fundamentally from Dirichlet’s 
method, in regard of the circumstance that it deals with an infinitesimal 
variation in the value of the variable, whereas in Dirichlet’s method 
the infinitesimal variation takes place in the index of the power of the 
variable. 


The substance of Prof. Cayley’s remarks is contained in the following 
abstract :— 


Geometrically, the question is as follows :—Consider any two curves 
of curvature AB, CD of one set, and any two AC, BD of the other set, 
as shown by the continuous lines of 
the figure : drawing the consecutive 
curves as shown by dotted lines, the HN sere 
curve consecutive to AB at an arbi- 
trary (infinitesimal) distance from 
AB, the other three curves may be 
drawn at such distances that the a 
elements at A, B, and C shall be 77 
each of them a square; but this being 
so, the element at D will not be in 
general a square, and it is only for 
certain surfaces that it is so. But if (whatever the curves of curvature 
AB, CD, AD, BC may be) the element at D is a square, then it is clear 
that the whole surface can be, by means of its curves of curvature, 
divided into infinitesimal squares. 
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Analytically, if for a given surface the equations of its curves of 
curvature are expressed in the form h=f(a,y,2), k=$(a,y,2)3 
then the coordinates «, y, z can be expressed each of them as a function - 
of the parameters h, k, and we have for the element of distance be- 
tween two consecutive points on the surface 


dx’ +dy?+dz2 = Adh + Cdk’, 
where A, C are in general each of them a function of h and k. The 


condition for the divisibility into squares is that the quotient A+C 
sha]l be of the form function h + function k. 


It was shown by M. Bertrand that, in a triple system of orthotomic 
isothermal surfaces, each surface possesses the property in question of 
divisibility into squares by means of its curves of curvature. But in 
such a triple system, each surface of the system is necessarily a quadric; 
so that the theorem comes to this, that a quadric surface is, by means 
of its curves of curvature, divisible into squares. The analytical veri- 
fication is at once effected: taking the equation of the surface to be 

ey 

ues Soa! 
then the expressions for the coordinates in terms of the parameters h, k 
of a curve of curvature are 


2 __ a(ath) (atk) 
(a—b) (a—c) ’ 
2 b(b+h) (6+h) 
4 ~“(6—c) (b—a) ° 
pated (ct+th)(c+k) 
(c—a)(c—b) 
and we have 4(dz*+dy’+ dz’) 
See) { hdh? ¥ kdk? ‘ : 
aia (ath) (b+h)(cth) (atk) (b+k)(c+h) J’ 
so that A-+C is of the required form. 
But there is nothing to show that the property is confined to quadric 
surfaces; and the question of the determination of the surfaces pos- 


sessing the property appears to be one of considerable difficulty, and 
which has not hitherto been examined. 


a 
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January 11th, 1872. 


Dr. SPOTTISWOODE, F-.R.S., President, and subsequently 
Prof. CAYLEY, V.P., F.R.S., in the Chair. 


’ Mr. J. W. L. Glaisher, B.A., F.R.A.S., Fellow of Trinity College, 
Cambridge, was proposed for election ; and Major F. Close, R.A., was 
admitted into the Society by the President. 

The papers read were—Prof. Cayley “On the Surfaces the Loci of 
the Vertices of Cones which satisfy Six Conditions ;” Mr. J. W. L. 
Glaisher ‘On the Constants that occur in certain Summations by 
Bernoulli’s Series ;’’ Mr. W. Barrett Davis “On Methods used in the 
Construction of Tables of Divisors ;’”’ Mr. S. Roberts ‘‘On the Parallel 
Surfaces of Conicoids and Conics.”’ 


The following presents were made to the Society :— 


“Annali di Matematica,” September, 1871. 

“Theory of Heat,”’ by Prof. Maxwell, F.R.S.: from the Author. 

*‘Nogle Bemerkninger om de Mathematiske Satzer _ 0, 5= ©, 
a 


og sat” af S. A. Sexe, 1869. 


“Yderligere Bemerkninger om Imaginere St¢rrelser,” by the same, 
1870. 

“Om nogle Punkter i den Elementere Arithmetik,” by the same, 
no date. 

““Nogle Bemerkninger om Imaginere St@rrelser,” by the same, 
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On the Surfaces each the Locus of the Vertex of a Cone which passes 
through m gwen Points and touches 6—m given Lines. By 
Prof. CayLEY. 


I consider the surfaces, each of them the locus of the vertex of a 
(quadri-)cone which passes through m given points and touches 6—m 


given lines; viz., calling the given points a, b,c... and the given lines 
a, 3, y..., the surfaces in question are : 
Order 
abedef 4, 
abcdea 8 
abcdap 16 


abcapy 24 
abaBpyd 24 
aaByde 14 
abydoe€ 8 


I remark that the orders of these several surfaces are in effect deter- 
mined by the investigations of M. Chasles in regard to the conics in 
space which satisfy seven conditions. ‘The surface abcdef was long ago 
considered by M. Chasles, and it is treated of in my ‘“ Memoir on 
Quartic Surfaces,’ and in the same Memoir the surface aGbydeg is also 
referred to: these two surfaces, and also the surfaces aaGyde and 
abaGyd are considered by Dr. Hierholzer* in his excellent paper ‘‘ Ueber 
Kegelschnitte im Raume,” Clebsch and Neumann, t. II. (1870), 
pp. 563—586, and to him are due the equations given in the sequel for 
the surfaces abcdef and aPydeg: the researches of the present Memoir 
are, in fact, a continuation and development of those in the Memoir last 
referred to. 


Table of Singularities, and Heplanations in regard thereto. 


1. We have on the before-mentioned surfaces respectively certain 
simple or multiple points, right lines, and curves, as shown in the 
following Table: 





* I was grieved to hear of Dr.,Hierholzer’s death last autumn, at Carlsruhe, at 
the early age of 30. 
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2. In the Table, the upper margin refers to the surfaces, and the 
left-hand margin to the points, lines, and curves situate on these sur- 
faces respectively ; the body of the Table showing the number, and in 
( ) the multiplicity, of these points, lines, and curves in regard to the 
several surfaces respectively. Thus, points a; for the surface abcdef, 
6 x(2), there are 6 such points, each of them a 2-conical (ordinary 
conical) point on the surface: so abcdea, 5x(A4), there are 5 such 
points, each a 4-conical point on the surface (viz., instead of the tangent 
plane there is a quartic cone); and so on. Similarly, lines ab (viz., 
these are the lines joining two points a,b); for the surface abcdef, 
15x (1), there are 15 such lines, each a simple line on the surface ; 
surface abedea, 10 x (2), there are 10 such lines, each a double (ordi- 
nary nodal) line on the surface; and so on. We have in two places 
the multiplicity (2+2), which refers to a tacnodal line, as presently 
explained. The corner letters C, P, L denote respectively proper cone, 
plane-pair, and line-pair, as afterwards explained. 


8. The lines and curves referred to in the left-hand margin are: 


(1) ad, line joining the points a and 8. 

(2) a, line a. 

(3) [ab, a, B, y], pair of lines meeting each of the four lines, or say the 
tractors of the four lines ab, a, B, y. As regards the surface 
aba/?yd, the multiplicity is given as (242), viz. the line is (not 
an ordinary nodal, but) a tacnodal line, each sheet touching 
along the whole line the hyperboloid aBy. 

(4) [a, 6, y, 6], tractors of the four lines a, (, y, 0. 

(5) [ab, ed, a, 3], tractors of the four lines ab, ed, a, f. 

(6) abe, def, line of intersection of the planes abe and def. 

(7) abc, de, a, line in the plane abe joining the intersections of this 
plane by the lines de and a respectively. 

(8) abe, a, 3, line in the plane abe joining the intersections of this 
plane by the lines a and # respectively. As regards the sur- 
face abcdaf, the multiplicity is given as (2+2), viz. each line 
is (not an ordinary nodal, but) a tacnodal line, each sheet 
touching along the whole line the plane aée. 

(9) Cubic abedef, cubic curve through the six points a, b, ¢, d, e, f, 
common intersection of the cones each having its vertex at 
one of the points and passing through the other five. 

(10) Quadriquadric ay, cef, intersection of the quadric surfaces aby 
and ¢éeZ, that is, the quadric surfaces through the lines a, /, y 
and 0, e, € respectively. 

(11) Excuboquartic aPBy, de, a, quartic curve generated as follows: 
viz., taking any line whatever which meets the lines a, 3, y 
(or say any generating line of the quadric aBy), the plane 
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through this line and the point 4 meets the lines 6, e in two 
points respectively; and the line joining these meets the 
generating line in a point having for its locus the excubo- 
quartic curve in question (theory further considered in the 
sequel). 


Special forms of (Quadri-) Cones. 


4, We have to consider the special forms of (quadri-)cones ; these are : 
1°. The sharp-cone, or plane-pair; that is, a pair of two planes, inter- 
secting in a line called the axis, the vertex being in this case an inde- 
terminate point on the axis. Observe that a plane-pair passes through 
a given point when either of its planes passes through such point; it 
touches a given line when its axis meets the given line. 2°. The flat- 
- cone, or line-pair; viz., this is a pair of intersecting lines, their point 
of intersection being the vertex of the line-pair, and the plane of the 
two lines being the diametral of the line-pair. Observe that the line- 
pair passes through a given point when its diametral passes through 
such point; it touches a given line when either of its lines meets the 
given line. 3°. There is a third kind, the line-pair-plane; viz., the 
two planes of the plane-pair may come to coincide, retaining, however, 
a definite line of intersection, or axis: or again, the two lines of a line- 
pair may come to coincide, retaining a definite plane or diametral; 
that is, in either case we have a plane passing through a line; and 
which is to be considered indifferently as two coincident planes inter- 
secting in the line, or as two coincident lines lying in the plane. But 
there is not, in the present Memoir, any occasion to consider this third 
kind of special cone. 

The letters C, P, Lin the Table denote that the cone is a (proper) 
cone, plane-pair, or line-pair, as the case may be. 


Singular Innes and Curves on the Surfaces. 


5. We may establish @ priori the existence, and even to some extent 
the multiplicity, of the several lines and curves on the surfaces abcdef, 
... apyceg. Thus: 


1°. Lines ab: take for the vertex of the cone a point at pleasure on the 
line ab; the cone passing through 6 will ipso facto pass through 
a; and the conditions are thus that the cone shall pass through 
6 and satisfy four other conditions—in all, five conditions: and 
there is thus a cone with the point in question as vertex; that 
is, the line ad is situate on the surface. Moreover, for the sur- 
faces abcdef, abcdea, abcdaB, abcaBy, abafiyé respectively, for a 
given position of the vertex on the line ab, the number of cones 
is 1, 2, 4, 4, 2 respectively: and these are the multiplicities of 
the line ad on the several surfaces respectively. 
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2°. 


o- 


4°, 


6°. 


(a: 


ce 


Lines a: take for the vertex of the cone a point at pleasure on the 
line a; then the cone ipso facto touches the line a, and there 
are only five other conditions to be satisfied ; that is, we have a 
cone with the vertex in question; or the line a is situate on the 
surface. Moreover, for the surfaces abedea, abcdaf, abcaBy, 
abafyd, aaByce, aBycel respectively, the number of cones is 
1, 2, 4, 4, 2, 1 respectively : and it may be seen that the multi- 
plicities of the line a are the doubles of these numbers, or are 
= 2,4, 8, 8,4, 2 for the several surfaces respectively. 

Lines [ab, a, 3, y]: taking the vertex in one of these tractors, the 
cone cannot be a proper cone, but (if it exist) it must be either 
a line-pair having the tractor for one of its lines, or else a plane- 
pair having the tractor for its axis. The two cases are: 

Surface abcafsy. Cone is a plane-pair, the two planes intersecting 
in the tractor, and passing, the one of them through the points 
a, b, the other through the point ¢. The vertex being an inde- 
terminate point on the tractor, the tractor is situate on the 
surface. 

Surface abaGyc. Cone is a line-pair, one line being the tractor, the 
other a line drawn in the plane of the tractor and ab to meet 0, 
and which meets the tractor in an arbitrary point thereof: the 
tractor is thus a line on the surface. 

Lines [a, 6, y, 6]: taking the vertex in one of these tractors, then, 
as in the last case, the cone is either a line-pair having the 
tractor for one of its lines or a plane-pair having the tractor for 
its axis. The three cases are: 

Surface abaByd. Cone is a plane-pair, the two planes intersecting 
in the tractor and passing through the points a, 6 respectively. 
Surface aafjyce. Cone is a line-pair, one line being the tractor, the 
other a line in the plane of the tractor and a, meeting the line e 

and meeting the tractor in an indeterminate point. 

Surface aGydef. Cone is a line-pair, one line being the tractor, the 
other a line drawn from an indeterminate point of the tractor to 
meet the lines e and ¢. 


5°, Lines [ad, ed, a, 3]. Cone is a plane-pair, the two planes intersect- 


ing in the tractor, and passing through the points a, 6 and the 
points ec, d respectively. 

Line abe, def. Cone is a plane-pair, consisting of the two planes 
abe and def. 

Line abc, de,a. Cone is a plane-pair, the two planes intersecting 
in the line; one plane being abc, the other a plane through the 
line de. 

Line abe,a,(. There are two cases: 

Surface abcdaf3. Cone is a plane-pair, the two planes intersecting 
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in the line; the one being abc, and the other passing through 
the point d. 

Surface abcafsy. Cone is a line-pair; one line being abe, a, 3, the 
other a line in the plane abe meeting the line 6, and meeting 
the line abe, a, 3 in an indeterminate point. 

9°. Cubic abcdef. Each point of the cubic is the vertex of a proper 

cone passing through the cubic, and therefore through the six 
points; that is, the cubic is a line on the surface abedef. 

10°. Quadriquadric afsy, def. Cone is a line-pair; viz., it is composed 
of the lines drawn from any point of the curve, one of them to 
meet the lines a, (3, y, and the other to meet the lines 6, e, ¢. 

11°. Excuboquartic aPy, de,a Cone is a line-pair; the two lines 
being, one of them a line at pleasure meeting a, (3, y, the other 
the line which, in the plane of the other line and tue point a, 
meets the lines 6, e. 


2 


Mode of obtaining the several Hquations: Notations and Formule. 


6. The equations of the several surfaces are obtained by taking as 
centre of projection an assumed position of the vertex, and projecting 
everything upon an arbitrary plane; the projections of the given points 
and lines are points and lines in the arbitrary plane, and the section of 
the cone by this plane is a conic; the equation of the surface is thus 
obtained as the condition that there shall be a conic passing through m 
given points and touching 6—m given lines. 


7. We take as current coordinates (X, Y, Z,W), or when plane- 
coordinates are employed (é, n, ¢, w): the coordinates of the vertex are 
throughout represented by (#, y, 2, w); but in explanations, &c., these 
are also used as current coordinates. The plane of projection is taken 
tobe W=0. The coordinates of the given points a, &c., are taken to 
be (@a; Ya %a Wa), &e. There is no confusion occasioned by so doing, 
and I retain the ordinary letters (a, b,c, f, g, h) for the six coordinates 
of a line, it being understood that these letters so used have no refer- 
ence whatever to the given points a, b, &c.; viz., the coordinates of the 
given lines a, &c., are (@,, 5,, ¢., f., Ja, .), &e.; there is sometimes 
occasion to consider the coordinates of other lines ab, &c., but the 
notation will always be explained. 


8. I write J, m,n, p, q,7 for the coordinates of the line joining the 
vertex (a, y, 2, w) with a point (2, y’, 2’, w’); viz. 


l= yd —y'2, p=aw —xzvw, 
Mm = za — v2, g=yw—yw, 
n= wy —2xy, r= 2zw— zw, 


(1, = Yza—Yat, &e., this being explained when necessary) ; and also 
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P=". hy—getav, 

Q=-—he . +fe+bu, 

R= g«—fy ..+cw, 
S=-—axr—by—cz ., 
(P.=hy—gztaw, &e., this being explained when necessary). 

This being so, then projecting from the vertex (#, y, z,w), say on the 
plane W=0, the 2, y,z coogdinates of the projection of a point a are as 
Pa? Qa ?a (Pa = CWy—@,Ww, &e.); and the equation of the projection of 
a line a is PX+Q,Y+R,Z = 0, 

(P.=hy—gzt+a,w, &.). We thus have, in the projection on the 
plane W=0, the m points and 6—m lines situate in and touched by 
the conic. | : 

The following notations and formule are convenient : 

9. pabe = 0 is the equation of the plane through the points a, 6, ¢c; 
VizZ., pabe=| &, ¥, @) 

Lay Ya Za, Wa 

Lo, Yo. %b, We 

Bey Yoo Bey We 
Of course pbac =—ypabe, &c. Observe that here, and in-the notations 
which follow, the letter p is used as referring to the coordinates 
(a, y, 2,w), and that the index of p (=1 when no index is expressed) 
shows the degree in these coordinates, 

10. paa = 0 is the equation of the plane through the point a and the 
line a; viz., paa is the foregoimg determinant, if for a moment 6,¢ are 
any two points on the line a; or, what is the same thing, 


paa = P,#+Q,y+R2z+8.u, 
where PB hiya — Gea my “Way 


Q,=—he, . tfeat buy, 
R= 9tg—Svsy tees 
S, = —ty—byy—Cay + 3 


and (a, 6,¢,f,9,h) are the coordinates of the line a: observe that 
pua = paa. 
11. p’afy =0 is the equation of the quadric surface through the 
lines a, 3, y; viz., we have | 
praBy = (agh) a*+ hf) y+ (e/g) 2+ (abe) w? 
+[(abg)—(cah) | cw 
+ [ (bch) —(abf)] yw 
+ [ (caf) — (Beg) | 2w 
+ [(Ufg) + (ehf) | yz 
+ [(egh) + (alg) 2 
+[(ahf’) + (bgh)! ay, 
VOL. 1V.—NO. 42. C 
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last Jase la &c., 
(B, Jp» he 
Ay, Jy, hy 
(da, Bay Car Fas Jas ha), (Ap, ...), (Gy...) being the coordinates of the 
given lines a, (, y. Observe that p’Bay =—p’aBy, &e. 


where agh = 








12. It is to be noticed that, writing 
P= . hy—gz+aw, 
Q=—he . + fetbu, 
R= g«—fy .+ew, 
S=—an—by—cz 1, 
viz.. Pa =hay—gatta,w, &e., then that we have identically 
Nas is ep a (Av+ MY + v2 +pw) - pray, 
Vas Qa Ra, Sa 
Pa, Qa; Re, Se 
Py, Qy Ry 8, 
and further that we have identically 
—papy — LpPy + Mag Q, 4. NugRy oa O88 4, 
where L= (af’—adf) «+ (bf —Uf) y+ (of — ¢f) z— (be — We) w, 
M = (ag — ag) «+ (bo — 09) y+ (eg — 9) z—(ed — a) w, 
N = (ah — ah) x+ (bh’—Wh) y+ (eh’— ch) z—(ab’— ab) w, 
Q= (gh'— gh) at Uf —hf) yt T9 -F9) 2 
+ (af —af+b¢g—Ug+ch—ch)w; 
and Lge, &c. are the values of L, &c. on substituting therein (d,, ...) 
and (ag, ...) for the unaccented and accented letters respectively. 


13. Observe that we have 


L+(af+bg+ch)xe«= . —CQ+UR—fS, 
M+( be Jy= cP. -aR-JYS, 
N+( ‘ )z2z=-—UP+dQ.. —-KS, 
0+ ( ‘3 jyo= fF P+7/Q4+hR  .; 
and similarly 
—L+(af'tbf/+eh)e= . —cQY+bR—fS, 
—M+( mt Jy= cP. —aR’—gS, 
—N+( . y2=—bP’+aQY . —AS, 
—Q+( ” ju = FP+9Q+hR 73 


whence also 
hM—gN+aQ =— (a f+ Bg+ch) P, 
—hh : +fN +00 =—( ” ) 
GL-fM . +¢0=—( As )R, 
—v@lL—-¥M—cN . =—( ; hse 
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and - AM—gN+aQ = (af'+ bg + ch’) P, 
—AL ° +fN +60 = ( ” ’ 

gu-fM . +eoQD = ( rF) )R, 
—aL—bM-cN . =( rr ) 8. 


14. p*a.aGB.yd =0 is the equation of the cubic surface through the 
lines a, 2, y, 0 and aaf, ayé (viz., aaB is the line from a to meet a, /, 
and so ayé is the line from a to meet y,0). Observe that the con- 
ditions which determine this cubic surface thus are that the cubic shall 
pass through 

a; the points of aaf3 on a and f respectively, 3 other points on a, 3 on 

(2, and 1 on aaf; 
also the points of ayd on y and 6 respectively, 3 other points on y, 3 
on 0, and 1 on ayo; in all, 1+9+9 = 19 points; 
viz., the conditions completely determine the surface. 
15. We have 
ieee Oyo = 0S Ye ee ee 
Ha, Yay Huy Wa 
Lie, Mas, Nag, Qu 
Lys, Mys, Nye; Qy3 
viz., this determinant, equated to zero, gives the equation of the surface. 


To prove this, take as before the unaccented letters (a, b,c, f, g, h) 
to refer to the line a, and the letters with one, two, and three accents to 
refer to the lines (, y, 6 respectively; write also L, M, N,Q and 
L/, M’, N’, ® for Lug, &e., and Lys, &c., respectively. Referring to the 
foregoing expressions for L, M, N, Q, and observing that for a point on 
the line a, the values of P, Q, R, S are each = 0, then for such a point 
we have L+ (af4+0'94+-¢h)v« =0, &e., thatis, L: M:N: Q=¢a:y:2:u, 
and these values satisfy the equation of the surface, which is thus a 
surface passing through the line a; and similarly it passes through the 
lines /, y, 6. 

To show that the surface passes through the line auf, take the co- 
ordinates of the point a to be 0,0,0,1; then the line aa is given as 
the intersection of the planes aw+byt+cz=0 and ax+y+cz2=0, 
that is, S=Oand S=0. And the equation of the surface, writing 
therein 2%, Ya, Za, Wa = 0, 0, 0, 1, becomes 


U5 ae tlh 








Xv, 
L, M, N 
L’, M’,, N’ 
or, as this may be written, 

S, S, Zz 
autbM+cN, @lL+bM+cN, N 
| aL+bM’+cN’, ali+dM'+ecN, N’ 
o 2 
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and, for a point on the line aa/, this is 
au+bM+eN, @l+bM+cN |= 0. 
ali+bM’+cN’, al/+0M+cN’ 
But in the equations —@#L—’M—cN =—(af+b9+¢ch) 8S, and 
—au—bM—cN = (af +b + eh’) 8, writing S=0 and S’=0, we have 
au+bM+ceN = 0 and d@L+0M+eN = 0, and the equation is satisfied ; 
that is, the surface passes through the line aa, and similarly it passes 
through the line ayo. 
Surface abcdef. 
16. The “patti may be written 
pabe. pede. pacf. pdbf — pabf. pedf . pace .pdbe = 0, 
where pabe=0 is the equation of the plane through the points a, 6, e; 
and the like for the other symbols. The form is one out of 46 ne 
forms, depending on the partitionment 
ab . cd 
sc : ak (ef), 
ad . be 
of the six letters. 
17. Investigation.—In the projection, the six points (Pa, Ya) 7a) are 
situate on a conic; the condition for this is 
(p, % 7) = 9, 
where the left-hand side represents the determinant obtained by writing 
successively (Pa, Ya) %a), &c., for (p, g, 7). The equation in question 
may be written abe.cde.acf. dbf — abf.cdf.ace.dbe = 0; 
where L008 = 14, a, te |e 
Pr Go, To 
Per Yer Ve 
and substituting for p,, ..., their values, we have abe =w’. pabe, whence 
the foregoing result. 





18. Singularities.—The form of the equation shows at once that* 

(0)+ The point a is a 2-conical point; in fact, for this point we 
have pabe=0, pacf=0, pabf=0, pace=0. 

(1) The line ad a simple line; in fact, for any point of this line 
we have pabe=0, pabf=0. 

(2) The line abe.cdf a simple line; in fact, for any point of this 
line we have pabe=0, pedf=0. 

(9) 'To show analytically that the cubic curve abcdef is a line on 


* Of course, as regards the present surface and the other surfaces for which the 
equation is given in an unsymmetrical form, the conclusion obtained in regard to any 
point or line of the surface applies to every point or line of the same kind. Thus ab 
being a simple line, we have also ad a simple line, although the equation, as written 
down, does not put this in evidence. 

+ The bracketed numbers refer to the lines of the Table. 

[Surface abcdef.] 
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the surface, observe that the equation of the surface is 
satisfied if we have simultaneously (A being arbitrary) 
pabe . pacf —r. pabf.pace=0, 
A.pede.pdbf— pedf.pdbe = 0. 

The first of these equations is a cone, vertex a, which passes through 
the points 6, e, ¢, f, and which, if » is properly determined, will pass 
through the point d; the second is a cone, vertex d, which passes 
through the points J, e, e, f, and which, if A is properly determined, 
will pass through. the point a; the two determinations of \ are 

dabe . dacf —r. dabf . dace = 0, 
A. acde.adbf— acdf.adbe=0; 


giving the same value of A; and the equations then represent cones, 
the first having a for its vertex, and passing through d, 6, e, ¢, f; the 
second having d for its vertex, and passing through’ a, b, e, c, f; the 
two intersect in the line ad, and in the cubic curve abedef, which is thus 
a curve on the surface. 


Surface abcdea. 
.19. The equation may be written 
(pabe. pede. p’aac.db—pace.pdbe. p*aab . cd)’ 
+4pabe.pede.pace.pdbe.pabe. pdbe.paa # am. 0y 
or what is the same thing, 
(pabe . pede. p’aac .db+ pace. pdbe.p*aab. cd)? 
+4pabe.pede.pace.pdbe.pbad. pead. pba. pea = 0, 
(the equivalence of the two depending on the identity 
—paab.cd . p’aac.db 
+pabe.pdbe.paa.pda—pbad.pcad.pba.pea = 0) 
where, as before, pabe=0 is the equation of the plane through the 
points a,6,e; p’aacdb=0 the equation of the quadric surface through 
the lines a, ac, db; and paa=0 the equation of the plane through the 
point a aie the ine a. 
The above forms are 2 out of 80 like forms, as appears by the par- 
titionment ab, cd 
fe, a} 
ad, be 
_ 20. Investigation.—In the projection, the equation of the conic 
through the five points may be written 
(X, Y, Z)’ 
(PG rT) 
where the symbol denotes a determinant the last five lines of which are 
obtained by giving to (p,q,7) the suffixes a, b,¢,d,e respectively. 
This is at once transformed into 


abe .cde.acd .dbA—ace.dbe.abA.cdA = 0, 
[Surface abcde a.] 
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or, what is the same thing, 
pabe .pede.acd .dbA—pace .pdbe.abA.cdA = 0, 
or say, pabe.pede (A°X+B°Y +C°Z)(A"X+ B’Y + C0"Z) 
—pace.pdbe (AX+BY+CZ)(AX+BY+C7Z), 
where pabe, &c. signify as before, and 
AX+BY+CZ =| X, Y, Z 
Pa Yar 7 
. Po Yo To 
and so for A’X+BY+CZ, &c., the suffixes for A’, BY, C’ being (c, d), 
and those for A”, B’,C” and A”, B”,C” being (a,¢) and (d,b) re- 
spectively. 





21. Passing to the reciprocal equation, and making the conic touch © 
the line a, we obtain the equation of the surface in the form 














{ pabe.pede| P., Q,, R, |—pace.pdbe| P., Q, RB. : 
NA es A BSG 
AEE Ae ty Lnes 
+4pace.pdbe.pabe.pede| P,, Q,, R, Pew = 
at Us arene ° 
year gia eae DY Watsy A. 














(where P,=h,y—g,2+a,w =0) or in the ie Plorit ee wherein 
we have in the first term + instead of —, and in the second term the 


determinants | gary 1 ga 0 Pew 
a iy Gs 6 AS bene 
Aree De ‘Gas A pe ee 














22. [The question, in fact, is to find the reciprceal of the form 
d (ax + by +cz) (Wat byt+e2)—p(watb'y te) (a et+b"yt+ec"z) =0; 
taking &, , € for the reciprocal variables, the coefficient of & is 
{) (be + B'c) —p(b" ce” + bc") |? — (2000 — 2b") (2dec' — Qyc’e’”), 
viz., this is 
dN? (be’ — b’c)? + pw? (B"e"” — Be")? 
+2 {2bb'e%e” + 2b°b ce’ — (be + We) (We + Beh}, 
or, as it may be written, 
1) (he — b’c) & p (Ue — bc") |? 
+ 2rp 2b0'c"'e”’ + 26°b' ce’ 
{ (be — Uc) (We — Be" 
(be + b’c) (0° + be") 
Taking the upper signs, this is 
{A (be — b’c) + ps (b%c” — bc” ie 
+40 ( bbe’ ce” + aie : 
—be'b’e” — Veb"c” 
viz., the term in Apis = +4Ap (be”— bc) (b’c” — b’c’). 
[Surface abcde a. ] 
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Taking the lower signs, it is 
{r (be' ns b’c) —p (be ite Beagd bc) 2 
+4Au ( bb'c’e” + ee ; 
—be bc" — U'cb"e” 
viz., the term in Aw is 4Au(be”— bc) (U'e" — 8’); 
and it is thence easy to infer the forms of the other coefficients and to 
obtain the reciprocal equation in the two equivalent forms 


























ALS 2 6 [+e] a f [P+4ru]s, 9, 6 [14 1 o |= 9, 
a, b, C a”, ee ot a, , a’, b, cf 
w, B, Cc a” eis “sh aan iA eo a. be Gs 

{A a ; g —f re ", le Pt AN & Ny le en ), g = 0, 
ad 0, ¢ Gn. OMe Oe ae OL i, One C 
a. b’, C a be. Pte ee Ne en a , i fe 


























which are the required auxiliary formule. | 


23. To reduce the foregoing result, we have 
A, B,C = || viwyg—wag, YWa— Yay ZWa— Wea 
LW, — WL, YWy— WY, ZW, — Wey 








proportional to the three determinants which contain w, of the set 


Cae tec ae ile | |S ea Vizag 2 — "tC 7],) 2, -  sccea a 
Vay Yay @ a? Wa Yas Hay Wa 
ty Yo, %b, We Yo, %b, Wo 




















and similarly A’, B’, C’ are proportional to the three determinants 
which contain w, of the set 








eee ea een 10 11e 9 Wiz. As =, 10]. U5) 2 ts [coe 
ves Yes Hey W, Yes Boy W, 
Vay Yay 2a, Wa Ya, “a, Wa 














Hence, omitting the factor w, and writing (a, b,c, f,g,h) and 
(a’, b’, c, f, g’, h’) for the coordinates of the lines ab and ed respec- 
tively, we have 
hy—gz+aw, 1. h'y—g’z+a'w, 
—ha + fz+bu, B/=—h’e +fzt+b'w, 
gu— fy +cw, C’= ga—fy +cw; 
and thence BC’'—BC = Qz— Lu, 
CA’—C’A = Qy—Mu, 
AB’—A‘B = Q2z—Nuw, 
where L = (af’—af) #+(bf—b’f) y+ (cf’— cf) z—(be’—b’e) w, 
M = (ag’—a’g) «+ (bg’—b'g) y + (cg —c'g) z— (ca —ca) w, 
N = (ah’—ah) «+ (bh’—bh) y+ (ch’—ch) z—(ab’—ab) w, 
Q = (gh’—gh) «+ (hf’— hf) y + (fg! — f'e)z 
—(af ‘—af+be" AS PCH —ch)w; 


A 
B 
C 


[Surface acde a. ] 
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and consequently 

re Q.; R, 
Ay a 
sped aS CS 


= 0 (#P,+yQ.+2R,)—w (LP.+ MQ.+NR,) 








= —w (LP,+MQ,+NR,+Q8,) ; 
or omitting the factor —w, say it is = LP,+MQ,+NR,+Q8,,. viz., 
this is = p’a ab. ed. 
We have similarly Pieri) ara. 
A%G Be, Cy 
Aon Be CO” 


OA. We have in like manner the other two determinants 


taken to be = p’a ac. db. 




















P., Q., R.| and |P., Q., R,| to be= p’aab.ac and paca. db 
Are. ek A,B, © respectively. 
AY, B*, te AY, Be Ga 

But we have peaab.ac = paa. pabe, 


(viz., geometrically the hyperboloid through the lines a, ab, ac breaks 
up into the plane paa through the line a and point a, and the plane 
pabe through the points a, 8, ¢). 
And similarly 
pacd.db =—pade.db =+p’adb.de = pad. pdbe; 


whence, substituting for the several determinants, we have the fore- 
going equation of the surface. 


25. Stngularities.—The form of the equation shows that— 

(0) The point a is a 4-conical point: in fact, for this point we have 
pabe=0, p’aac.db=0, pace=0, p'aab.cd = 0. 

(1) The line ab a double line: in fact, for any point of the line we | 
have pabe=0, p’aab.cd=0, pabe=0. 

(2) The line a a double line: in fact, for any point of the line we 
have paac.db=0, p’aab.cd=0, paa=0, pda=0. 

(7) The line abe.cd.a asimple line: in fact, for any point of the 
line we have pabe=0, p’aab.cd=0. Observe that, on 
writing in the equation pabe=0, the equation becomes 
(p’a ab.cd)* =0; so that the surface along the line in ques- 
tion touches the plane pabe. 


Surface abcdaB. 
26. The equation of the surface is 
Norm { Wpaa. paps. pbed — VW pba. pop. peda 
+ /pea. pep .pdab — / pda. pdp .pabe} = 0, 


where the norm is the product of 8 factors. 
[Surface abedaB.] 
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As before, paa=0 is the equation of the plano through the point a 
and the linea; and pbed=0 the equation of the plane through the 
points 6, c,d. The form is unique. 


27. Investigation.—In the projection, the equation of the conic touch- 
ing the projections of the lines a, 6 is 

V(PaX+Q.Y + RZ) (PeX+QsY¥ + R.Z)+AX+BY+CZ = 0, 
where A, B, C are arbitrary coefficients. To make this pass through 
the projection of the point a, we must write X:Y:Z= py: da: 1a; 
viz., we thus have 


PoerQiy RA =", @Pa+yQ.-+zR,) 
—w CAs otek “3 ZaWg) 
=—W Cait as Yaa a Rao ote Waa) 


=—wW.paa ; 
and similarly 


PeX+ QeY -- RZ =—wW. pap. 
We thus have wV/paa.pafs+Ap,+Bg,+Cr, = 0. 


Or forming the like equations for the points 0, ¢, d respectively, and 
eliminating, the equation is 


Vpaa. pap, Pay Yay Ta | = 93 
Vpba .pbB, Py Gy 
VJ pea PPCDs. Dee Ja, Te 
V pda . pdf, Pa Yay Va 


which, substituting for (Pa; Ya a), WeC., their values, viz., Pa = VW~—4qW, 
&c., is readily converted into 





pier Ve We aL 
Vpaa. paps, ay Yay Zay Wa 
J pba . pop, Lo, Yo, 2, We 
/ pea. pe, Le, Vox Loa We 
Vpda.pdB, a, Yar Say. Wa 
or, what is the same thing, 
V/paa. pap .pbed — V pba. pop . peda 
+ /pea.pep.pdab — /pda.pdB.pabe = 0; 
or, taking the norm, we have the form mentioned above. 
28. Stngularities.—The equation shows that— 
(0) The point ais an 8-conical point; in fact, for the point in question 
paa=0, pap-=0, peda =0, pdab=0, pabe =0; each factor 
is of the form 0’, and the norm is 0°. i 


(1) The line ad is a 4-tuple line. To show this, observe in the first 
[Surface abcd a. ] 
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instance, that we may obtain the 8 factors of the norm by giving 
to the radical Vpaa. pa the sign +, and to the other three 
radicals the signs +, —, at pleasure. For a point on the line 
in question, we have pdab=0, pabe =0; hence the norm is 
the product of the four equal factors 
V/paa . pa[s .pbed — V pba. pop . peda, 
and the other four equal factors obtained by writing herein + 
instead of —. 
Now for a point on the line ab, we may write for 2, y, z, w the values 
ULg+ VA, UYgtVYy, UF +VM, UW~tVW,, Where u, v are arbitrary co- 
efficients. We have 





paa =u.aaa +v.baa =v.baa =—v.aba, 
pap =v .bap =—v.abp, 
pba =u.aba +v.bba =u.aba, 
pbp teh 
pbed = u.abed+v.bbed = u.abed, 
peda = u.acda+v.beda = v . beda = —v. abcd, 


where aba = 0 is the condition that the points a, b and the line a may 
be in the same plane (or, what is the same thing, that the lines ad and 
a may intersect), viz., baa is = Pya,+Quypt Ru%tS.w, And simi- 
larly abed=0 is the condition that the four points a, 0, c,d may be in 
a plane; viz., we have 
abed = |,8q Ya %u Wa 
Xb; Yo Hb, Ws 
Wat Yay sees 00) 
Vay Yar fd, Wa 
Substituting, we have Vpaa.pafs.pbed and Vpba. pb. peda, each 
equal (save as to sign) to wv» /aba.ab.abed; that is, the four equal 
factors of one set will vanish. The vanishing factors are of the form 0’, 
and the norm is 0*, that is, the line in question, ab, is a 4-tuple line. 
(2) The line a is a 4-tuple line; in fact, for any point of the line we 
have paa=0, pba=0, pea=0, pda=0; each factor of the norm is 
therefore evanescent, of the form 0', and the norm itself is thus =0', 


29. (5) The line (ab, cd, a, 3) is a double line. To show this, take 
z=0, w=0 as the equations of the line in question; then we have 
he =9, he =O, 2,0,—%W,= 0; or say w,=Az,, w, = Az: and 
ZWa—ZyW,= 03 or say wW,= pe, Wa=pe%q (A and p arbitrary coefficients). 
Putting for shortness 

I= (g—Aa)u—(f+rAdb)y, J=(g—pa)e—(ftpb)y; 
viz., 1,=(g.—Aa,)¢v—(f. +0.) y, &e.; and writing z=0, w=0, we have 
paa.pap=2T,1,, pba. pb8=eZ1l,, pea.pes=2IS,, pda.pdi=z IJ; 

[Surface abed a8. ] 
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and the factor of the norm (reverting to the expression thereof as a de- 
terminant) is uv, ¥ 

taW Ilo Far Yor Sa Aa 

ab valde. Ly Yo bs Nz%p 

He VALApy Loy Yoo Rey Pee 

ea wv Side, Vay Yay 2a, Pea 


which vanishes. In fact, resolving the determinant into a set of products 
of the form +2.13.45, where the single symbol denotes a term of 
the top line, and the binary symbols refer to the second and third lines, 
and the fourth and fifth lines respectively (denoting minors composed 
with the terms in these pairs of lines respectively); then each product 
will contain a term 14, 15, or 45, and the minor so designated (to 
whichever of the two pairs of lines it belongs) is=0. The factor is 
thus evanescent, being, as it is easy to see, =0'. There are two factors 
which vanish ; viz., taking the first radical to be +, the second radical 
must be also +, but the third and fourth radicals may be either both 
+ or both —; the norm is thus =0’, viz., the line (ab, cd, a, () is a 
double line. 


30. (8) The line abe, a, 3 is a double line. To prove this, take w=0 
for the equation of the plane abe, and (z=0, w=0) for those of the line 
in question; we have h,=0, h,=0, w,=0, w,=0, w.=0; and writing 
l=—gat+fy, 1=—g«t+/f.y, then for z=0, w=0, the factor ex- 
pressed as a determinant is 


& Y; 
ea VAnaE Vay Yas Hay 








ap WALA Bs Lb Yo 2b) 








He VI 1a Ves Yes hey 
Vv pda. pdj3, in an Pak Wa 





SS 


which is =w Vidz). % & 
ay Yay Yar %a 
Zby Xo, Yoo %d 
Bey Vey Yoo Be 


and consequently vanishes, the form being 0'. There are two such 
factors, viz., the radical “pda. pd may be either + or —, hence the. 
MoOrimis == O>. 

31. But it is to be further shown that the line is tacnodal, each sheet 
of the surface being touched along the line by the plane w=0: we have 
to show that the factor operated upon by A= X0,+Y06,+Ze z+ Wo,, 

[Surface abcdaB. ] 
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reduces itself for z=0, w=0 to a multiple of W. Considering the 
factor in the form of a determinant, the result of the operation is 


x, ¥, Z Wt t+ 35), | 
Vpaa . pap, Gar Yor Ye - AV paa SL) Oly eae ae er 
V nba . pop, %, Yo 2 - AV pha. pbs, a, Yo, %by 
VJ pea . pep, MIU... Ge 47 A V pea epOD peg OU ye. ae, 
V pda . pdf, @ay Yar ay Wa AV. pda.pdB, a, Ya; Bay We 


the first term is 
Aged als 
oa ATI, Voy Yo, %y 
Re Valais, Bey Yor Ber + 
/ pda. pdfs, ta Yar Za, Wa 
where the first column may be replaced by 


—Z V1.1, 


V pda. pds — 2a V1, 1, 
and the term in question thus becomes 


{waZ /1,1,+ W(—2av 1,1, + Vpda. pdjs)} . abe, 


if for shortness Gas Sas ia A tbe, 
Vb, Yoy mp 
Vey Yeo He 








As regards the second term, we have 
Av/ pea pap oe Apafitpap. ro a 
2/paa . pal 
— LApaB+T,Apaa 
ARIE 
But paa=2a(—g.ta) +Yy (fita) + (Y@a—feYa) + (d.ty—D.Ya— Cra) 
= ta(g2— 40) +Ya(— fay — 0.0) + ta(— Get fry — Cw) ; 
and thence 
Apaa eg (9.4—a,W) +Ya( vie e\Y |) +%.(—9.X +f.Y—c,W), 
with the like formula for Apap; hence 
I, ApaB+I1,Apaa 
2/1, 1, 


which is 


= Ax, +By,+Cz,. 





[Surface abcd af. ] 
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where 
1 
aoe I,(9.4—a,W)+1,(9,Z—a,W)}, 
2VT, | a9 ) (Ye as )} 
1 
= — {I,(—f,Z—b,W I,(-—f,Z—b,W)}, 
See lh PE-1.W) 1 (“fe 2,19) 
fi 


= (I,(—g.X+f,Y —¢,W) +1, (—9,X+f,Y —¢,W) i. 
on tals 
The term in question is thus 
& Y; 
At,+By,+C2a, @ay Yar %ay 
Aa, +By,t+Cz, & Yor %s 
Ag+ By Cer a5 Yes Hey 
AV nda . pdp, Bay Yar %ay Wa 
viz., replacing the first column by 
—Aw—By 


A Vv pda . pdb— Axvy—Bya ae Cxa 5 


this is = (Az+By) wy. abe; 
and we have 
eerpe slg 6 Pls (9.27 fy) bl. ge fey) Z 





ee [+1;(—a,e—b,y) +1, (—a,4—b,y)] W 
(—21,1,Z—MW), 





| = Lie 
if for shortness 
= (—gett fey) (4% +4, y)+(—g.e tf y) (Geet bey) ; 
viz., the whole term is 


we | — VIZ — 2M 


2. W i abe. 
ot6 
Hence the first and second terms together are 


1M 
= W | 2, V1.4 Vpda. pap— 7 w,} abe 
: : aie ae VII, f : : 
viz., this is a multiple of W, which was the theorem to be proved. 





Surface abcaBy. 
32. The equation is 
errand a/v bake NO: 
J pap, Vpbp, Vv pep 
Vpay, Vpby, Vpey 
[Surface abeaBy.] 
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where the norm is a product of 16 factors, each of the order 3. As 


before, paa=0 is the equation of the plane through the point a and 
the line a; viz., paa has the value already mentioned. 


33. Investigation. — In the projection, the equation of the conic 
touching the projections of the lines a, f, y is 


AV/P,X+Q,Y+R,Z + BVP,X+Q,Y +R,Z 
+ O/P,X4+QY+R,Z2=0; 
and to make this pass through the projection of the point a, we must 
write herein X:Y:Z=pa:Qa:1a- As before, we have 


P,.X+Q,Y+RZ= w,(«P.+yQ.+2R,) 
—Ww (a,P,+4oQ. + 2a.) 

=—w (tP,+4aQ.+2%4R, +8.) 

=—Ww. paa ; 
and so for the other terms; the equation thus is 
AV paa + BV pap + CV pay = 0; 
or forming the like equations in regard to the points b,c respectively, 
and eliminating, we have a determinant =0, and then, taking the norm, 
we obtain the above-written equation of the surface. 


34. Singularities.—The equation of the surface shows that— 

(0) The point @ is 8-conical: in fact, for the point in question we 
have paa=VU, pab=0, pay=0; each factor is 0’, and the 
norm is 0°. 

(1) The line ab is 4-tuple. To prove this, observe that the sixteen 
factors are obtained by attributing at pleasure the signs +, — 
to the radicals Wpb3, VpcB, ‘pby, Vpey; hence there are 
four factors in which /pbG, Vpby have determinate signs, 
but in which we attribute to the radicals WpeB, Vpcy the 
signs + or — at pleasure. It is to be shown that the four 
factors each vanish for a point on the line ab; that is, on 
writing therein for a, y, z, w that values wxz+v2,, UWy,+vYs, 
&c. But we thus have, as before, paa=—v.aba and 
pba = u.aba, with the like formule with 6 and y in place of 
a. The factor thus becomes 


/—uo|/aba, aba, V pea |; 
Jabp, Vabp, Vv pe 
US re 
which vanishes, being =0'; and the norm is thus = 0*, viz., 


the line is 4-tuple. 
[Surface abeaBy.] 
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(2) The line a is 8-tuple: in fact, for a point on the line we have. 
paa=0, pbha=0, pea=0, whence each factor vanishes being 
=0}, and the ‘norm is therefore 0°. 

(3) The line (ab, a, B, y) is 4-tuple: in fact, writing z=0, w=0 for 
the equations of the line, we have h,=0, h,=0, h,=0, and 
ZqWy— %W, = 0, or say Wy=hz,, W,=z%. Hence, writing 

I= (g—ra)u—(f+rb)y, 
viz.. I,=(g.—Aa,)*%—(fitAb,)y, &e., for z=0, w=0, 
we have paa=~2,1,, pba=~%I,; and similarly pai = aI, 
pbp=alI,, and pay=al,, pby =x, The factor thus is 
VIPAT xs salads 
V1, Vs, Wpep 
VI, V1, “poy 
which vanishes, being =0'; there are four such factors, or 
the norm is 0*; whence the line is 4-tuple. 

(8) The line abc.a.f is a 4-tuple line. To prove it, take as before 
w=0 for the equation of the plane abe, and (¢=0, w=0) for 
the equations of the line in question. We have h,=0, h,=0, 
W,—0, w,=0, w,=0; whence Gf z=0, w=0), writing for 
shortness I[=ge—fy (viz., I= g.¢—f.y, 1, =9.%—fey), 
we have  paa, pba, pea = I,2,, 1,%, Lz, and similarly 
pap, pop, pcB = I,za, 1,2, I,z,: the factor thus is 


VTit V1 VT ibe 
Vary OR aE 
Vpay, Vpby, Vpey 
which vanishes, being =0': and there are four such factors, 


obtained by giving to the radicals the signs +, — at pleasure: 
hence the norm is = 0%. 











Surface abaBys. 
35. The equation is 


Norm { Vpaa. pba. p’Byd — V pap. pop. pyda 
+ /pay.pby. peaB—V pid. pho. paBy} = 0, 
where the norm is the product of 8 factors each of the order 3. As 
before, paa=0 is the equation of the plane through the point a@ and the 


line a; viz., paa has the value previously mentioned: and p*Pyd = 0 is 
the equation of the quadric surface through the lines /, y, 0. 


36. Investigation.—In the. projection, taking ¢, n, as current line- 
[Surface abaBy5. | 
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coordinates, the equation of the conic passing through the projections 
of the points a, b is 
J (pb + gant 7h) (pé+qintris) +AE+Bn+Cé = 0, 
where A, B, C are arbitrary coefficients. To make this touch the pro- 
jection of the line a, we must write §::=P,:Q : R,; and then 
Pat Qantres = paPstqQ.+7ak, 
= { (Pi tyQoteRg 
— 0 (a, P.+YeQu+ %B,) 
= — w(@.P,+y.Q.+ 2B. +08.) 
=— w.paa, 
and similarly petgntns = — w.pba. 
Whence the equation is 
w/paa.pba+AP,+BQ,+CR, = 0; 
and forming the like equations for the lines #, y, 0 respectively, and 
eliminating, we have 
/paa.pba, Pa, Qa Ra | = 93 
/ pap. pop, Pe, Qs, Re 
V pay . pby, Py Qy, RB, 
Vpad.pbd, Ps, Qs, Rs 
which, throwing out a factor w, becomes — 
J paa. pba. p’Bys — V pap. pop. p»ysa 
+ Vpay. phy . p*ap — v'pad. phd. p'apy = 0; 
or, taking the norm, we have the above written equation. 


37. Singularities.—The equation shows that 

(0) The point @ is a 4-conical point; in fact, for the point in ques- 
tion we have paa=0, paB=0, pa=0, pad=0; each factor 
is =03, and the norm is =0'. 

(1) The line ab is a 2-tuple line. To prove this, we have for the 

coordinates of a point on the line in question wa,+vm, 

Watry,, &e.; the values of paa, pba become as _ before 

—v.aba, +u.aba, and similarly for paB, pbB, &c.; so that, 

omitting the constant factor V —we, the value of the factor is 





aba. p’*Byi—abp. p?yoa+aby . p'oafs—abo. p?aBy. 
Taking (a, b, c, f, g, h) for the coordinates of the line ab, we have 
aba = af,+bg,t+ch,+fa,+gb,+he,, 


with the like expressions for ab, &c.; and substituting for p*Byd, &c., 
their values, the factor is 
[Surface abaBy5.] 
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bf{vo bf{qo {quo bana fig | yboo 
bfog+yboq | fyoq {004 yong — Bfoq yboq 
yboo | fyono+hf{qv | boqv— yoqn bfon | fyqu 
Bfqy | boqy—fosy | favy— bqvy | 9qvy | bfoy 
b{oy fyab fob | fqvb—yoqb | yoob— oqnb {496 
ybof boqf— yoqf | youf— bqvf | oqnf ybof 
ahi Me mo a if @ 
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Collecting, this is 


( : cbhfy—befgz+ fabew)( . hy—gz+aww) 
(—caghnx . +acfgz+gabew)(—he . +fz+bw) 
(+bagha—abhfy . +habew)( ge—fy . +cw) 
(—afgha—bfghy—cfghz . )( av+tby+tez .) 
+begh[w(ae+tby+ez)—-a( . hy—gz+aw)] 


+cahf [w(ave+by+ez)—y(—ha . +fz+bw)] 
+abfg [w(ax+bytez)—2( ge—fy .+cw)]=0; 
or what is the same thing, AP+BQ+CR+DS = 0, where 
{_begha+ cbhhfy —befgz+ fabew}, 
1—caghx+ cahfy +acfgz+gabew}, 
\ + baghx —abhfy +abfgz+habew}, 
| —afghu — bfghy—efghz+ (begh+ cahf+ abfg) w}, 
P=( . hy—gz+aw), 
Q=(-he .+fz+bw), 
R=( ga—fy .+cw), 
S=( awtbyte .)=0, 


eS 
B 
C= 
i 


where the right-hand factors vanish for the values wr,+ va, of the co- 
ordinates. 
38. It thus appears so far that the factor is = 0'; it is, in fact, = 0°, 
viz., we can show that, operating upon it with 
A = Xd,+ Yd,+Zd,+ Wd, 
the value (for any point of the line ab) is =0. We have 
AV paa.pba.p*Bys 


seg dictlen Libs Aa pByit+ Vpaa. pba. d.p*Byé, 
AVA paa. pba 

where lba (= Apba) is what pba becomes on writing therein (X, Y, Z,W) 
in place of (#, y, 2, w). Writing, as before, for a, y, z, w the values 
UL, + va, &e., we have paa =—v.aba, pha =w.aba; and putting for 
shortness _ —v.lba+u.laa = lka, &e., 
the expression in question, divided by V“ —wv, is 

=—2vu faba. Ap*byd— &e. } 

+{lka. pByd—&ec.}, 
where, denoting the determinants 
x a6 Zi W 
Uy — VL, UYg—VYp, U_z—V%y. UW, — VW, 

by (a, b,.c; f, 2’, h’), we have 


lka = af,+bf,+e'g,+fa,+ 9b, +h’e,. 
[Surface abaBys.] 


nil 
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But aba. Ap*Pyd = Aaba.p*Byd, since aba is independent of 
(x, y, 2, w); and the expression is 
= —2vu A (AP +BQ+CR+DS8) 
+ AP’+BQ’+CR'+DS, 
where P’, Q’, RB’, S’ denote h’y—g’z+aw, &., and where, finally, 
a, y, z, w are to be replaced by ua,+va,, &c. Since for these values 
P, Q, R, S vanish, the expression becomes 
2 = — 2vu (AAP+ BAQ +CAR+ DAS) 
| + AP + BQ’+ CR’ + DS’; 
that is, 
= A(P’— 2wvAP) + B(Q’—2wvAQ) + C(R’—2uvAR) + D(S’—2uvA8) 
and we have, in fact, P’—2uvAP=0, &c. For, writing for a moment 
L,Y, %, W = Ulgt V%p, Ua tvyy, Usa t Vey, UW, + VW, 
UY, 2, W = U~—VLjpy UYqg—VY py Ug — Vay) UWWa — VU 5 
then, for instance, S=aartbyt+cs, 
where a,b,c = Y2—Ziy’, Za’ — Xz, Xy'—Yu; 
and thence ioe ee 
i, Y; 2 
doe 5.2 
=" 2uv (aX +bY +-cZ) 
= . 2uvAS8; 
and similarly for the other equations. The factor is thus =0°; there 
is only one such factor, and the line ab is double. 


/ 








(2.) The line a is an 8-tuple line: in fact, for a point on the line we 
have paa=0, pbha=0, p*yda=0, pdaj3 = 0, p?aBy =0; and the 
factor vanishes, being =0'. Each of the factors is 0', and the norm 
isi 05: : 

39. (3.) The line [ab, a, 3, y] is a double line. To prove this, observe 
first that for a point on this line we have p’aby = 0. 

Taking as before z=0, w=0 for the equation of the line ab, a, , y, 
we have h,=0, h,=0, h,=0, and z,w,—2W,=0; or say Wa = Aza, 
W,=h%,; whence, writing for shortness .I =—(g—Aa)#+(f+Ab) y, 
viz. I,=—(g,—Aa,)7+(fitAb.) y, we have (when z=0, w=0) 
paa = %1,, pba = %I],, or omitting the factor V tattry we paa. pba = 1,; 
and so for V pap. pbj3 and Vpay.pby. The factor thus is 

I,. p’Byé—I,. p’yda +1, . pdafs ; 
viz., writing z=0, w=0 in the expressions of p*Sy0, &e., this may be 
written 

X[(g—Aa) a—(f+Ab) 1 V i (agh) a + [(ahf’) + (bgh) ] ay + (ba) y’}. 

[Surface ab aBy5.] D2 
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Observe that = denotes a sum of three terms of the form 
a. Pyo—fP.yoaty. dap. 

Adding thereto a fourth term —d.afy, the value of the sum would be 
=afys, or the sum of the three terms is =afyd+06.afy, where the 
symbols represent determinants. But in each case the determinant 
ay is =0, as containing the column h,, h,, h,, the terms of which are 
each =0: thus 2g.agh is =gagh—g;.agh, where in gagh the suffixes 
are a, (, y,¢6, and in agh they are a, B,y: that is, we have 3g.agh 
= gagh. And the whole expression thus is 
= 2° (gagh—Xaagh) 

+a’y (gahf—daahf+gbgh—rabgh—fagh—Xbagh) 

+ ay? (gbhf—rabhf —fahf—dbahf—fbgh —rbbgh) 

+y° ( ~flif—Nuvhf), 
where gahf denotes the determinant | g,a,h, f|, with the suffixes 


a, (,y, 0, in the four lines respectively, and so in other cases: the 
terms, such as gagh, which contain a twice-repeated letter, vanish of 
themselves ; and in the coefficients of #’y and ay’, the terms which do 
not separately vanish destroy each other in pairs gahf—fagh = 0, &c.; 
whence the factor vanishes, bemg =0'; there are two such factors 
(viz., the zero term VW pad. pbe.p’aBy may be taken with the sign + 
or — at pleasure), and the norm is thus = 0”. 

40. But the line is tacnodal, each sheet of the surface touching along 
the line in question the hyberboloid p’apy. To prove this, write 

A = X0,+ Y6,+Ze,+ Wo, ; 
we have for the hyperboloid, writing z=0, w=0, 
Ap’apy = (afg.e+bfg.y) Z+(abg.x—abf.y) W. 

And it is to be shown that 

A(Vpaa _ pba. ppyd — V paps .pbB. p’yda 

+ Vpay.pby.p sah V pad. pbs. paBy) 
each contain the factor Ap*afy ; or what is the same thing, that 
ASV paa. pba, ppyé 
contains the factor in question, 2 denoting the sum of the first three 
terms of the original expression. The value is 
=i (eee an Hs ppByi+vVpaa. pba. Ap*By8); 

where Pua, = Apaa, denotes what paa becomes on writing therein 
X, Y, Z, W for #, y, z, w; and the like as to Pha. Substituting for 
poa and pha their values z,1, and z,1,, and multiplying by V tak, the 
expression is = 2 {(z,Pba+2 Pua) p*Byd+ 22%], Ap*Byol, 

[Surface abaBy6. | 
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where we have 
Z, Pha+% Paa 
= %{%(Z9.—Wa,)+y.(—Zf— Wo.) 
+ [| X(—g. tra.) + Y (f. +48.) + AZ—W)c,]} 
+%q}%(Zg,—Wa,) +y¥o(—Zf,— Wd.) 
+a[X(—g. tra.) FY (f.+20,) + AZ— W)e,]; 
= (20,1 2,45) (Zg.— Wa,) 
5 (ZYa VF Zao) (ee Yh ifm Wo.) 
+ 22%, {X(—g.tra,.) +Y (f, AD.) + AZ—W)c,}. 
Also Zatiyl, = Katy |(—ga tra.) e+ (Ff. +A.) y}, 
ppyi= x. aghtay (ahf+bgh)+y’. hbf, 
Ap’Byé= X.2x.agh+y(ahf+bgh) 
+Y .w(ahf+bgh) +2y.hbf 
+Z .x(cgh+afg)+y(bfg+chf) 
+W.x(abg—cah)+y (bch—abf). 

41. The whole expression is a linear function of X, Y, Z, W, and it 
is easy to see @ priori, or to verify, that the coefficients of X, Y each 
of them vanish. The coefficient of Z is 

= Bf (eat Hao) Ja— (Yat Mao) fat 2rzaeer. | p’Byd 

+ Beat (—g.tra)at (fF. +r) y | [a (egh + afg) +y (of9 + ehf)], 
with a like expression for the coefficient of W. 
The foregoing expression may be written 
(ZiCat eatr) Bglagh. «w+ (ahft+bgh) «ey +bhf. 4] 
— (4Yat Zar) Uf [agh . a+ (ahf+bgh) ay + bhf. y*] 
+ 2rz—2 BU iclagh. w+ (ahf+ bgh) ay + bhf. y"] 
+ (aw+ by) [(egh+afg) a+ (bfg +ehf)y]} 
+ 22% 2 (—getfy) [(cght afg)a+ (bg + chf)y]. 
The first sumis a. gagh+ay(gahf+gbgh)+y’. gbhf 
| =—xy.afgh—y’.bfgh 
= —hy (afy -e+bfg.y); 
where afg, bfy denote determinants with the suffixes a, B, y. Simi- 
larly the second sumis =—hwe(afg.a+bfg.y); 
the third sum is (aat+by)(afg.e+bfg.y), 
and the fourth sumis (—ge+/fy)(afy.a+bf9.y). 
The whole coefficient of Z thus contains the factor (afg.a+bfq.y); 
and similarly it would appear that the whole coefficient of W contains 
the factor (abg.x—abf.y), the other factor being the same in each 


case; viz., the two terms together are 
[Surface abaByé. ] 
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— (2a t Zatr) hy 
+ (ZiYat Rayo) hiv 17 (a eT yy + W (abg .x—abf.y)}; 
ae thay ah. (afg.%+ bfg.y) + W (abg f¥Yds 3 
+ 224% (—getfy) 
where the second factor is Ap?afy, which is the required result. See 
post, Nos. 59 et seq. 


42. (4.) The line [a, PB, y, 6] is an 8-tuple line; in fact, for any point 
of the line in question we have p*Byd=0, p*yda=0, p’dap = 0, 
p'aBy = 0; whence each factor is 0’, or the norm is 0°. 

I notice that the surface meets the quadric p’aPy in 


lines a, 6, y each 8 times, 24 


99 (a, B, Y 0) 99 99 16 
3? (ab, a, B, Y) 9 4 9? a: 
24x 2 = 48 


Surface aaByse. 
43. The equation is 


(p?aGe . p?yde . praay . seams aye. p°oBe . p®aaB . yo)? 
—Ap?afe .pyde. paye . p’oBe. papy .p'cBy .paa. pea = 0; 
or what is the same thing, 
(praPe . pyce . p®aay . dB—p’aye . pope . p*aaps. yo)? 
—Ap*ape.pyoe. praye . poBe. pad. p*yad . pha .pya = 0; 
the equivalence of the two depending on the identity 
praap. yo. p aay . op 
—pupy.peBy.paa. poa 
+p*Bad. p?yad .ppa.pya = 0; 
where, as before, p’afe=0 is the equation of the quadric through the 
lines a, (, e, and paa=0 is the equation of the plane through the line 
a and the point a; viz., p’afje, &c., and paa, &e., have the values al-. 


ready mentioned: p*aa/3.yd=0 as already mentioned is the cubic sur- 
face through the lines a, 3, y, 6 and aap, aye. 


44, Investigation.—In the projection, using line-coordinates, the | 
equation of the conic touching the five lines may be written 
(& om, ¢)° 
(P, Q, R)° 








where the symbol denotes a determinant the last five lines of which 
are obtained by giving to (P, Q, R) the suffixes mf y, 6, € respectively. 
This is at once tr earned into 
aBe.yoe.ayA. BA—aye. dfe.aBA. aie a Of 
[Surface aaB-y5e. ] 
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or what is the same thing, 
pape .p*yde .ayA . (BA—p’aye . p'6Be.aBA.ydA = 0; 
or say pape . poe (A°E+ By sb CL) (A’E+ Bn +02) 
—praye . poe (AE+Bn+Cl)(AS+B+C%) = 0; 
where p’afe, &c., signify as before; and 


AE+Bn+Cf=|& nn, f 
DQ os, 
ea Qs) R; 








and so for A’§+B7+C%, &e., the suffixes for A’, B’, C’ being (y, 5); 
and those for A’E+B’y+O0’¢ and A” £+B”,+C’% being (a, y) and 
(6, 2) respectively. 

45. Passing to the reciprocal equation, and making the conic pass 
through the point a, we obtain the equation of the surface in the form 














Me ae Dasa Tar it AE, We yue Dat Gas) le ; ¢ 
{p aye -pP Be ‘AS B, C (Ne B’, Cc” 
fs Bs ee A”, iBY GS 
+4p?aye .p'oBe.p'aBe.pyde| Ya Jar Ta Das aw Tae ea 
AX BC Ae Bes Oe 














Fu Mee Oe Oo BS 4 Oe 
-Or in the equivalent form, where in the first term we have + instead 
of —, and in the second term the determinants are 
Pa Ya Va | ) Pa Ya Ta 
1X doy AE Ave Beals 
Aan Bataley AGB 2, Ce 
46. To reduce this result, observe that we have 
A,B, C = || hy—gze+aw, —hae+fetbw, ge—fyt+ew | 
Wy—gzetaw, —Wat+fatby, ga—fyt+ew 

where, for convenience, I retain the unaccented and accented letters 
(a, ...), (a, ...) instead of these letters with the suffixes a and / re- 
spectively. Writing as before 

b= (af —af) e+... 

M = (ag —ag) a+... 

N = (ah'—ah) e+... 

Q = (gh—gh)at+... 

















then A = Qv«—Lw, and similarly A’ = Oe—Liv, 
B= Qy—Mw, B= Wy—-M, 
C= Qz—Nuw, CO = Oz—Nw; 
where for L’, M’, N’, 0’ we have (a’, ...) and (a”, ...).. Hence 
BO BO =e ate cena 
M, N, © 
M’, N’, 








[Surface aaByde. ] 
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with like expressions for CA’— C’A and AB’—A’B; and substituting, 


we have Pa Tar Va = Ww! Pa Ya Tay 
A BEC i, Cah Wee Ne 
A’, BY C L, M, N, @ 








Li} MeN 


or substituting for pa Ja Ya their values wWy—Wq, YWa-WY a Wa Weay 


this is Da Ia ta |= —w| #, Y, 2% 
A, B, C ®ay Yar %ay Wa 
Aete Tg OMG NS a2 








ih M, N’, QO’ 
whence, omitting the factors w*, the equation is 


gem ene oes 2, Y, % w |—paPe.pyde|a, y, 4% Ww i 


Vay Yas fay Wa Vay Yas fas W 
L, M, N, .@) | igs: M”, NS ty 
133 M’, N, QO’ a , V FE ; N”, oa 


2 23/2 2 2 | = 
+4n°aye. poBe.paBe.p’yce| a, Y, % WwW a y, 2% w |=), 
Lay Yay Zay Wa Vay Yay fay Wa 


Ty M,N: 04) ORF aN 
ie; M”, Nis cy byt Me N%, ike 


? 


where I recall that for (UL, ...), (L/,...), (L’, ...), (i, ...) the suffixes 
are (a, 3), (y, ©), (a, vy), and (0, 3) respectively. The values of the 
first two determinants thus are p*aafs.yo and p*aay.6G respectively : 
that of the third is p*aaB.ay; viz., thisis=p°afy.paa. Similarly, that 
of the fourth is p*ayd.66, which is = —p*ady. cB =+p*adB.dy; or 
finally this is =p*eBy.pad. And we have thus the before-mentioned 
equation of the surface. 


A7. Singularities—The equation of the surface shows that— 


(0) The point @ is a 2-conical point: in fact, we have for this 
point p*aaB.yo =0, p'aay.dB =0, paa=0, pad=0. 

(2) The line a is a 4-tuple line: in fact, for any point on this line 
prape=0, p*aaB.yo=0, p’aye=0, p*aay.o8=0, p’aby=0, 
paa=0. | 

(4) The line (a, /, y, e) is a 2-tuple line: in fact, for any point on 
the line we have p’afBe=0, p?aye=0. 

(10) The excuboquartic afe.yé.a isa simple curve : in fact, for any 
point of this curve we have p’afe=0, p*aaB.yd=0, these 
two surfaces intersecting in the lines a, 6 and the curve. It 
is, moreover, obvious that the surface is touched along the 
curve by the hyperboloid pape. 

[Surface aaByse. ] 
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I notice that the surface meets the quadric p’aBy in 


lines a,f,y each 4times, 12 
9 (a, B, Y c) 2 twice, 4, 


9 (a, fer Y> €) 99 PP) 4 
curve aaPy.oe  ,, + 8 
14x 2'= 28 


Surface aBys«d. 
48. The equation of the surface may be written 
pape . p’yde pays. popg—p'as . p’yoe. p’aye . p’oBe = 0, 
where p’ae=0 is the equation of the quadric through the lines a, f, e; 
viz., p’afe has the value already mentioned. 
The form is one of 45 like forms depending on the partitionment 


afd. yo 

jay : i (e, C) 
ac .Py 

of the six letters. 

49, Investigation.—The projections of the six lines are tangents to a 
conic: the condition for thisis (P,Q, R)*= 0, where the left-hand side 
represents the determinant obtained by writing successively (P,, Q,,R.), 
&c. for (P,Q, R). The equation may be written 

afte. yce. ay? . 0B6—aPl. yol.aye.dBy = 0, 
Be Q., R, 
Ps, Qe Re 
P. Q, RB, 
and substituting for P,, &c., their values, we have ae = w. pape ; 
whence the foregoing result. 


where ape.= 








50. Singularities—The equation shows that— 
(2) The line a is a 2-tuple line: in fact, for each point of the line 
we have p’afe=0, p’ayl=0, p'aBl=0, p?aye=0. 
(4) The line (a, 6, e, £) isa simple line: in fact, for each point of 
the line we have p*aBe=0, p’aSl=0. 
(9) The quadriquadric aSe.ycf = 0 is a simple curve on the sur- 
face : in fact, for each point of the curve we have p’aBe=0, 
p yol=0. 
It may be remarked that the surface meets the hyperboloid 
pape in 
lines a,(§,e each twice, 6 
” La, B, €, y| 9 once, 2 


” La, Bb, €, 6] ” ” 2 
” La, B, €, g | ” ” 2 
curve afe. yc¢ »” ” 4A 


[Surface aByde¢.] oe 
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51. It might be thought that there should be on the surface some 
curve afyceZ, such as the cubic abcdef on the surface abedef; but I 
cannot find that this is so. The equation of the surface is satisfied if 
we have simultaneously (A being arbitrary) 


pape. pPayf—Ap’afs. p’aye = 0, 

Ap’yoe. p’OB6— p*yodl. p*dPe = 0; 
which equations represent quartic surfaces, the first of them having a 
for a double line, and passing through the lines [, y, e, ¢ (18+4x5 
= 33 conditions, so that the equation of such a surface contains only 
an arbitrary parameter ) ; and the second having 6 for a double line, 
and passing through the lines (3, y, e, But I see no condition by 
which A can be determined so as to have the same value in the two 
equations respectively. Of course, leaving it arbitrary, the two quartic 
surfaces intersect in the lines (3, y, e, and in a curve of the order 12 
depending on the arbitrary value of \, which curve lies on the surface 
afsydel. 

The Hacuboquartic aBy, de, a. 


52. The notion is, that we have a fixed point a, two fixed lines 6, e, 
and a singly infinite series of lines, or say the generating lines of a 
skew surface: each generating lhne determines, with the point a, a 
plane ; and if in this plane we draw, meeting the lines 6, e, a line to 
meet the generating line in a point P, then the locus of this point P is 
the curve about to be considered. 


53. In the case in question, the singly infinite series of lines are the 
lines which meet each of the lines a, (3, y, or say they are the’ genera- 
trices of the hyperboloid ay: the locus, or curve afy, de, a, is, as 
mentioned above, an excuboquartic. It is not necessary for the pur- 
pose of the memoir, but it is interesting to consider in conjunction 
therewith the excuboquartic arising in like manner from the directrices 
of the hyperboloid; it will appear that the two curves are the complete 
intersection of the quadric ay by a quartic surface. Observe that the 
two curves are given as follows: viz., considering for the quadric aSy any 
tangent-plane through the point a, and drawing in this plane, to meet 
the lines 6 and e, a line, this meets the section of the quadric surface 
by the tangent-plane in two points, the locus of which is the aggregate 
of the two curves: viz., the section being a line-pair, the two points 
belong, one of them to a generatrix and the other to a directrix of the 
quadric surface. 


54. It is convenient to take «=0, y=0 for the equations of the 
line 6; z=0, w=0 for those of the line e: for then, for any plane 
Aa+By+Cz+Dw = 0, the line in this plane and meeting the lines 6 
and e, has for its equations Av+By = 0, Cz+Dw=0; or, what is 
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the same thing, for the plane P=0 the equations of the line are 
P,,=0, P..=0, where P,,, P,, denote the terms in 2, y and in 2, w 
respectively. 

I take also a, Y%, %, W) for the coordinates of the point a, and 
PS—QR = 0 for the equation of the quadric surface, P,Q, R,S being 
given linear functions of (2, y,z,w): we have then say P—OR= 0, 
Q—0S =0 for the equations of any generatrix, and P—#Q =0, 
R—¢S =0 for the equations of any directrix of the hyperboloid. 

The equation of the plane through the point a and the generatrix 
P—dR=0, Q—OS = 0, is clearly 

(Qo— 95.) P—OR) —(Po—ORy)(Q—O8) = 0; 
so that for the line in this plane, meeting the lines 6 and e, we have 
(Qo.— AS) (Pay —ORy) ig] (Po & OR») (Quy —98,y) ni 0, 
(Qo —O8,) (Prw— OR) — (Po—@Ro) (Q.0 — 95,,.) = 0; 


and joining thereto the equations 
Pan sQ ere ePe G2 EQ. 


To ames lira the, Pa tia ties 
(equivalent in all to three equations,) the elimination of 0 gives the 
required curve: the equations thus are 
PS—QR= 0, 
(QS — QS,) (P., R—PR,,,) — (Po R-- PR») (Q.,5 — QS,,) = 0, 
or, as the second equation may also be written, 

(QS a QSo) (Pry Rew— Pw Ri) So (P»R— PR,) (Qu Seto — Qa — 0 3 
viz., the second equation represents a cubic surface having upon it the 
lines (P=0, R=0) and (Q=0, S=0): it therefpre intersects the 
quadric PS—QR = 0 in these two lines, and besides in an excubo- 
quartic curve, which is the required locus. 


do. Representing the determinants 


Pec. Rh. 8 by a,b,c, f, eh, viz, a= QR—QR, ... 
eee, Qos Jato So fo= ESS aba Pos; tae 5 


Dp Lay Dag by va, b, of g, b, viz, a—Q) Ry, Qa begeee 
legen ee. uses Se 


so that (a’,...) are linear functions, (a,...) quadric functions of the 
coordinates ; the equation of the cubic surface is gb’'—bg’=0, viz., the 
excuboquartic arising from the generatrices is the partial intersection 
of the quadric PS—QR = 0 and the cubic gb’ — g’b = 0; the two sur- 
faces besides intersecting in the lines (P=0, R=0) and (Q=0, S=0). 

It appears, in the same manner, that the excuboquartic arising from 
the directrices is the partial intersection of the quadric PS—QR = 0 
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and the cubic he’— ch’ = 0; the two surfaces besides intersecting in the 
lines (P=0, Q=0)- and (R=0, S=0). 


56. But the elimination may be performed in a different manner, as 
follows: from the first two equations in 0, multiplying by P.., —P.y 
and adding, and so with Qo, —Q.,, &c., we obtain 


(Qo—98o)( = —8b)—(P,—9Ry)(—c+ Of) =, 
(Qo—98,)( ¢+0a)—(Po— OR) ( Oe) = 0, 
(Qo—488.)(—b )—(Po—9R,)( a+6h) = 0, 
(Q.—85.)( f—-6h)—(P.—OR)( g ) = 0. 
ite Cole ak tee 


We then have maT |e gee ey 





or, what is the same thing, 
hé?+(a—f)0+c=0. 
Using this equation, written in the form (a+6h) 0 =—c+ $f, to trans- 
form the first or third of the four equations in 0, we obtain 
—aP,)—bQ,)—cR,-+4- 8 (—hP, . +fRo+bS,) = 0) 5 
and using the same equation, written in the form (f—6h) 0 = c+ a, to 
transform the second or fourth equation, we obtain 
and hence, eliminating 0, we obtain 
(hQ —gRy+aS.)(—aP, —bQ)—cRy) 

—(—hP, . +fRy+bSo) (gPo— fQo . +cS,) — GO: 
which, as being of the second order in (a, ...), represents a quartic sur- 
face. The equation remains unaltered by the interchange of Q, R, and 
the consequent interchanges among (a, b, c, f, g,h): hence the quartic 
surface contains not only the excuboquartic arising from the genera- 
trices, but also that arising from the directrices; and these two 
curves are the complete intersection of the quartic by the quadric 


PS—QR = 0. 

57. I obtain this same result also as follows. Consider a point 
(P,, Q:, Ri, 8,) on the quadric surface; P,S,—Q,R,; = 0; the tangent 
plane at the pointis PS,-QR,—RQ,+SP,=0; 
and if this passes through the pomt a, then 

PoS, — QoRi — RQ: +SoP; = 0. 
The line which in the tangent-plane meets the lines 6,¢ is given, as 
before, by the equations 
Pe 8,—Q,,Ri— R,,Q: T SayPi —e Os 
Pas Qe Ry — RiQi+ SiwP, = 0. 


Remembering the significations of (a, ...), the last three equations give 
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S:: RB: -Q,:-P= ; hQ.—gR.+aS8, 
>—hP, . +fR.+bS8, 
gP)>-fR, +. +658) 
> —aP,—bQ,—cR, . ; 
and substituting these values in §,P;—Q,R, = 0, we have the above 
equation of the quadric surface. 


58. Or again, changing the notation, I take the equation of the 
quadric surface to be 
(a, b,c, d, f, g, h, 1, m,n % x, y, 2, wv)? = 0. 
A tangent-plane hereofis é¢+ny+@z+ww = 0, 
where , 7, ¢,w are any quantities satisfying the relation 
(ASB, ©) DOE, GH, i, MON) 2, y, 2, 10)*, 
the capitals denoting the inverse coefficients. 
Supposing that the tangent-plane passes through a fixed point a, 
coordinates (a, 2, y, 6), we have 
af+Pyntyf+cu = 0; 
and if the equations of the lines 6, e are as before (w=0, y=0) and 
(z=0, w=0); then for the line in the tangent-plane meeting the lines 


6, €, we have éet+ny=0, fz+twow = 0. 
These last equations may be represented by 
E=ly, n=—, C=mw, wo=>—mz2. 
And substituting these values 
(A, ... Vly, —lw, mw, —mz)? = 0, 
(a, ... Gly, —lxz, mw, —mz)' = 0, 
that is (Ay’—2Hay+ Ba’, —Faew + Gyw—Lyz+ Mazz, 
Cw’? —2Nwz+ Dz’ 1, m)? = 0, 
and (ay—Px, yw—oz 01, m) = 0. 
Whence, eliminating J, m, we have the quartic equation 
(Ay’?— 2Hay + Ba’, — Few + Gyw—Lyz+ Maz, 
Cw?—2Nzw+ D2 Yyw—ez, Bu—ay)? = 0. 


Further Investigation as to the Surface abaBy6. 
59. The theorem that in the surface abaGyd, the equation of which is 
Norm } J pan pba. ppyd — V pa .pbp.pyda 
+ /pay.pby. peaB— VW pad. pbd.papy! = 0; 
the lines (ab, a, (, y) are tacnodal, each sheet touching along the line 
the quadric p*afjy, may be proved in a different manner by investigating 
the intersection of the surface with the quadric p’aPy. 
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For this purpose take the equation of the quadric to be yz—aw = 0; 
the equations of the lines a, B, y will be 


eae ear at a (Saeae 3 
a—A,.y¥=O0/? \a—A\,y=0/’? \a—Ayy=0/)’ 


and we may write (a, b,c, f, g, h) for the coordinates of the line 6. The 
equation of the surface will be 
Norm {| Vpaa.pba(rAg—A,) [ (a —f) vz—(Agtr,) ye +rApd yw | 
} +g) Apr, (ys — aw) 
} +c¢(z2—A,w)(z—Aw) 
+ h(@—Agy) (@—A,z) 
— JS pad. pbd (Ag—X,) (A, —Az) (Aa — Ag) (Y2 — 2) ts 
where = denotes the sum of the three terms obtained by the cyclical 
interchange of a, 8, y; and 
paa = (%—Aw,) (@—Ay) — (@a— AYa) (Z2—AW), 
pba = (%—Aw,) (@—Ay) — (@&—AY) (2—Aw) ; 
d here standing for A,; and similarly for pap, &ec. 


: : ops yz 
60. To obtain the intersection with ww—yz = 0, writing w = 
@ 


then paa = [%,—Aw, — (@_—dAya) |(w—Ay), (A=A,), 
My 


pba = [z,—Aw, — ‘ (a,—Ay,) | (w—Ay) ; 
or say J naa .pba = /M, (a—r,y) ; 


also the expression in {| } becomes 
= {(a—-f) + e5 +h} @—-ry)(@—-Ay); 
so that the norm in question is 
JM z zg 
Norm ZV M, (A,—A,) | (a—f) = hy 0 + h} (@—d,y) (@—Agy) (@—Ay) ; 
or say fo. 
Norm 3V/M, (A,—A,) {ha?+(a—f) 2a +cz?} (a7—A,y) (@—gy) (@—A,y) 5 
where M, is now considered to stand for 
{ (29 — 20q) —A(wWwe—y.%) | | (ze — 2%) —A (Wyw—Yz) i. 


Observing that the norm was originally the product of 8 factors, this 
breaks up into 


{ hae? + (a—f) za t+ c2?}* | (a—2,y) (@—Apy) (@—A,y) |® = O, 
and Norm? /M, (A,—A,) = 0, 


where the new norm is the product of 4 factors. 


61. Writing for greater convenience X, mu, v in place of X,, A,, A,, and 


y? 
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observing that M, is a quadric function of X,, that is of A, the last men- 
tioned norm is Norm /A+BA+CX2 (yp —7), 
which is easily seen to be 
= (4A0—B)(u—»)(v—d)2(00—p) 
Or writing for a moment 


(A+BA +a‘) = (P—QA)(P’—Q),. 


whence Ao BE Bei Cb) LG OG) 
then 4 AC —B? = — (PQ’—-P’Q)’; 
and we have P,Q) = 248 —28q, Wel —Y a2, 


PY, Y= ya 2a, Wye —Y2, 
whence PQ’—P'Q = (2,0, %W,) @ 
+ [Ya%s—Yota— (Bay — 2) | wz 
+ (@ao— Via) 2 5 
viz., if (a, b, ¢, f, g, h) are the coordinates of the line ab, this is 
= ha’+(a—f) vz+ cz’. 
Hence, omitting the constant factor (u—yv)*(v—A)*(A—y)! [that is 
(Ag—A,)*(A,—A.) (A. —Ag)*], the foregoing equation norm? = (0 becomes 
[ha?+ (a—f) w+ cz? ]* = 0, 
and the intersections of the quadric with the surface are obtained by 
combining the equation zw—yz = 0 with the several equations 
{he +(a—f) ze+cz\* = 0, 
| (@—A.y) (@—Apy) (@—Ay) f° = 0, 
{ha?+(a—f) ze+ce’\* = 0; 
viz., these are 


lines (a, 3, y, 6) each 8 times ...... 16 
line (@=052=0) iks.oe AVIA cme 16 
linesy! . Tan" each (Sa. 0 sass 24, 
line (#=0, y=0) BAe dx Bee 24, 
lines [ab,a,6,y] each 4 4, ...... 8 
line (#=0, z=0) Bare By. 5s 8 


(164+2448) x2 = 48448, 


But it is clear that the lines (e=0, y=0) and (#2=0, z=0) are intro- 
duced by the process of elimination, and are no part of the intersection. 
The complete intersection consists of the lines (a, 3, y, 6) each 8 times, 
the lines (a, (3, y) each 8 times, and the lines [ab, a, 3, y] each 4 times. 
But the last mentioned lines being only double lines on the surface, 
this means that the two sheets each touch the quadric surface, or that 
the lines are tacnodal. 
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On the Constants. that occur in Certain Summations by ‘Bernoulli’s 
Series. By J.W.UL. Guatsuer, B A., F.R.A.S., Fellow of Trinity 
College, Cambridge. 


(Read January 11th, 1872.) 


In the applications of Bernoulli’s series, 


3 
See ned VP ie Bi eta Se hh TE 
the = OT MRS ae Ts or ea Le (1), 


the constant of integration C has to be determined separately for every 
different form of #,; and in many cases [as, e.g., when u, = log # and 
C = log ,/(27)] the determination is very difficult. If wu, be of the 
form w”, we may write the formula (1) 


1°+-2"-+.. a" — = O(n) +2430 +n2"- 1 
—zhgn (n—1)(n—2) a P+... oo... (2), 


in which ®(n), the constant of integration with regard to w, is written 
for C. 


If m be an even integer, it is well known that 


27)” Bin 
®(—n) = ery Se SRR EO be Pt yo (3), 


B,, being the 4n™ Bernoulli’s number; for in this case, since n< —1, 
the series on the left-hand side of me when continued to infinity, is 
1 
On Tr on tte 
If n= —1, the second term on the right-hand side of (2) is replaced 
by a logarithm, and the constant is well known as Euler’s constant 


convergent, and ®(—2n) = age 


*577215..... It was with the view of exhibiting the series of constants 
to which Euler’s constant and the sum of the series ht +. 


2 
viz. ns belong, that Table I. was formed of the values of ® (-+) and 
m 


o(— -1-+) for-a= 1) 275, 20: 


The Table was calculated by means of (1); that is to say, that the 
functions were calculated from the formulz 


iL lope med i Ab 
o(--)=1 "42 mo Se ees ee 
Wb / 


m—1 
1 ey hak! 


f i -3- Pa 
Frey an a (m+1)(2m+1) 2m eee, (4), 
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1 1 1 
o(—1-2) Sr mga pa mp mayo 


4 


1 peel ar 
+ 75 (mtl)e = Popp MTD em+1) m+ 1a +...(5); 


# was taken =10, so as to render the calculation of the descending 
series as easy as possible; and the terms written down in (A) aird=(O.) 


A a 
were all that EN patel in the calculation. ; a \\ ERSIPY Pa 
. The series [ke Done . (m integral) is diver gent, bom ; 


Sees a Lae a 
bat = +2 "= 4+:., converges so that i LB 


a ==) cape ag nae Ro 
m m \/ 


and the second column of Table I. (p. 55) may be Beene as a Table 
of the sums of series of this form. 


It will be noticed in this table | viz, that of ® (-1 sc ) | that 
m 


uy ( —l— --) = m-+a decimal fraction, 





and it is this fractional portion which tends to °577215... as its limit ; 
for, ae a 


a pie Se bal 
Ls: Og te shaues = 6(-1-=)—m—|m (« m —1)|+..., 


and the limit of the term in square brackets, as m increases indefinitely, 
is log #; so that Huler’s constant 


y = the limit of ® (—1- =) me Mah rd ole se a (6), 
m 


when m is infinite; ®(—2) is, of course, =47°. 
The descending series in (2) may be thrown into the form of a 
definite integral by means of the result 
© 42n-1 
B, = 4n Eom, 
, -e—] 
whence 


n+) 
1°42"... 4a" = ®(n)+ cane 
n+ 


oleic 


a a sty ian tes 
= O(n) +2 4 Ye if ere, dt, 


ert “ 


in which 7 is written for ’—1. This expresses ®(n) as a definite in- 

tegral involving a quantity «, which may have any integral value. 

The simplest form is found by making «=1, when, after reduction, 
VOL. 1V.— NO. 44. 19 


50 Mr.J.W. UL. Glaisher on the Constants that occur (Jan. 11, 





lull oft (lea di ; 
. we find &(n) = Fart y maar ow RR oa (Oe 
so that from Table I. may be very easily deduced a table of the values 


ib 


of the integral in (7), » being of the forms _- or astern _ The ex- 


pression which (7) gives for Euler’s constant as a definite integral can 
be found at once by means of (6); for, putting n= —l—h, we find, 


Bince y is the limit of &(—1 —h)— > ee 


a 
=e een Le: 


agreeing with a result given by De Morgan (‘“ Diff. and Int. Calc.,” 
p. 672). 
The form which (7) a for ®(—2) is 


t dt 
at “fae 


7 t dt 
so that I= — 7 = = 1 7’?—3- 
) Dare 
and in the same way many similar definite integrals might be evaluated 
by putting n successively = —4, —6, . 


It should be noticed that ®(n) is finite whether 1”+2”+38"+... is 
divergent or no. 

If 2 be negative, the sum of the series 1”— 2” . 1s finite im all 
cases; and as the sum of this series can be made to depend on the 
value of ®(7), we can deduce from Table I. the sum of series of this 
form when n lies between 0 and —2. We have, if 2 be negative, 


isles 


grt Z z ; 
1°4-2°-+-...2" = © (m) + ca] +series of terms vanishing when #w=o0 ; 


ieee 


therefore, multiplying by 2 


2 {2"+4"...+(2a)"} = 2°*1 O(n) + oo +series of terms vanishing 


when #=0. 
Writing, then, 2v for « in the first series, and subtracting the 
second from it, we find 


1°—2" 4 3"... = (1 2"*1) O(n) ve eeeeceneeeeee (8), 


the series extending to infinity. 





If then we denote the sum of the series ‘i —- - + ¥ —... by V(n), 
we have M(H) eae De) 2.) Vat (9), 


and Table II. contains the values of ¥(=) and ¥(1+—) for m=1, 
m am 
2... 20, calculated from the formula (9). 
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The first result in the column for 4 ( 1 Ib viz. ¥(1), 


m 
me pt rat S| Posi 
el Ses aL Oomens 


e . e e e ° 1 
and it is interesting to notice how, as m increases, 4 (— approaches 
Mm 


the value ‘5. It is well known that in analytical investigations ¥(0) 
or 1—1+1—1+4... can usually be replaced by 4; and it is to the fact 


J teas af Lek 
that the last-written series is the limit of 1° »—2°'™ +37 m—,,,, 
as well as of other series, that this result is due. The value of (2) 
or pee -+ aa is well known to be —-. As m increases, the 


ey eee 12 
value of WV (1+—) approaches, of course, log, 2 or °6931471.... 


The facility with which the summation of these series is effected 
affords one of the most striking instances of the power of mathematics 
as a means of simplifying the results of arithmetical operations. The 


summation of —- aay 4. WE —... by direct calculation to three 


/1 

places of decimals would require the calculation of more than 
the first million terms; while the determination of the value of 

i 
tape) 28/ Sint 
require the calculation of thousands of billions of terms, and would be 
truly impossible. 

By means of the integral 

é fo@da=ir(2) 4, 
nm \ni - 


0 a” 


correct to the first place of decimals would 


the value of (7) can easily be expressed as a definite integral; for 


A) ape fet (lee + oe ee dz 
eae 
n 
= Tp 24 sli ee (10). 
Die |p a 
(aie ae 
Thus, by the aid of Table II. and Legendre’s Tables of the Gamma 


function, the values of the integral 

da 
. 
at 





ae O 


lt+e 
1 


. if 
can be found when 7 is of the form — or 1+—. 
m m 


E2 
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From (9) and (10) we obtain 
dx 


hese 1 * 
Ans eas ii Fa—w J ane 
1 


n 
e” 





giving another form for the constant in (2). 


4- 
144 eres 


1 m 29 m 


By means of the integral (10) we can also express 








as an integral otherwise; for this series 





= ] ance 
r (="+*) 4 eet Es 


0 
Vt 





° . m ° oe hs 
q being written for ; so that certain values of this integral also 
m 








+1] 
can be deduced from the last column of Table I. 
Since the series : s ale +... is convergent, it seemed 
+= + — 1+ 


1 m 3 m 5 m 
worth while also to calculate a Table (III.) of its values, as they are de- 


ducible from ® ( —l-— ~) by the formula 
m 
1 
o(14+5) = (1-2) o (-1-+), 
m m 
© (1 + ~ | denoting the sum of the series last written. 
Expressing © as a definite integral, we find 


1 
1 Oey if ° de 
Q A) feo eee 
(it =) = ir if x! : 
oes r(2+—) o @& —I 





m 
+1 

The sum of the series tt ot é +... (7 odd) has never, I believe, 
been exhibited in a finite form analogous to (3), which applies only to 
the cases when 2 is even. A table of the numerical values of this 
series, that is, of ®(—z), is given by Legendre (“ Traité des Fonctions 
Hlliptiques,” vol. it, p. 492) for »=1, 2, 3, ... 85 to fifteen places of 
decimals. Legendre remarks that Kuler calculated such a Table from 
n=1 to n=16 to sixteen places of decimals ; but that, on examination 
of Euler’s Table, he found several serious errors, which caused him to 
re-calculate the Table; at the same time he extended it to n=35. 
Huler’s Table is given on p. 456 of this “ Differential Calculus.” A 
Table of the same extent as Legendre’s is given in De Morgan’s “ Dif- 
ferential and Integral Calculus,” p. 554. It is, no doubt, reprinted 
from Legendre. 





q being written for 
m 
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We can, by means of the integral (10), express the series tabulated 
by Legendre as a definite integral; for since 


2 BS 
f ana nein 1) a 


0 





1 > da 1 1 1 
f mf Pt eee 

reid aaa tht ete an), 

a eee 
1 fee ih veel ha 
——_——— = 5+ Sah es 9 

rary ft Pu [ah BA Be (12), 

rok Ce ok ete 


so that from Legendre’s Table the values of the integral 


~ da 
el 


| ‘ eearers | 
can be easily deduced for the values n=1, 2,...35. Since 
uf 1 1 ( a ( 1 1 1 ) 
—+—+—4...=(]1—=) (— + — +— +... 
1” 40 gr 28 5n i oa 1” a Qn a Qn a3 3 
ne dz 
the values of f oe eS 
0 n ie nr 
e” AL Poth 


for the same values of 7 can also be deduced. 


If nm be odd, the sum of the series 
1 1 1 
Tt ,3%, ty Boal got 
can be expressed by means of a finite series of Bernoulli’s Numbers.* 
We thus find that if n be an odd integer 


co di n . ag ju~ Po ], 


0 n 
xv —x# 
é —eé 


n (n—1) 2”-°-—1 N...9 o—] ia 
a B,-it... + ———— ———__ B : 
ida 28. Das teas D2) Galo ee 
B,, being, as before, the nth Bernoulli’s number. 

The Gamma-function has been made use of in the form (10), as the 
results then take a more elegant form; the ordinary form, however, 
VAiZ., f Ca oY a) 

4 a 
would serve to express the results equally well, and perhaps more simply. 

The Tables accompanying the paper were, in general, calculated by 
means of seven-figure logarithms; but in several instances ten-figure 
logarithms were requisite; as, for instance, in the calculation of the 








’ * Herschel’s Examples on the Calculus of Finite Differences, Camb. 1820; p. 95. 
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term —” 5am in (3). The results have been given to six decimal 
m— 


places, except in the Tables of ¥ (1 +=) and Q (1 +4), in the former 


of which only five figures, and in the latter six figures, are given; the 
curtailment of the number of figures in these last two cases is due to 
the fact that the method of calculation rendered the last two figures 
obtained uncertain. No pains have been spared by differencing and 
verification to make the Tables accurate; but it 1s possible in some 
cases, though by no means probable, that a result may be inaccurate 
by as much as 2 in the last figure. 

Table IV., though not strictly connected with the subject of the 
present paper, has yet so much analogy with the other Tables as to 
properly find a place in connection with Lara It gives the values of 


aapel & 
Paper ie SOE = he 
1 ; 1 
and on = Te + on T En ae oy 
and was deduced from Legendre’s Table* of 
miles | i 1 
Sa aa 4" + Qn + — Bo eg 


by means of the formule 


1 1 
w= (I-gh)& a=(1-d)s 


If, therefore, Legendre’s Table contains any error, there will be corres- 
ponding errors in Table IV.; the last figure may be a unit in error. 
Expressed as definite integrals 
is ; 


1 ep coe 
= 7 P (ny f ere te 


1 yp hel dx pan IW 
o,, — & a ae 
I (n) 4% je OD Tiel ie ne 


writing sinh # for the hyperbolic sine of a; by taking 2" =z, s, and 
o, can also be put in the forms 


Ree: alae f le 
Ren alo « 1? 


0 n 


1l+e* 
1 "da 
Prensa read fe one ee 
20 (n+1) f ~ 


sinh a” 





so that the values of any of these integrals are easily deduced from 
Table IV., when n= 1, 2, ...35. 








* Traité des Fonctions Elliptiques, t. ii., p. 432. 
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1 
2 
3 
4. 
5 
6 
7 
8 
5] 
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aga 


[0:577216] 


—1°460354 
—0:973360 
— 0813279 
—0°733921 
—0°686582 
—0°655154 
—0°632775 
—0°616033 
— 0603037 


TABLE I. 


(and) 


—0°592658 
—0°584176 
—O°577117 
—0'571150 
— 0°566039 
—0°561612 
—0°557743 
— 0554530 
—(0°551298 
—0°548587 


1644934: 
2°612375 
3°600938 
4595112 
5°591582 
6°589216 
7587518 
8°586241 
9°58524.6 
10°584449 


TABLE II. 


CO ONO Or Oo DOH | 3 


i 
S 


693147 
604899 
071753 
554487 
54:59 10 
536768 
531623 
527740 
524.706 
"622270 








— 
OCONRebowpe S 


2047 | 11 
76515 | 12 
74987 | 13 
‘73110 | 14 
79393 | 15 
71889 | 16 
71532 | 17 
71962 | 18 
‘71051 | 19 
‘70881 | 20 

TABLE III. 

Q (14+— 

VW 
123370 | 11 
168876 | 12 
217191 | 13 
266311 | 14 
315770 | 165 
365406 | 16 
415142 | 17 
464943 | 18 
514788 | 19 
5-6 4663 


(2) ed = |e) 








11:583795 
12°585250 
13°582788 
14°582592 
15°582048 
16°581748 
17°581482 
18581246 
19581035 
20°580845 





coat 





520272 
*518602 
517187 
‘515971 
514916 
"015992 
513176 
O124.49 
“511799 
“O11215 







6714561 
6°64.4:75 
7144.02 
764340 
8°14.286 
8°64238 
914196 
9°64159 
10°1413 
10°6410 





‘7O7AL 
70524 
70525 
"70440 
‘70366 
‘70301 
70244, 
‘701983 
"VO1A7 
‘70106 
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DO ee pt =a 
SWONAUBWDHOHOCUOONOUOBRWDHH = 


bo bo 
be 


bS DO POD PO 
SI Op Or OO 


28 


69314 
82246 
"90154: 
94703 
97211 
98555 
"99259 
99623 
"99809 
"99903 
99951 
99975 
"99987 
99993 
"99996 
"99998 
yuved 
99999 
79999 
CREE) 
woong 
‘99999 
"99999 
"99999 
oOgD 
9999 
O098 
eras y 
vovou 
wague 
09999 
"99999 
"99999 
‘ovog 
aioe 


TABLE IV. 
Sn 

71805 599453 

703384 241132 1:23370 
26773 696957 1:05179 
28294 972459 1:01467 
97704 469094 1:00452 
10912 974351 100144, 
38199 228302 1:0004:7 
80018 526479 100015 
42975 416053 1-:00005 
95075 982715 1:00001 
71434 980607 1:00000 
76851 438581 1:00000 
85427 632651 1:00000 
91703 459797 100000 
95512 1380992 1-00000 
4.7642 149061 1:00000 
23782 920410 1:00000 
61878 696101 1:00000 
80935 081717 1:00000 
90466 115815 100000 
95232 582156 100000 
97616 132308 1:00000 
98808 013185 100000 
99403 988924 1:00000 
99701 988569 1-00000 
99850 992320 100000 
99925 495505 100000 
99962 747534 1:00000 
99981 373694 1:00000 
99990 686822 100000 
99995 343403 1:00000 
99997 671699 100000 
99998 835849 100000 
99999 417924 100000 
99999 708961 100000 


oy, 


CO 
05501 
97902 
80316 
37627 
70766 
15486 
51790 
13451 
704.13 
56660 
18858 
06280 
02092 
00697 
00232 
00077 
00025 
00008 
00002 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 
00000 


361698 
6464.50 
041921 
951397 
409421 
523764 
952961 
838438 
630447 
510900 
485831 
554218 
4.05192 
24.7031 
371573 
448395 
814376 
6044.42 
868077 
956012 
318667 
106221 
035407 
011802 
003934 
001311 
000437 
000146 
000049 
000016 
000005 
000002 
000000 
000000 
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On the Parallel Surfaces of Conicoids and Conics. 
By Samvuet Roserts, M.A. 


(Read January 11th, 1872.) 


1. If a straight line of given length moves with one extremity on a 
given surface, and remains normal to it in all positions, the locus of the 
other extremity is called a parallel of the given surface, or primitive. 

Hence the parallel surface is the locus of the centres of spheres of 
constant radius which touch the primitive, or it is the envelope of 
such spheres or of spheres of constant radius which have their centres 
on the primitive. The idea of parallel curves in plane space is thus 
extended in a direct manner to space of three dimensions. 

In the present paper, I propose to discuss the parallels of quadric 
surfaces or conicoids; but in several cases, where the results for a 
general surface of the order m are analogous to those corresponding to 
them for a conicoid, I have given general expressions, the proofs and 
developments of which I hope to give on some future occasion. 

The parts of the theory already worked out are, as far as I know, 
contained in Dr. Salmon’s ‘“ Geometry of Three Dimensions,” 2nd Hdi- 
tion, p. 148, and in Professor Cayley’s paper on the quartic surfaces 
(*% U,V, W)’?, (“Quarterly Journal of Mathematics,” vol. xi., p. 15 
et seq.) I havealso had occasion to refer to a paper by Professor Clebsch 
on the problem of normals and the surface of centres (Crelle-Bor- 
chardt, t. lxii., p. 64). 


I. The Parallel of a Central Conicoid. 


2. The equation of a parallel of a central conicoid, represented by 


2 2 2 
oF al ss Ry a 
a b Cc 


+ Prof. Clebsch, in the memoir referred to, has considered the surface of centres 
in a generalized way. Parallel surfaces might be similarly treated. In fact, if 
a2+y2+22+w? = 0 represents a fixed quadric surface, equal quasi-spheres haying a 
double contact with it along a plane are represented by 

° e+yr+e+wr—(Xae+ Yyt+ Zz+ Ww)? = 0; 
and X, Y, Z, W are proportional to the coordinates of the quasi-centre. 
Forming the condition that these quasi-spheres may touch 
2 ap. gf 2 
Lal te os he Se 4 es == 0; 
a b 
2 
pray 
0+4 
The discriminant with regard to 6 must be made homogeneous. J have not found 
any important advantage in point of symmetry, and therefore confine myself to the 
special forms. 





we get 
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in rectangular coordinates, is obtained by equating to nothing the dis- 
criminant with respect to 0 of the quartic equation 
Ox? Oy? . Oz? 





ged Ff (dh a) ep oo hers if 
O+a O0+b  O+e CO); 
which may also be a ane : 
abil es er pies —pP—2+ k= 0 oe. eee (2); 


6+a 0+6 

or again, if we put 0°+d’ Pal » a for a+d’, U for b+d, e¢ for c+d, 
we have the ieee and symmetrical form 
by eh dP os SRY pe ee 
74a O+0 OW+e H+d 
The forms which I principally use are (1) and (2). I call &, which is 
the value of the constant normal distance between the parallel and its 

primitive, the modulus. 
The equation (1) is obtained by forming the discriminant with 

respect to a, 3, y of 


0 (£4 4% —1) 4 { (aw) + (B—y)'+ (yj = 0. 


The equation of the parallel is thus the condition that a sphere of the 
radius #& shall touch the primitive, the coordinates of the centre being 
the current coordinates relative to the parallel. If, on the other hand, 
@,Y,% are given constants, we have an expression connecting the 
squares of the six normal distances from the point whose coordinates 
are @, y, to the quadric. Corresponding to these distances, there can 
be described through the point six parallel surfaces. 

It is obvious, especially from the form (3), that 2’, y’, 2°, —i’ enter 
the equation in the same way ; and since the origin is not generally on 
the locus, its order is 12. 

A similar remark is true of surfaces generally. The order of the - 
parallel surface is equal to twice the number of normals which can be 
drawn to the primitive from a given point; that is to say, for’a general 
surface of the order m, the order of the parallel is 2 (m°—m?+m). 


on 0 he (3). 


LIimiting Case k=0, 

8. When the modulus is nothing, the quartic (1) contains 0 as a 
factor. Hence (Salmon’s “Higher Algebra,” 2nd Hdition, Art. 106, 
p. 86) the equation of the parallel is of the form 

2 2 2 2 
(+042 -1) o=0, 
a Dee 
where ®=0 represents the imaginary developable which circumscribes 
the system of peace 





at = 
‘te ty as ee inp ati We —e | Ps 8 (a). 
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This developable is generated by planes which touch the primitive and 
pass through the tangent lines of the imaginary circle at infinity, and 
the result is most readily extended to surfaces of higher order by the 
aid of this definition. 

If X,Y, Z of the parallel (mod. /) correspond to a, y, z of the primitive, 
we have 


(Pkg ne as 
— a b C te 
X= ats ay Met re rae YL IN has x— —1=0, 
(oh aa el) Go ates 
a a a 


from which we get (1) by means of 
a ee Yee Zane 
a b C 
If k=0, we have generally X=a, Y=y, Z=z, except for points on the 
2 2 
curve >= -—1=0, a = 0. 
a a 


The developable @=0 is the parallel of this curve, mod. 0; and, gene- 
rally, the corresponding developable is the parallel (mod. 0) of the curve 
dU \? 
CT ae: (= at 
da 
The surface ®=0 is of the 8th order, having the focal conics of the 
primitive and the circle at infinity for double lines, together with a 
cuspidal curve of the order 12. It will be observed, from the form of the 
equation, that the sections by planes parallel to the principal planes 
are plane parallels to an imaginary modulus of the focal conics in those 
planes. Projected orthogonally on them, the sections in question form 
systems of parallels, and the loci of their cusps, 7. e. the corresponding 
projections of the edge of regression, are the evolutes of the focal 
conics (‘‘ Messenger of Mathematics,’’ August and November, 1871). 
In like manner, the section at infinity is the envelope of the conic 
Pe y? a 
—f- — 1 == 
G6+a O0+65b O@6+6e 
or four right lines, together with the nodal circle 


(+ y?+2)? — 0. . 
The general characteristics of the surface are those of a developable 
touching two given conicoids, or of the reciprocal of a quadriquartic 








? 


curve. 


Sections by the Principal Planes and by the Plane at Infinity. 

4. In order to obtain the equation of the section of the parallel by 
the principal plane z=0, we may make z=0 in (1). The quartic then 
contains 0+c as a factor, and the resulting equation is of the form 


<= 
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3 O22" by? ; { cx? cy’ ; ; 
Disct. —4_ —9—h]? ———> : —k? = . 
1 oe Aira AD ee pe a ees woe 4 
that is to say, we have the plane parallel (mod. &) of the principal 

section of the conicoid by the plane z=0 and the conic 
OF Ted co 0 (4) 
c—-a c—b - bois 
which is a nodal curve, since z enters the equation of the parallel sur- 
face as a square. 

The sections by the other principal planes are of the same kind. 

The section by the plane at infinity is obtained by making the terms 
in (1) independent of a, y, z vanish. In this case, the quartic may be 
homogeneously written 

Ox? nOy” ie es 
O+an O+bn O+cn 
The resulting equation is therefore of the form 
i[(o+c) #+(e+a) y+ (a+b) 2P—4 (v2? +y' +2’) (bea? + cay? + abz)} 
xX (+ y +2) (bea + cay’? +ab/) = 0. 
It follows that the section at infinity contains the nodal conics 
et+y+2=0, bex*+cay’?+abz = 0, 
and besides the right lines determined by 
(b—0)* e+ (c—a) y+ (@=b)'2 = 0 oc. acres (Os 

It will be observed, that since /, a finite length, is evanescent at in- 
finity, the section is the same as for k=0. 

Similarly, for a surface of the order m, the section of the parallel at 
infinity contains the corresponding section of the primitive as a nodal 


curve, the circle at infinity multiple in the degree m(m—1)* and the 
2m (m—1) common tangents. 




















5. We have now to consider the relations of the several nodal conics 
to the plane parallels with which they are associated. 

The plane parallel of the section of the primitive by the plane e=0 
meets the axis of y in the two double points 

e= 0. y” = Comte) O=2), Bos 
but these points lie on the conic (4). 

In like manner, the same conic passes through the two double points 
on the axis of # of the plane parallel of the section of the primitive by 
the principal plane y=0. 

This determines the conic which has, with the focal conic in its 
plane, common asymptotes, their points of contact being two of the 
intersections of the lines (5). 

Again (Salmon’s “Geometry of Three Dimensions,” 2nd Edition, 
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p- 402), when we make z’*=0 in (2), and take the discriminant relative - 


to 0, we in effect find the envelope of the conics 
ax? by* 
O6+a a O+6 
which envelope will touch a conic of the system corresponding to a 
given value 9, where it meets the consecutive conic 








+0—#—7? += 0, z2=0 ............ (6), 


ae” by? 
re NG + SESE eh —] = 0 eee Pee ceases seeseesed 4 ° 
(9+a)°  (8+6)" 4) 
' For the plane z=0, we make 0=—c. The first conic is the double 


conic of the parallel in that plane; the second conic is the correspond- 
ing cuspidal conic of the surface of centres (Clebsch, Crelle-Bor- 
chardt, t. lxii, p. 64; Salmon’s “Geometry of Three Dimensions,” 
pp. 145 and 402). Hence the double conic of the parallel touches the 
plane parallel, which makes up with it the complete section by the 
plane z=0 at the points where it meets the corresponding cuspidal 
conic of the surface of centres. 
The coordinates of the points are 

2 i ee CUA Tee Wee 

ee 


c 
and the common tangents therefore are 


rai) ae (Coeyy) ste“ ¥ =o 
Similarly, the nodal conic at infinity 
box’ + cay’ +abz* = 0 
is touched by the lines (5) at points on the surface of centres, and the 
circle ety t2=0 





oe | 








is touched by the same lines where it meets 
aa’ + by? + cz = 0, 


the corresponding cuspidal conic of the surface of centres. 


6. Linvestigate here the general intersections of the conic (4) with 
the associated plane parallel, because they will recur in the sequel. 
If we write w for ba’? +ay?—ab—k? (a+b), v for #’+y’-a—b—c— k’, 
and —c for 0, the equations (6) and (7) may be replaced by 
C Oe ke — bier OS. 5. 0s cevecsiocteoneie Cols 
e'(e—ab) (v+h+atb+c) +c (a+b—2c) {ut+tab+h (at+b)} 

—k? (e—a)’ (e—b)’? = 0... (9), 
the second equation representing the differential of (4) with respect to 
c, after dividing by the same eek a 

The discriminant of ——— Be ac a j —0-—K* = 
or J Gg — e ?—ul+abk? = 0, 
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is —27a°b°k' + 43+ 4abkh?(v +c)’ +wv(v+e)?+ 18abk?u(v+c) =0...(10). 
If uw be eliminated from (8), (9), it will be found that, after division 
by the factor c(a+b)—(e’+ab), the result is 
cv+3ce+abh? = 0. 
When therefore c’v+2c?’—abk’* is substituted for cw in (10), the re- 
sult will be divisible by (c’v+3c*?+abk’)’. 
Knowing this, we are able to see that the result of the elimination of 
cu is, when multiplied by c’, 
(v4 3c + able)? {ehv+2(e+a'b'k)} {crv 2(ci—atb*k)} = 0. 
We have also 
(cu+ c+ 2abk?)? {cut alk (2ci+a*b'k)} 
x fou+a?b*k (2ck—a*d?k)} = 0. 
EKquating to nothing the corresponding factors—that is to say, the 
two first, the two second, and the two third—we obtain in sets of four 
the intersections in question. 


The Complementary Nodal Lines. 


7. Independently of the five nodal conics in the principal planes and 
the plane at infinity, there is a nodal curve of the order 16, which we 
shall find to break up into two groups of right lines corresponding to 
positive ahd negative values of &. I call these the complementary 
nodal lines. 

The equation (1), when expanded, is 

64+ (hk? + Sa — 2’) 6+ {h’Xa+ Bbe—U(b+c) x} & 

+ {k’dbce+abe—X(bex’)| 0+ abch? = 0; 
where Sa denotes a+b+c &c. 

We may writeit 6*+B6?+C@?+D0+H = 0 o...... eee eee CLE): 
and we must bear in mind that EH is constant, and B, C, D are quadric 
functions. 

The conditions that this equation may have two pairs of equal roots, 
are the equalities 

aCP BG SbC = Dr DSB oe (12) 

8 Sk B —a D Seay 40 eee eee eee eeore . 

These give seven different equations, which, however, in the present 
case, are reducible to the two pairs of equations, 

D—E'B = 0......(18), D+E'B = 0......(15), 
40—B?—8h} = 0......(14), 40—B?+8H' = 0......(16), 
showing that the nodal curve in question breaks up into two lines of 

the order 8 corresponding to positive and negative values of k. 
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It will be convenient to call these by anticipation the two nodal 
groups. 

8. When we make H=0=% in (11), divide by 0 and take the discri- 
minant of the residual equation, the result represents, as we know, the 
imaginary developable circumscribing the yet of confocals (a). 

The equation is then of the form 
27 (abe— dew)? +4 [= be— = (b+c) a] | 

+4 (abe— bex*) (Sa—2x’*)’—(La— Zz’)? [3 be—3 (b+c) x}? 
—18 (Sa—22")[ 3 be—S (b+) 2] (abe— bez”) = 0...(17). 
The intersection of this with the primitive is given by the surface 
[3 be—3% (b+c) aw}? {4 [2 be— = (b+ c) x ]—(2a—Za’)*} = 0 ..(0). 


The first factor relates to ae line 3 contact 


sy : ( : a. : 


The second factor corresponds to (14) and (16). 

I find it of consequence, with respect to the general theory, to remark 
that the complementary nodal groups when k=0 are represented by the 
intersection (taken twice) of the conicoid with the developable (17) 
as distinguished from the line of contact. This intersection is known 
to consist of eight rectilinear generators of the conicoid. The cuspidal 
curve, which will be presently considered, is represented in the same 
limiting case by the cuspidal edge of the developable and the line of | 
contact taken three times. Thus a portion of the cuspidal curve is 
replaced by two united nodal curves, as in plane space we find cusps 
superseded by pairs of united double points. 


9. The equations (13), (14) and (15), (16) may be written, if we 
attend to the corresponding signs, 
D=+E'B = 0, 4(O+6E’)—(B—45')(B+4E') = 0 ...... (c), 
or in full, 
(be--k/ abc) 2+ (ca—kV/ abc) y? + (ab—k V/V abe) 2 
+13/abe —K? 3b? +k /abe Ta—abe = 0...(18), 
(Sx)? +23 (b +c—a—P) a? + kt — 27? Bat 8k abe 
— Xa*(3a*—2a*)(Sa*— 20*)(3a?—2c*) = 0...(19). 
The circle at infinity is a double line on the surface represented by 
the second equation and the intersections of 22’°=0, Sbcw* = 0 count 
twice on each oft he groups. They are in fact sextuple poits on the 
total nodal curve. 
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For the plane z=0, the equation D—E'B = 0 becomes 
box? + cay?—abe—h? Sbe—k V abe (7? +y?—Xa—k’?) = 0; 
or, according to the former notation, 
cu—k/abev—abl? = 0. 
Substituting in the same way in B?—40+8H' = 0, we get 
wP+4(utovte)+8kV abe = 0; 
or, eliminating 4, { c'v+2 (ci +a°b*h) a) 
and similarly, foutab k (2c +a°b'k)}? = 0. 

The nodal groups therefore meet the principal planes in the points 
of simple intersection of the corresponding nodal conics and plane 
parallels (§6). These points are eight in number, and may be sepa- 
rated into two sets of four, each set belonging to one of the nodal 
eroups, and each point being a double point thereon. The points are 


triple on the total nodal curve. 
The actual coordinates are given by 
c(a—b) #’+(c- a)(a*e —o*h)? ac 
c(b—a) y?+(c—b)(b'c’'—a'k)? = 0, 
and the same with & of the opposite sign. 
When k=0, the systems of equations give the umbilics real and un- 
real of the primitive. 
The results are, of course, analogous for the other principal planes. 
By the foregoing conclusions, and the consideration of the reciprocal 
surface, I was led to infer that the complementary nodal curve must 


consist of sixteen right lines. I shall now show that this is really 
the case. 


10. If we eliminate z’ from 
ca’ + hy? + u2?+v = 0, 
(P+y?+e7y+2 (Ka?+ Ly?+M2?)+N = 0, 
we have 
{(u—K) a+ (u—A) yf 
+2 {[e (»—pM) +p8K po] a+ [d (op M) +2 — pr] y?} 
+ (v—pM)’?—p? (M’—N) = 0. 
Identifying the given pair of equations with (18) and (19), 
y—pM = 1 /abe—k’ Sab +hV abe Sa— abe 
#9) —(a+b—c—h*) (ab—k V abe) 
= —(a+b)(Vab—k./c)?, 
M’—N = (a+b—c—h’)? 
— (k'—2h?3a4+8hk Vabe+ar+ b° + ¢° —2ab—2be—2ca) 
=4(V/ab—k./c)?; 
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therefore (v—pM)’—p? (M’—N) = (a—b)?(./ab—k/c)!. 
Again wK—py = (b+c—a—F) ab (Vab—khfc)? } 
+ (Vab—ki/c)? {eV ab—h/e(atb) +2 V/ab} Sab 
= (Vab—k fc) {ab?— ab +2abc—kV abe (a+b), 
k(v—pM) = —(a+b)(/ab—k Jc)? (bo—k V abc) ; 
therefore «(v—pM)+.°K—py = b (a—b)(c—a)(Vab—k /c)?. 
Similarly the coefficient of y? is . 
a (a—b)(b—c)(/ab—k fc)’. 
Hence we have 
{b (c—a) a®—a (b—c) 9°}? 
+2 {b (c—a) w +a (b—c) 9?! (a—b)(Vab—k/c)? 
+(a—b)(Vab —k,/c) = 0, 
or {b(c—a)a?+a(b—c) y?+(a—b)(V/ab—k/c)?}? 
—4ab (c—a)(b—c) a’y? = 0; 
giving finally 
Jb (c—a) a+ Va (b—c) y+ Vb—a(Vab—ki/c) = 0.) 
Similarly we get | 
Ve(a—b) y+ Vb (¢—a) 2+ Ve—b (Wbce—h fa) = 0, ee 
Va (b—c) z+ Vc (a—b) a+ Va—e (Vca—k./b) = 0. | 
Kach of these equations represents four planes containing one group 


of eight right lines. The planes are, of course, tangents to the coni- 
coid represented by (18), which may be written thus : 





V be a? -y V cay 
(Vab—k/c)(Vca—k/b)  (Vab—ki/c) (VW be—k/a) 
vab 2 eats 1610 


Gs (Vca—k/b) (V/be—k/a) 


and the right lines are the eight generators of the conicoid passing 
through the circle at infinity. 

We can consequently substitute for the equation (19) a form corre- 
sponding to second factor of (b), but derived from the above equation. 

The six traces of the planes (20) on the plane at infinity are the six 
lines joining the points of intersection of 

ae bee ie 

The planes consequently touch the conicoid (21) at its twelve umbilics, 
and the nodal group consists of the eight imaginary generators on 
which the umbilics lie by threes. 

VOL. IV.—NO. 40. F 
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If now we eliminate k from | 

Wb (c—a) « —Va(b—c) y + /b—a(Vab—k /c) = 0, 

Vc (b—a) 2 —Va(c—b) 2 +Vc—a (Vca—k/b) = 0, 
we get 

aaa 4 bty ce cz x 

V(a—b)(a—c) W(b—a)(b—c) W(c—a)(c—d) 
representing eight planes independent of & which contain the whole of 
the sixteen right lines. In selecting the forms of the equations from 
which we eliminate, we must take care that both the planes contain 
the same line of the group. 


The order of the total nodal curve is 26. 
For a surface of the order m and otherwise general, the order of the 


nodal curve is 2m'— 4m°>+ 6m'* — 6m — 14007 + 17m. 


1=0... (22), 


I may remark that each section of the parallel surface by a plane (22) 
consists of a pair of nodal right lines twice over and a curve of the 8th 
degree, with eight double points and twelve cusps. In fact, considering 
one of the pair of nodal right lines, we have seen that it meets a nodal 
conic and a nodal right line in each of the three principal planes. 
Moreover, the pair of nodal right lines in the plane meet another pair 
and an intersection of two nodal conics at infinity. This accounts for 
sixteen intersections of the plane with the nodal curve. There are 
eight more, six of them on nodal right lines and two on the nodal 
conics at infinity. These give the nodes of the section. The cuspidal 
curve (§ 11) meets the plane in 24 points, but 12 of these are on the 
nodal right lines and are due to stationary points; the remaining 12 
give the cusps of the section. 

The section by any plane containing two nodal right lines is of course 
similarly compound. 

The planes (22) touch the circle at infinity, where it is met by the 
primitive conicoid, and touch the conicoid at the eight points 


3 


a 53 c 
DPF o:;”dC CO EE OUT, 8» 
/(a—b)(a—c) /(b—a)(b—c) V/(c—a)(c—b) 


wie 
wo 


which are remarkable as being points through which no confocal dif- 
ferent from the primitive conicoid can be drawn. The planes inter- 
sect in these points as triple, and in two points on each of the 
intersections of the principal planes and the line at infinity as qua- 
druple. The eight points above mentioned coincide with their principal 
centres of curvature, and therefore lie on the surface of centres—in 
fact, on the cuspidal conics. 
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The Cuspidal Curve. 


11. The equations of the cuspidal curve, corresponding to the case 
of three equal roots 0, are obtained by equating to zero the two funda- 
mental invariants of (1); that is to say, we have 

LOH BD ClO) iit, augateatisectoen ten (oom 

72EC + 9BCD —27D?— 27EB?— 20? = 0... ......006 (24). 

The curve therefore is of the order 24, and forms the complete inter- 
section of a quartic and a sextic surface. 

From the above we get, by elimination of the term BCD, 

108HC— 27D?—27EB?+ C® = 0 .......20c0ee00eree (20) 3 
and again, by means of (23), 


Grade) meni EX eA) 
(C+6E’)*—27(D+E'B)?= 0)" 
or (C—6EH*)'—(C+6H*)?—27!(D—F'B)?—(D+E'B)?} = 0, 

(C—6H*)?+ (C+6E*)?— 27 {(D—E*B)?+ (D+ E'B)?} = 0, 
which are equivalent to (23) and (25). 

The cuspidal curve meets the plane at infinity in the points of inter- 
section of 2(b+c)z27=0 with 2z?=0 and 2 (bew) =0; that is to 
say, In the eight points of contact of the tangents common to the nodal 
conics at infinity, which are also the points where the locus of the in- 
tersection of three rectangular tangent lines to the primitive meets the 
primitive and the circle. Hach of these points counts as three inter- 
sections with the cuspidal curve. They are, in fact, stationary points 
on the curve. 


PAT C2), 


12. To find the intersections of the cuspidal curve with the principal 
plane z=0, we may employ the equations (26), note being taken of the 
extraneous curve, counting six times, where C=0 meets the plane at 
infinity. . 

Making 2=0, we may write those equations, according to the 
former notation, 


(wtcv+c— 6k JS abe)? +27 (cu—k’ab +k V/abe.v)? = 0, 

(ut+ov+e?+6k Vabe)*+27 (cw—kab—k Vabe.v)? = 0. 
But for the cusps of the plane parallel represented by the discriminant 
of —(v+c)0?—ub+abk’ = 0, 
that is to say, of the plane parallel which forms part of the section of 
the parallel surface by the plane z=0, we have 

vw = —38(abck?)*—c, w= —8(abk*)!, 
values which satisfy the equations of ee cuspidal curve. Hence, as 
Fa 
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might be geometrically anticipated, the twelve cusps of the plane 
parallel are on the cuspidal curve. 

Again, we have seen that the points where the double conic in the 
plane z=0 touches the associated plane parallel are determined by 


cut+3ei+abh?=0, cute+2abk? = 0. 


The values of v and w thence derived also satisfy the equations of the 
cuspidal curve. Moreover, from the form of these equations, it appears 
that the points in question count three times as intersections with the 
cuspidal curve. They are, in fact, stationary points. 


13. Since the elimination of 6 from (2), and its first and second dif- 
ferentials with respect to 0, gives the equations of the cuspidal curve of 
the parallel, and since the like elimination from those differentials gives 
the surface of centres, we see, what is also apparent geometrically, that 
the cuspidal curve lies upon the surface of centres. This seems to be 
generally true. A system of parallels may be regarded as a system of 
surfaces having a common surface of centres. There will be two 
branches of the cuspidal curve corresponding to the two sheets of the 
surface of centres.. The general order for a surface of the order m is 
12m(m—1). 


Stationary Points due to four equal roots 0. 


- 14. We have next to consider the points corresponding to the case 
when (1) has four equal roots. 

These points are stationary points of the cuspidal curve, and are in 
one way obtained by combining (2) with its first, second, and third 
differentials with regard to 0. 

We have then to eliminate 6 and obtain the equations of three sur- 
faces whose 52 nett intersections are the points in question. 

Thys we may infer that these points are, in fact, the intersections of 
the cuspidal curve of the parallel with the cuspidal curve of the surface 
of centres, ¢.e. its eight cuspidal conics not in the principal planes or 
the plane at infinity. 

In fact, the equations (c) and (26) have been so written that we see 
at once that the 32 points determined by 


B = 4w FE? 
ee ware OSU Ag ye os aces cc tartecacs 7 er ee 
D = 4w? BF 


are points on the complementary nodal lines and on the cuspidal curve. 
The above equations are directly obtained by making (1) a perfect 
biquadratic or fourth power. 
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Further, the system of conditions being 





an 3 
6—i2’?4+h’? = 
D> @ aaa ie ; 
ax ax aa” 
Seen 1) = ee ee ie eR 
(Gea am iar Gane Ase a)! 
the three last may also be written 
aa an? wx 
“Oa Gayl * Gray 
From these we get 
a? = 1 ye ae 1 
(0+a)* «a(b—a)(c—a)’ (0+b)* b(a—b)(e—b)’ 
2 


% ae, i ; 
(@+c)* e(a—c)(b—c)’ 


therefore, by the second of the given system of equations, 


aa by cz 
/(b—a)(c—a) VW(a—b)(e—b) W(a—c)(b—e) 
The points in question lie therefore in the eight planes (22), in 
which also lie the cuspidal conics of the surface of centres not in the 
principal planes or the plane at infinity. ! 


15. Actually to determine the points, we may revert to the system 
(27), which may be written 
v—h® — Xa +4(abck*)tw + y+ rae — Ne 
bow’? — kh’ Xbe— abe +4 (abck’)* w® + cay? + C072 — a), 
(b+c)2’—I? Xa —Zbe+6 (abck’)*w? + (e+a) y+(atb) 7 =), 
giving 
{oa —}? —Za+4(abck’)*w} a’ (e—b) 
+ | bex?—k? ibe —abe+ 4 (abch’)' w*} (c —b) 
—{(b+c) #’—I’Xa— Xbe+ 6 (abck*)' w} a(e—b) = 0. 
The coefficient of /* is —be(e —b), and the value of a’Za+abe—axbe 
is a. Hence we get 
= 2% gy 2 
pS aoa {a— (abchi)* w \" 
/(a—b)(a—c) 
{b—(abch’)* w}? 
/(b—a)(b—e) 
{e—(abck*)* w}? 
/(e—a) (e—b) 
These points lie upon the cuspidal conics of the surface of centres which 
are determined by the cones 


Og te = 


ety = + 
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at (b—a)* (oa) ate (ay oe ee 
bt (a—b)* (c—b)* y* — c (a—c)* (b—c)? z3—b +e = 0, 
ct (a —c)* (b—c)* 2* — a? (b—a)* (c—a)* wt—c+a = 0. 


The right lines (13), (14) then intersect the cuspidal conics in sixteen 
points on two spheres. ‘The points are determined by 


B= +48}, 
D = +4H? 
C= 65%. 
The right lines (15), (16) intersect the cuspidal conics in the sixteen 
points B= +48 /—1, 
D= +48 /—1, 
C = —6E?, 


also on two spheres. Each sphere passes through one point in each of 
the eight planes (22), and each plane contains four points which are 
determined by the cuspidal conics of the surface of centres. 

When 4=0, the thirty-two points fall together in eight points which 
are the intersections of the primitive, the locus of the intersection of 
three rectangular tangent lines, and the locus of the intersection of 
three rectangular tangent planes. 


Il. The Parallel of a Paraboloid. 


16. This case requires a separate discussion, though some detail may 
be dispensed with. 
If the primitive is represented by 


SAS Book NS Ra 
a b 


the equation of the parallel is obtained by equating to zero the dis- 








criminant of az ri wih 8 (2248) —F <p. 42 voreanaae (28), 
or NT ET Onna ay ee ie fy} 


ate 6+b 

As before, the equation of the parallel represents also the relation 

which exists between the squares of the five normal distances from a 

point to the primitive; and, from the manner in which 2”, y’, —#? 

enter, the order of the parallel is 10. 

When k=0, we have the paraboloid itself twice over and the de- 
velopable circumscribing the ee system 

2 

gary tae ae eee ae 


O+4a 
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The characteristics of this developable are those of a developable 
circumscribing two conicoids which touch, or the reciprocal of a quadri- 
quartic curve with a double point. The cuspidal curve is therefore of 
the order 6. There are two nodal conics, and the line of simple inter- 
section with the primitive is of the order 4. The remark in § 8 holds 
good in this case also. 


Sections by the Principal Planes and the Plane at Infinity. 


17. Making y’=0 in (28), we have a factor 6+, and the section is 
given by 


a2 2 2 
{ Diset ee —(20+6)—? } { +0 (2e—0)—} aig, 





6+a 


and contains the plane parallel (mod. &) of the parabola which is the 
section of the primitive by the plane y=0, together with a nodal 
parabola. 

The case is similar with respect to the section by x=0. 

As to the section by the plane at infinity, -we may make k=0. The 
section is then determined by 


2 a49 
(a +y +2) (a +y') (= + L) fh 
a 
2 2 
The lines = + = = 0 are nodal lines. 


The plane at infinity touches along the lines 2’+y’=0; but they 
appear not to be nodal. 


18. If we write wu for #—2az—h’, and v for —2z—a—6, and pro- 
- ceed as in §6, we get for the intersections of the nodal conic in the 
plane y=0 with the associated plane parallel 
(Bu +30? + ak?) {b'v+2 (b§+a*k)}4b'v4+2(b3?—a*k)} = 0, 
b°v— bu+ 2b°—ak? = 0. : 
These expressions give the finite intersections. 

These points are singular in the same manner as in the general case ; 
that is to say, the complementary nodal lines which will be next dis- 
cussed pass in pairs through the four finite simple intersections. The 
cuspidal curve passes through the two finite points of contact, each of 
which counts as three intersections. 

Two of the points of contact are at infinity, and each of these also 
counts as three intersections with the cuspidal curve. 


The Complementary Nodal Lines. 


19. We may still make use of equation (11), but B is now to be taken 
as of the first order in z, y,z. Consequently the equations (14) and 
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(16) are only of the second degree, and the nodal curve divides into 
two lines of the order 4, each corresponding to one value of /k’, 


In fact, for the primitive : + 7 —2z=0 we have 





D—E'B = ba? +a —(V/ab—k) {2V abz—k(a+b)} = 0 ...(29), 
AC ~B*—8E? = a?+y? + (2-94?) (Jab k y= 0 eee een 


The sphere is one of those parallel (modulus &) to the sphere which 
passes through the intersection of the primitive with the pie 
circumscribing the confocal system. 


Eliminating y’ from (29) and (80), we get 
(b—a)a*—a(z— 24") _ 2(Sab—k) Vab(2— 24") — i la 








or (b—a)ee—{ Ya(2— are) + /b (Vab— zk) \'=0 
representing two planes. 
Similarly we get 
(0-8) y— § (2-242) + Ya(Vad—2) b= 
representing other two planes. 
_ Hence the nodal line in question consists of four right lines, imagi- 


nary generators of the paraboloid (29). The other nodal group also 
consists of four similar right lines. 


2 2 
The intersections of 2a’=0, + iP .n = 0 at infinity are inter- 





sections of pairs of lines of the nodal groups. The total order of the 
nodal curve is 14. 


The Cuspidal Curve. 


20. The surfaces (23) and (24) intersect in more than the cuspidal 
curve of the parallel. This curve is of the order 18. In fact, the sur- 


faces 12E—3BD+C?=0, 96EC+3BCD—27D’?—57EB’ = 0, 


respectively of the orders 4 and 5, intersect in the cuspidal curve, and 
in the curve where C=0 meets the plane at infinity; 7.e., in the lines 
a+ y? = 0. 

This cuspidal curve also lies on the surface of centres, and it will be 
observed that its order is twice the order of that surface, as in the ge- 
neral case. 

The curve meets each of the principal planes «=0, y=0, as has been 
stated in two finite points counting as three, and also passes through 
the six cusps of the corresponding plane parallel of a parabola. Also 
in each of these planes the curve passes through the pomt where the 
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axis of z meets the plane at infinity, each passage counting as six 
intersections with those planes. The nature of these intersections is 
most clearly perceived by reference to the general case where the cor- 
responding section of the primitive is an ellipse. 

We now see, from the form of the above equations, that the curve in 
question meets the plane at infinity in the point, or rather adjacently 
to the point where the axis of z meets the plane at infinity, and also 
where 2 +y?+2? = 0 is touched by the lines 2?+7?= 0. 


21. We have then, at the point where the axis of z meets the plane 
at infinity, a singular point of high complexity. From the analogy of 
the general case, I infer that the singularity arises from the union of 
two stationary points in each of the planes e=0, y=0, and of four 
stationary points in the plane at infinity. We shall see subsequently 
that this estimate of the singularities is consistent with the general 
characteristics. ‘ 

In the case of the plane parallel of a parabola, we have two branches 
having with one another a contact of the second order at infinity; 7.e., 
the corresponding singularity counts as three adjacent, but not coin- 
cident, double points. There is evidently a corresponding singularity 
here, but it is more difficult to conceive clearly, and involves more, 
probably, than the mutual contact of two sheets of the surface. 


Stationary Points due to four equal roots 0. 


22. Interpreting the equations (27) in accordance with the forms of 
B, C, D, E for a paraboloid primitive, we see that there are sixteen 
such points. 

We have, by substitution in these equations, 


22+a+b—4 (abk’)* wo = 0, 
a+ y?—2 (a+b) z—abl? +6 (abk’)} w* = 0, 
ba? + cy?—2abe—(atb) kh? +4 (abk’)* w* = 0, 


G a= ths 
( \t a t4 2\} ld 
a 2 — {a—(abk’)* w} ae {b—(abk’)* w} 
giving (alee sear TOS eas SEA PEST Ce 
2 = 2 (abl?) w — ee 


These values satisfy the equation 


ate . dy a+b 
SSS + ——— ae + = 0 Poe resses cee coe OZ 
VYb—a va—b : oa 
representing four planes. We also get these equations by eliminating 
k from (31). 
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If now we determine for the surface of centres the cuspidal conics 
not in the principal planes or the plane at infinity, by means of 


_ ast aed aks cy Ota) 
+e) O+b 





ax? by? la 
CEST a Ona) ae 
an by? Baby) 
(O+a)’ (0+6)' 
by? 4 
bi ay Sy a 
we get (0+b)' (a—d) ? 


__ ae so ee Bc — 0 

GPay ere + 
and the cuspidal conics are in the four planes (82). They are also 
determined by the cylinders 


bt (a—b)' yi—at (b—a)' a +a—b = 0, 
bt (a—b)* yp +5404" _ b= 0, 


4. 
at (b—a)tat +5 494° _a = 0, 


III. The Parallel of a Central Conicoid of Revolution. 

23. If in the fundamental equation (1) we put a=6, the biquadratic 
contains the factor 6+ a, and we have, by taking the discriminant with 
regard to 0, the extraneous planes (a#’+y’)? = 0, and the parallel of a 
central conicoid of revolution. 

The nett equation of the parallel is thus reduced to the degree 8, and 
is the discriminant of a cubic equation. From the form 

a+ a? 72 

O6+a O+¢ 
it is evident that the parallel is represented by writing 2*+y? for w in 
9 (a*, 2, —k*®) = 0, the equation of the plane parallel of the conic 
aa Z —1=0. The surface is therefore generated by the revolution 
of the plane parallel of a conic about one of its principal axes. The 
general nature and form of the surface is easily conceived. It is in- 
structive, however, with reference to the general characteristics, to 
consider the nodal and cuspidal curves. 

A section by a plane perpendicular to the axis will consist generally 
of four circles. For z=0, however, we have a double circle 
| c (a2 +y?) ate 

C—— 








ine 
Lite =i2 


—i? = 0, 


1872. ] of Conicoids and Conics. 79 


due, of course, to the revolution of the corresponding pair of double 
points of the revolving parallel. There will also be a pair of nodal 
conics at infinity ; namely, the circle at infinity and a conic having a 
double contact with it. 

Hence we have a nodal curve of the order 6. We shall also have six 
cuspidal circles due to the corresponding pairs of cusps of the plane 
parallel. .The order of the cuspidal curve is therefore 12. The double 
points of the revolving plane parallel situate on the axis give rise to a 
pair of conical points or enicnodes. 


IV. The Parallel of a Paraboloid of Revolution. 


24. The order of the parallel is reduced to 6. The finite double 
point of the parallel on the axis generates a cnicnode. The three corres- 
ponding pairs of cusps generate three cuspidal circles. We have, 
besides, to estimate the singularity generated by the revolution of the 
three united double points of plane parallel at an infinite distance on 
or adjacent to the axis. The result seems to be that at infinity the 
lines #+y?=0 are cuspidal. The revolution of two symmetrically 
placed adjacent double points at infinity gives rise to the lines 2*+y? = 0 
as nodal on the surface. The addition of a double point on the axis of 
the generating curve again gives these lines on the surface. The three 
united double points cause the lines to be cuspidal (art. 30). 


V. The Parallel in space of a Central Oonic. 


25. The parallel surface of a curve is a tubular surface. For a curve 
of the order m and rank 1, the order of the tubular surface is, in ge- 
neral, 2 (r+), and the class 2r. When the primitive is an ellipse, the 
parallel is called the elliptic ring. Using the term “ring” in a free 
sense, we may similarly speak of the hyperbolic ring, and the parabolic 
ring. } : 

For the equation of the parallel of the central conic = + i —1=0, 
z=0, we must take the discriminant, with regard to 9, of 


a2 y? y2—]2 a 
Aa Ch P palma OPS ear ree (33), 
obtained by putting c=0 in (1). The primitive is thus treated as a 
limiting case of a surface, as conics are included in a system of confocal 
conicoids. The equation (33) can, however, be obtained directly. 
(Cayley, Quarterly Journal of Mathematics, xi. p. 19.) 

The equation of the parallel surface is therefore obtained by writing 
z°— I? for —k’ in the equation of the plane parallel of the primitive. 

As long as 2 < ik’, the section of the surface by a plane parallel to 
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that of the primitive, is a plane parallel of the primitive modulus 
Vi?—z. The planes 2?—k? = 0 touch the surface along conics which 
are the same as the primitive in form and magnitude. Outside these 
planes the sections are imaginary. The order of the surface is evi- 
dently 8. 

If y=0, 0+5 becomes a factor of the cubic equation, and the discri- 
minant is of the form 


har We ls ay 272 ax BY eed Oey = 
{ (atts I —a)?+-4a (z yt Se —~-1}'=0. 








If <=0, we have 


2 2 2 2 
{ (yet IP by +42 (@—1) } |e ae 1 =); 





b—a a 


For the plane at infinity, the section is determined by the discriminant 


2 2 2 
of oe eee 


6+a O60+bD 

or {[ba’+ay?+ (a+b) 2P—4ab? (e+ y? +27) (@+y+?7) = 0. 

We have found three nodal conics, and two torsal conics, indicating 
nodes on the reciprocal surface. 

The equation (33) gives for the cuspidal curve 


6°+3Bé6?+38C0+D = 0, 
C—B?=0, BD-—C’?’=0, D-—BC=0. 
Its order is 12. 


There are two cnicnodes at infinity where the primitive meets the 

plane at infinity. 
pe 

If, however, the primitive is a circle, the parallel surface is the com- 
mon tore or anchor ring, generated by the revolution of a circle about 
an axis in its plane. The surface has as nodal conic the circle at in- 
finity, and four cnicnodes; viz., two on the axis, and two at the 
points where the primitive meets the plane at infinity, that is to say, 
on the nodal circle. The order is 4. A good deal has been written on 
this surface and the general tore. 


VI. The Parallel in space of a Parabola. 


26. The equation of this parallel is obtained in the same manner as 
that of a central conic by equating to nothing the discriminant of 
Ox? “ 
——_ — Sar Oo, reese ee 
aia y— (22+ 6) @ 0 (34), 
the result of writing b>=0 in (28). We may, however, derive the form 
independently, as in the last case. 
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As long as y’ < k’, the section by a plane parallel to the plane of the 


primitive represented by = — 2z = 0, is a parallel of the primitive. 


The planes y’— k* = 0 touch along two parabolas equal and similar 
to the primitive. 


When #=0, 6+a is a factor of (34), and the discriminant is of the 
form (2+y7—k*) {y’+a (22—a)—k’ |}? = 0, 
showing a nodal parabola. 

The order of the surface is evidently 6, and we have a cuspidal curve 
of the order 6. 


There are two adjacent cnicnodes at infinity where the primitive 
meets the plane at infinity.* 


VII. Lhe Parallel of a Cone of the second order. 


2 2 2 
27. Let = tte += =0 be the equation of the cone. For the 
pe 


equation of the parallel we must equate to nothing the discriminant of 
ba" aie eaeaen 
6+a O0+6 O+e 
The surface is a developable of the order 8, with four double conics 


and a cuspidal curve of the order 12; the form is similar to that of the 
developable generated by a plane which touches a conic at a constant 


— kh’ = 0. 


pe 2 
inclination to its plane. If, indeed, we write ¢ for A for - B for 
G 


I ke aw : 
3 C for—, X’ for —, &c., the equation becomes 
c a 
Xx? V6. Vi 
sean (at, Fs ree ete tapelescart sl 
Cote eec a eect 


so that the parallel surface is a homographic deformation of the deve- 
lopable circumscribing a system of confocal conicoids, and has the same 
general characteristics. 

T need not dwell on the cases of cylinders. Their double and cus- 
pidal edges correspond to the nodes and cusps of the corresponding 
plane parallel. 


i=: 


* A model of this surface, constructed under the direction of Prof. Henrici, is in 
the possession of the Society. 
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Tur RecrprocAL SURFACES AND GENERAL CHARACTERISTICS. 


(I.) Primitive a Central Conicoid. 


28. The equation of the reciprocal surface may be formed by writing 
“+h for 2 in the reciprocal of the primitive equation with respect 
pP 


to a concentric sphere of radius unity. 
2 2 2 
Then the reciprocal of = “ = iF = —l = 0 being 


aX?+bY*+cZ’?—1 = 0, 
we get (aX? + bY’?+cZ’)—(1+ kp)’ = 0, 
where p = /X?+Y?+Z?, for the equation sought. 
This is of the form 
{(a—k?) X°+ (b—k*) Y’+ (c—k’) 2? —1)?— 44? (X? + Y* + Z?)=0... (85). 


T use the above method because it is applicable to surfaces generally. 
For the particular case (and many others to which the substitution 


Bey. for - is not applicable), Prof. Cayley has given an equally 
Pp 


simple process. We have only to form the reciprocal of (1), and take 
the envelope of that reciprocal relative to 0 as parameter. (‘ Quarterly 
Journal of Mathematics,” vol. xi., pp. 15 —25.) 

It is not within the scope of the present paper to go into much 
detail with regard to the reciprocal surfaces, and develope the meaning’ 
of the several forms considered as tangential equations of the parallels. 
I confine myself to a few points bearing on the characteristics. 

As quartic surfaces with nodal curves of the second order, the re- 
ciprocal surfaces have received much attention from various geometers. 
I refer to Prof. Cayley’s “Sketch of Recent Researches upon Quartic 
and Quintic Surfaces,” “ Proceedings,” No. 32, p. 186. 

Several more recent researches on the subject have, however, now 
appeared. I find some conclusions as to the case of a quartic surface 
with two intersecting nodal lines in a paper by Dr. Zeuthen, entitled 
“Recherche des singularités qui ont rapport 4 une droite multiple 
d’une surface,” “Math. Ann.,” b. iv., p. 18. A memoir by Herr 
Rudolf Sturm, entitled ‘‘ Ueber die Flachen mit einer endlichen Zahl 
von (einfachen) Geraden, vorzugsweise die der vierten und fiinften 
Ordnung” (Math. Ann.,” b. iv., p. 245), contains valuable details 
relative to quartic surfaces with a nodal conic and cnicnodes. The 
author determines the most important of the singularities which be- 
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come point singularities on the reciprocal surface. An earlier acquaint- 
ance with this memoir would have materially assisted me in the study 
of parallels. 

For a general surface of the order m, the reciprocal of the parallel is 
of the order 2m(m—1)’, or twice the class of the primitive as in plane 
curves. 

The equation (85) gives for the nodal conic at infinity 


(a—k*) X?+ (b—#*) Y?+ (c—k) Z? =0, 


the reciprocal of which represents the corresponding node-couple torse 
of the. parallel surface (Cayley). 


The pinch-points or cuspidal points on the nodal curve ae alas 


mined as the intersections at infinity of 
aX’+bY’+cZ? = 0, i 
eee fan Lie (8 if 


gr" Po. Ch 


(II.) Primitive a Paraboloid. 
29. The reciprocal equation may be written 
(aX? + bY*—2Z)?—4h°Z? (X? + Y?+Z?) =0 ...scoeee (86), 


obtained either directly or in the manner pointed out in the last article. 
The nodal curve now consists of two intersecting right lines. The 
four pinch-points fall together in the point (X=0, Y=0, Z=0), being 


determined by aX?+ bY? m= bp 
X?+ Y4+77=0, 
ZO! 


The singularity at the origin consists of four pinch-points and an 
adjacent cnicnode or conical point. 

Tn fact, if we substitute X’cos wu—Y'sin w for X, and X’sinw+ Y’ cos w 
for Y, and then make Y’=0, we get for a general section by a plane 
through the axis of Z 


{(a cos’ w + Db sin? w) X?—2Z|?—44°Z? (X°+Z?) = 0. 


This represents the reciprocal of the plane parallel of a parabola, and 
corresponds to a tangent cone (cylinder) to the parallel surface from a 
point at infinity. The section therefore is a unicursal quartic curve 
having three adjacent double points at the origin; that is to say, two 
branches have there a contact of the second order, and the axis of X’ is 
the tangent. Now two of these adjacent double points are due to the 
intersection of the nodal right lines at the origin. The third double 
point indicates a cnicnode adjacent thereto. 
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(III.) Primitive a Central Conicoid of Revolution. 


30. The equation of the reciprocal surface is 
{ (a—k*) (K?+ Y’) + (c— kK’) Z?—1}?— 4? (X? 4 Y?+ Z?) = 0. 
It may also be written 


242 
{ (a R)(R?+ 9) + (0-H) Zt ott 


AE {@-9m+—*,} =0, 
showing that we have a nodal conic at infinity and two torsal conics 
lying on the same surface of the second order as the nodal conic. The 
pinch-points at infinity are given by 
a(X’+Y’)+cZ? = 0, 
X?+Y?+Z? = 0. 
The two torsal conics correspond to the two cnicnodes on the axis of 
the parallel surface. We have also two cnicnodes or two points in the 
nature of cnicnodes ; for if a quartic surface is represented by 
U’?—L?>MN = 0, 
where L, M, N are linear, but U is of the second order, we have in 
general, besides the nodal conic, two cnicnodes 
U=0, M=0, NO; 

and it may so happen that these points also lie on the conic, their co- 
ordinates satisfying L=0. This is the case in the present instance. 

The fact that the original parallel and the reciprocal surface are both 
surfaces of revolution assists us to see the necessity of a singularity of 
this sort; for, taking the equation of the generating curve as 

| (a —k*) X°4+ (c—hk’) 7?—1}?— 4? (X°+Z?) = 0, 

we know that the curve is a quartic, binodal at infinity and sym- 
metrical about the axis of z, which it cuts at right angles. There are 
then, from geometrical considerations, no proper cnicnodes, which, if 
any, would be due to double points on the axis. Yet, since the re- 
ciprocal is of the order 8, we must have a singularity with the effect of 
two cnicnodes in reducing the order of the reciprocal. 











(LV.) Primitive a Paraboloid of Revolution. 
31. The reciprocal equation is 
{a (X?+ Y*) —2Z}?— 44° Z? (X°4+ Y?+Z’) = 0. 
The pinch-point system 
xX°+ Y? —h 
X?+ ¥*-+Z? = 0; 
yf ei WE 
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shows that the multiple lines have pinch-points all along them. In 
other words, the lines X*+Y*=0, Z=0O are cuspidal. In fact, the 
equation may be written in the form 


2 Q ne y 
{a (X?+Y") 2% — Z — 4422? { (+1) Z+=} = 0. 





The effect, then, of the revolution of the three adjacent double points 
at the origin in the generating plane curve is to cause the nodal lines 


to be cuspidal (§ 24). 


(V.) Primitive a Central Conic. 
The equation of the reciprocal surface may be written | 
\(a—k?) X°+ (b—h’) Y—-VPL—-1'?—4h? (+ Y°4+ 2’) = 0. 

This is obtained by making c=0 in (35). 

The equation may also be written in the form 

{ (a—h?) X?+ (b—#?) P-L? +1)2?—4 (aX? +bY’) = 0, 

showing that, in addition to the nodal conic at infinity, there are two 
torsal circles lying on the same quadric surface as the nodal conic. 


These correspond to the two cnicnodes at infinity of the parailel sur- 
face. The form also shows that there are two cnicnodes. 


(V’.) Primitive a Circle. 

In this case, the reciprocal surface has the same characteristics as 
the parallel; that is to say, there is a nodal conic at infinity, and there 
are four cnicnodes, two on the axis and two on the nodal conic. 

The surface is generated by the revolution of a central conic about 
an axis in its plane and parallel to a principal axis. It is therefore a 
particular case of the general tore. 


(VI.) Primitive a Parabola. 
The reciprocal equation is 
| (aX?—27,)?— 4 7? (X2+V?+Z) = 0, 
obtained by making )=0 in (36). 
In this case, the nodal lines are coincident (tacnodal). The singn- 


larity beyond this is equivalent to four pinch-points and three points in 


the nature of cnicnodes. 
We have seen, in a similar case, that there is a point in the nature 


of a cnicnode at the origin. 
From the nature of the substitution ¢(X, Y, Z,1l+hkp) =0 for 
¢(X, Y, Z) = 0, it follows that in general, if there is a cnicnode on 
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p(X, Y,Z) =0, there will be two corresponding cnicnodes on the re- 
lated surface. In the present case, the parabolic cylinder aX*—2ZW=0 
having a node at infinity, X=0, Z=0, W=0, the related surface has 
the corresponding singularities X=0, Z=0, ltkp=0. 

The equation may, in fact, be written in the form 


aw X*—4aX°?ZL —4Z? | hk? (X?+ Y?+ Z’)—1} = 0, 
showing that the points X=0, Z=0, 1+kp=0 are triple points on 
the surface, though not triple on the nodal lines. 


(VII.) Primitive a Cone of the Second Order. 


33. The reciprocal curve is a spherical conic determined by 
N+ V4 2-7 = 0, 
aX?+ bY*+cZ? = 0, 
corresponding to the primitive 
2 2 2 
ws Hs BE a yi 
a bmwe 


I do not dwell on this and the remaining cases. 


34. We are now in a position to consider the general characteristics 
of the several parallels. For this purpose I make use of Dr. Salmon’s 
notation. (See his chapter on reciprocal surfaces; also Cayley, T. R. 
S., 1869, Part I, ‘‘On Reciprocal Surfaces,’ and “Corrections and 
Additions” thereto, R. 8. Proceedings, 1871; also Zeuthen, ‘‘ Mathe- 
matische Annalen,”’ Band IV., Heft i., 1871.) 

I must content myself here with a list of the singularities to which 
my results refer, and a few formule. Although this is repetition, the 
list may be useful for reference, when the original sources are not at 
hand. 


Characteristics of a Surface. 


n, order of surface. n’, class of surface. 

a, order of tangent cone. - a’, class of section by any plane. 

6, number of its double edges. 0’, number of its double tangents. 

«, number of its cuspidal edges. «, number of its inflexions. 

b, order of nodal curve. b’, class of node-couple torse. 

f, number of its actual double /’, number of its actual double 
points. planes. | 

k, number of its apparent double i’, number of its apparent double 
points. planes. 

t, number of its triple points. ’, number of its triple planes. 


/ 


g, its class. 7, its order. 
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p, number of points where nodal __p’, order of node-couple curve. 
curve meets curve of con- 
tact of tangent cone. 

j, number of pinch-points. j, number of pinch-planes. 

c, order of cuspidal curve. ce, elass of spinode torse. 

h, number of its apparent double - h’, number of its apparent double 
points. planes. 

r, its class. y, its order. 

a, number of points where cusp- _o, order of spinode curve. 
idal curve meets curve of 
contact of tangent cone. 

6, not defined, but on the ctsp- 6’, not defined. 
idal curve. | 

x, number of close points. x, number of close planes. 

(, number of intersections of 3’, number of common planes of 
nodal and cuspidal curves, node-couple torse and spinode 
stationary points on the torse, stationary planes of 
latter curve. spinode torse. 

y, number of like intersections, y, number of common planes, sta- 


stationary points on nodal 
curve. 

number of like intersections, 
not stationary. 


number of binodes. 
number of cnicnodes. 
number of off points. 


n(n—1) = a+2b+38e, 
a(a—l) = n+20'4+ 3k, 


c—K = 3(n—a), 


tionary planes of node-couple 
torse. 

7, number of common planes, not 
stationary planes of either 
torse. 

B’, number of bitropes of surface. 

C’, number of cnictropes. 

w, number of off planes. 


With regard to these, we have the following fundamental equations : 


b(b—-1) =q+2(k+f)+3y+ 6F, 


e(e—1) =r+2h4+ 36, 


a(n—2) = «—B+p+2¢+ 3, 

b(n—2) = p+284+ 38y4+3t, 

e(n—2) = 26+45+y+0+4, 
a(n—2)(n—3) = 2(6—C— 38w) +3 (ac—3a—y—3w) +2 (ab—2p -7), 
b(n—2)(n—3) = 444+ (ab —2p —j) +3 (be— 3B —2y—-7), 
e(n—2) (n—3) = 6h+ (ac—30—y—38w) +2 (bc —386—2y—1%) ; 


and the same with accented letters. 
G2 
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35. In the absence of a general theory as to the effect of multiple 
points existing on the nodal and cuspidal curves, I propose to give the 
usual. characteristics of the several classes of surfaces to which the 
parallels belong. The specialities of these will then be remarked upon. 

There is a certain number of characteristics which may be taken as 
known. Thus we have those of a general section and of a general 
tangent cone; or what is the same thing, we know the order of the 
surface and its reciprocal, and the orders of its nodal and cuspidal 
curves and of those of its reciprocal. These characteristics form a 


class by themselves, nes independent of isolated point and plane 
singularities. ' 


Following Dr. Zeuthen, we have i=i’=0. 

In the table marked (A), under the numbers I., II., hes ., 1 refer to 
the sections concerning the parallels to rikiol a corresponding 
columns relate, and give the characteristics of the reciprocal of a 
quartic surface. 

J., with a nodal conic ; 
II., with a nodal conic and a enicnode ; 
III., with a nodal conic and two cnicnodes ; 
IV., with a cuspidal conic ; 
V.= IIL. with a nodal conic and two cnicnodes ; 
(V’.), with a nodal conic and four cnicnodes ; 
VI., with a nodal conic and three cnicnodes ; 
and further I give 
VIL, the characteristics of the reciprocal of a quadriquartic curve 
or those of the developable circumscribing two conicoids. 


The characteristics I—VI. may, of course, be regarded as those of 


the corresponding quartic surfaces, the meanings of corresponding 
letters being interchanged. 


The deficiency expressed by Prof. Cayley’s formula, 
}(n—1)(n—2)(n—8) —(n—8) (B40) +43 (qr) +2t4 B+ $y +12, 


is nothing in each case, VII. excepted. 
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36. I. The cuspidal curve being the complete intersection of a quartic 
and a sextic surface, the number of apparent double points h=180. 
The class g=10 of the nodal curve is due to the five nodal conics; the 
class of the residue is therefore zero, indicating that it consists of 16 
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right lines. In general, these correspond to the 16 right lines dis- 
covered by Prof. Clebsch on the surface of the fourth degree with a 
nodal conic. 

A plane through one of these lines will cut the surface in the line 
itself and a cubic with a double point. There will be in the section 
four double points; two of them are due to the nodal conic; the 
remaining two are points of contact of the plane. Hence the reciprocals 
of these lines will be double lines on the reciprocal surface. The five 
nodal conics correspond to Kummer’s five bitangent cones on the 
quartic surface. 

In the special case of a parallel, we have seen that the system be- 
comes two groups of eight generators of a conicoid. Four points of 
quadruple intersection, being also points of intersection of the nodal 
conics at infinity, become sextuple points of the nodal curve. These 
points stand for 16 triple points and 12 apparent double points, or each 
for four triple points and three apparent double points. There are also 
eight triple points in each of the three principal planes. 

(=52 is made up of four points in each of the principal planes and 
eight points at infinity, together with the 32 stationary points in the 
eight special planes. 

- It might be supposed that the sextuple points on the nodal curve 
would count for a greater number of triple points than 16. If, however, 
we consider the case of four planes intersecting in a point, which will 
be a sextuple point of the nodal curve, the planes being regarded as a 
single surface, we see that in this case also the sextuple point will 
represent four triple points and three apparent double points; for the 
number of apparent double points for six non-intersecting lines is 15. 
But the number of possible triple points is the number of ways in 
which four planes can be taken three and three together, i.e. four. At 
the same time, every triple point takes the place of three apparent 
intersections. Thus we have four triple points substituted for twelve 
apparent intersections, leaving three unaccounted for. It does not 
follow, however, that every kind of sextuple point on a nodal curve is 
of this value. In like manner, we might take m planes intersecting in 
one point, which would be a point of the order m on the surface, but of 


the order mim) on the nodal curve. In the particular case, the 


points appear to be quadruple points on the surface, equivalent in each 
Lie se 

We may regard the point as one where the tangents form a cone of 
the order 4, with six donble edges touching the nodal curve. For such 
a point Dr. Zeuthen gives the addition y(—2) to the expression for 
b(n—2). The number of double edges touching the nodal curve is 


instance to triple points. 
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y, and the order of the conic wp. Putting y=6, w=4, we get a correct 
result. 

It would perhaps be better, in these cases of multiple points, to 
follow Dr. Zeuthen, in denoting by & the Pliickerian number of the 
double edges of a cone through the double curve, and substituting 
k—f—3t+2... for k in the expression for b(n—2)(n—8). 


II. The cuspidal curve is the intersection of a quartic and a sextic 
surface, less the intersection of a quadric and a cubic surface; and 
h=96. 'The class g=6 of the nodal curve is due to three nodal conics, 
and the class of the residue is zero, indicating that it is made up of 
eight right lines. In the case of the parallel, the cuspidal curve is 
reduced to the intersection of a quartic and a quintic surface, less a 
conic; and h=96. The class ¢ is 4, because a nodal conic at infinity 
consists of right lines, 7.e. has an actual double point, or f=1. 

The singular point on the axis at infinity counts as a union of eight 
points 8, two in each of the principal planes and four in the plane at 
infinity. The number 28 is thus made up of four points finite and in 
the two principal planes, the eight united points, and the 16 points in 
the four special planes. There are four triple points ¢ in each of the 
principal planes and the plane at infinity. 

The ‘cnictrope’ is not a proper one, and corresponds to a point in the 
nature of a cnicnode on the reciprocal quartic surface. 

The order q’=0; for, referring to the reciprocal surface, we see that 
the nodal conic has an actual double point, or f/=1. 

For the manner in which the complementary nodal lines are reduced 
in number, see the memoir before alluded to, of Herr Rudolf Sturm, on 
the quartic surface with one cnicnode and a nodal conic, &c. 

When there is a enicnode, four lines on the quartic surface. become 
‘binary,’ or equivalent to two ordinary lines. These ‘ binary’ lines are 
- such that planes through them touch at one point. The eight ordinary 
lines correspond to the eight double lines of the reciprocal surface. 


III. The cuspidal curve is, in general, the intersection of two quartic 
surfaces, less the intersection of two quadric surfaces; and h=38. In 
the case of a parallel, we have two points at infinity, each of which may 
_ be regarded as the intersection of three branches of the nodal curve 
with six branches of the cuspidal curve ; that is to say, we have three 
nodal conics and six cuspidal circles intersecting in two common points. 
One nodal conic at infinity is the circle, and one is a conic having a 
double contact with the circle. 

The case of a parallel of revolution is simple geometrically ; but, as 
far as I am aware, does not come within existing general formule for 
characteristics. 
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IV. The cuspidal curve consists of four conics which intersect in two 
common points. Hence 7 is reduced 24 by these, in addition to the 
reduction by 12 points h. These points also present the singularity 
6 = 16 which enters the formula for c (n—2) in the same way that 5¢ 
enters the formula for b(n—2). If a is the number of such singular 

+ points, the addition is 8a. In the case of the parallel, rv is reduced to 6 
because the cuspidal conic at infinity contains an actual double point. 
In like manner 7°=0. In place of j’= 4, we now have y’=2, on account 
of the multiple lines of the reciprocal being cuspidal. 


V. The torsal conics of the parallel surface pass through the enic- 
nodes, and the same is the case in the reciprocal surface. Also g’=0, on 
account of f7=1. 7 


V’. For the parallel, we have a particular case of the general tore, 
and the characteristics are the same as for a surface generated by a 
conic revolving about an axis in its plane. ‘The speciality is that, con- 
sidering a section by any plane through the axis, the generating conie 
and its reflection intersect in two points at infinity. 


VI. The cuspidal curve is the intersection of a quadric and a cubic 
surface, and h=6. In the case of the parallel ¢’=0, because the nodal 
line of the reciprocal surface is made up of two coincident lines or 
f’=1. The three ‘cnictropes’ are represented by three points in the 
nature of cnicnodes on or adjacent to the nodal lines. 


37. It will be remarked that in several instances the characteristics 
of a tangent cone are the same as those of a general plane parallel of a 
conic. When the primitive is a central conicoid, having therefore no 
special relation to the line at infinity, we may determine these charac- 
teristics by considering a tangent cone from a point at infinity. This 
of course is a cylinder, and will be the parallel of the corresponding 
tangent cone (cylinder) to the primitive. Hence a section of the former 
cylinder perpendicular to its axis will be a parallel of the corresponding: 
section of the latter. This appears to be generally true for a surface of 
order m, not specially related to the plane at infinity, and enables us 
to infer the characteristics of the general tangent cone of the parallel 
surface. 


38. The general form of a parallel surface of a conicoid can be per- 
ceived without much difficulty, when we know that the real portion of 
the nodal curve consists of the real nodal conics. 

For the purpose of illustration, I refer to the case of an ellipsoid as 
primitive. 

I will suppose that the modulus is less than the least of the principal 
semiaxes, but greater than the radii of curvature at the vertices 
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on the major axis of any one of 
the three principal sections. Let 
Oxy, Oxz, Oyz (Fig. 1) represent 
the principal planes enclosing a 
quadrant of the primitive. The 
sections of the parallel by these 
planes will consist of an outer oval 
which is not represented and an 
interior curve. ‘The three outer 
ovals belong to the exterior sheet 
of the surface, which presents no (Fig. 1.) 

visible singularity, itscontour being 

similar to that of an ellipsoid. The interior curves are represented, so 
far as they lie within the quadrantal space Ozxyz, by the lines Oabcd, 
Odefg, and Oghka. Through the points 6, k, which are double on the 
corresponding plane parallels, we have a real nodal ellipse kb; and 
through f, also double on the corresponding plane parallel, a nodal 
liyperbola passes, lying in the plane Owz, and touching the plane 
parallel, suppose, in 7. Beyond this point of contact, which is a 
stationary point on the cuspidal curve, the hyperbola is the intersection 
of imaginary sheets. 

If now, with a free hand, we join ch and ce, the figure gives us a 
general notion of a quad- 
rant of the interior sheet 
of the parallel surface. 

The complete sheet will, 

in its general features, (Fig. 2.) 

resemble the Figure 2. 

Outside this, we shall have, as I have said, a surface presenting no 
visible singularity, but resembling an ellipsoid. 

The form of the interior sheet will vary by the disappearance of (1) 
the nodal ellipse, (2) the nodal hyperbola, (3) both. And again, the 
form will vary by the disappearance of (1) two twisted ovals of the 
cuspidal curve, (2) four. It would seem that we cannot-have more 
than four of such ovals, or more than two actual nodal conics. The 
general form of the surface, when the primitive is an hyperboloid of two 
sheets, can be perceived in a similar way. The outer superficies will be 
hyperbolic, and the two hyperbolic sheets of this portion of the surface 
may intersect in a real nodal ellipse. The remaining portion of the 
surface due to negative value of the modulus may exhibit a pair of 
cuspidal ovals and two hyperbolic sheets. 

When the primitive is an hyperboloid of oue sheet, the parallel sur- 
face may exhibit cuspidal edges on both the principal sheets. 

We may have an exterior surface with an elliptic ring bounded by 
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the real nodal ellipse and a pair of cuspidal ovals. This ring and the 
exterior surface generally will enclose a surface of the general form of 
an hyperboloid of one sheet, but with annexed surfaces bounded by the 
actually nodal part of the nodal hyperbola and two cuspidal ovals. 
There would be no great difficulty in determining all the possible 
variations of forms of the surfaces, but the subject requires either 
drawings or models for its satisfactory discussion. 


39. Instead of considering a single parallel surface, we may consider 
the system of parallels for a given primitive. 

It appears that the locus of the cuspidal curves of the parallels is the 
common surface of centres. Moreover the locus of the stationary points 
of the parallels will be the cuspidal curves of the surface of centres in 
the principal planes and in the 8 special planes. The locus of the 
nodal right lines will be the 8 special planes. I am supposing the primi- 
tive to be a central conicoid, but similar conclusions follow in the 
other cases. 

We can see that the discriminant with regard to k’ of the discri- 
minant with regard to @ of (1) will be of the gross order 60. 

This discriminant is made up of the principal planes and the plane 
at infinity twice over, the 8 special planes twice over, and the surface 
of centres three times over. It is evident that the curves of curvature 
and geodesics are intimately connected with the theory of parallels. 
A system of normals along a line of curvature of the primitive will trace 
a line of curvature on the parallel; and when in the unwinding of a 
series of threads from the surface of centres their extremities generate 
the primitive, we may in precisely the same way generate a parallel 
surface. The subject, however, is full of interesting matter, which 
awaits investigation. 


40. It is also obvious that, as in the theory of plane parallels, the 
parallel of the parallel of a surface will break up into two parallels. 
The discussion of the characteristics in this case belongs however to 
the general theory with regard to surfaces of a higher order than the 
second. The order can be determined by the help of the previous 
results. It appears that the degree ofa parallel is diminished by 8p 
when the primitive has the circle at infinity for a multiple curve of the 
order p. Also the degree is diminished by 4 for a pair of simple con- 
tacts with the circle at infinity. The order in the general case is in 
terms of characteristics of the primitive, twice 


order + class + order of tangent cone. 


In the present instance, therefore, we have for the order of the parallel 
of the parallel of a central conicoid 


2 (124+44+8)—8.2—-4.2 = 24. 
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For the circle at infinity is a nodal line, and the surface otherwise has 
4 contacts with the circle. And generally for a surface of the order m, 


Order of parallel of parallel 
= 2{2[m+m(m—1)?+m(m—1)]+2m(m—1)?+ 2m? (m—1)} 
—8m(m—1)?—2.2m(m—1) 
= 4{m+m(m—1)’?+m(m—1)} 
= 2 x order of parallel. 


February 8th, 1872. 
Prof. CAYLEY, V.P., F.R.S., in the Chair. 


The Chairman stated that the President had made enquiries at the 
Home Office as to the mode of procedure requisite for obtaining a 
Charter for the Society, and that the matter would come on for con- 
sideration at the next subsequent meeting of the Society, when members 
would have an opportunity of stating their views upon the desirability 
of incorporation. 

Mr. J. W. L. Glaisher, B.A., F.R.A.S., was elected a Member of the 
Society. 

Mr. T, Cotterill, M.A., gave an account of his paper ‘‘ On an Alge- 
braical Form, and the Geometry of its dual connection with a Polygon, 
plane or spherical.” 

The Chairman, Dr. Hirst, and Prof. Clifford took part in a discussion 
on the paper. 

The following presents were received :— 

** Monatsbericht,”’ Sept., Oct., and Dec., 1871. 

* Journal of London Institution,’ Nos. 10, 11, 12. 

The first 22 numbers of the “Bulletin des Sciences Mathématiques et 
Astronomiques,” from the commencement to October, 1871: from M. 
G. Darboux, the Editor. 

“Mémoires de la Société des Sciences Physiques et Naturelles de 
Bordeaux,” tome viii., I1* et 2™° cahier, 1870. 


March 14th, 1872. 
W.SPOTTISWOODH, Esq., F.R.S., President, in the Chair. 


Mr. W. Paice, M.A. Lond., was proposed for election. 
The President made a statement to the effect that it had been 
deemed desirable to apply for a Charter, and that he had taken the 
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requisite steps for ascertaining the right mode of procedure; and, in 
reply to questions by Mr. Sprague and Mr. A. J. Ellis, said that the 
expense would most likely be small, as there was little prospect at the 
present time of the application being favourably entertained ; and that 
even if the application were acceded to, it would not be at the Society’s 
expense. The President’s proposal—that application should be made 
to the Council Office for the grant of a Charter, the draft of which had 
been drawn up by Prof. Cayley—was then agreed to unanimously, and 
the subject dropped. 

The Treasurer then proposed and Prof. Clifford seconded a vote of 
thanks to Mr. Drach for his present to the Society of two rather rare 
and interesting early works on Mathematics, by Vieta and Ubaldi 


respectively. 
Prof. Clifford gave a full account of his paper ‘‘ On a new expression 
of Invariants and Covariants, by means of alternate numbers.” Refer- 


ence was specially made by the author to the ‘“ Vorlesungen tiber die © 
complexen Zahlen und ihre Functionen,” of Dr. Hermann Hankel 
(1867, part I.). 

Mr. Tucker (Hon. Sec.) then read portions of a communication from 
the Hon. J. W. Strutt, ‘‘ On the Vibrations of a Gas contained within 
a Rigid Spherical Case.” 

Mr. A. J. Ellis, F.R.S., read out the following problem, which had 
been proposed to him by Prof. Haldeman, of Pennsylvania, United 
States (who is writing a treatise on English Versification): ‘‘ The 
number of lines in a rhymed stanza being given, how many variations 
of rhyme-distribution does it admit of, supposing no line to be left 
without a rhyme?” It may be interesting, further, to state, that the 
Professor remarks, ‘‘ Of seven-line stanzas, I have observed in actual use 
twenty-eight. The sonnet stanza, of fourteen lines, is very rich; the 
examples within my reach having given me two hundred and twenty 
varieties.” 

The following presents were received :— 

‘“Francisci Viete Opera Mathematica”: edited by F. A. Schooten, 
1646. 

** Guidi Ubaldi Mecanicorum liber,’ Venice, 1615: from Mr. 8. M. 
Drach, F.R.A.S., F.R.G.S. 

‘“‘Geometria rigorosa di Pietro Dott. Cassani”: from A. Stein, 
Venezia. 

“ Crelle’s Journal,” 74 Band, zweites Heft. 

‘¢ Annali di Matematica,’’ Serie 2°. tom. vy. fasc. 1, Nave 1871. 

“‘ Proceedings of the Royal Society,” Vol. xx. No. 132. 

“ Bulletin aes Sciences,’ Nov. Dec. and Index, 1871, and Jan. 1872. 

*¢ Journal of the London Institution,” No. 15. 

“Vierteljahrschrift der Naturforschenden Gesellschaft in Ziirich, 
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redigirt von Dr. Rudolf Wolf.,” 15 Jahrginge (mostly 4 Hefte in each) 
from 18638, to the 16th Jahrgang (1871), three parts. Duplicate of 
8th Jahrgang viertes Heft. 


On the Vibrations of a Gas contained within a Rigid Spherical 
Envelope.* By the Hon. J. W. Srrutr, M.A. 
(Read March 14th, 1872.) 


Whatever may be the motion of air within a sphere, it may always 
be resolved into a series of simple vibrations represented analytically 
by terms involving circular, or imaginary exponential, functions of the 
time. These exist in perfect independence of one another, so that it is 
sufficient to consider only one at a time. Moreover, the function con- 
taining the time (e“) will run through the expressions for the 
velocity-potential,f and its differentials with respect to space as a 
simple factor, and may therefore be omitted from the beginning. 

If \ be the wave-length, k = 27 =~ X, the conditions to be satisfied are 


Be SN incre Sat be 
ee ei primed Once ren tte hee 
(ee dy” ies) ay () 
throughout the interior, and at the surface of the sphere 
dy _ 9 
Fre A ha eae tae ob ete (2) 


The main problem before us is the determination of the possible 
values of & or A in terms of the radius of the sphere. 
Let w be expanded in La Place’s Series 


b=wWwtWit+wHt+..+yt+... diel atsroler sraliel sraleheve ciptes (3), 
thent The 4 2 ae — OED +I, es ey ee (4), 


of which the solution is 


rd. = *S,e™ i 4 (ntl), n(n—1)(nt1)(n+2) ~ 








2ikr 2.4 (kr)? 
oe sie amt). 2f—VYmtl)@t+2) _ 
Bae {1 Qikr | 2.4 (ihr)? Teena 





* The problem here discussed was referred to in a paper on “ the Theory of 
Resonance,” Phil. Trans., 1871. Its publication seems of interest, as it is the only 
case of the vibration of air within a closed vessel which has hitherto been solved 
with complete generality, except perhaps that of a rectangular parallelepiped. Con- 
siderable alterations and additions have been made since the paper was sent in to the 
Mathematical Society, partly in accordance with the advice of Sir W.'Thomson and 
Professor Clerk-Maxwell, and partly in consequence of my own further reflection on 
the subject. 

+ It is assumed that the motion is irrotational, so that a velocity-potential exists ; 
and, further, that it is so small that the square may be neglected throughout. 

t Stoke’s Phil. Mae. Dec. 1868, or Phil. Trans., 1868. 
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S,, 8), being surface harmonics of order 7; or, reversing the series, 
1.3.5... (Q2n—1) 


PUSS ee (ikry" {l+ikr+...} 
+Sier ee pore, (6). 


Besides the condition that the radial velocity must vanish at the sur- 
face of the sphere, we have to secure that ~ does not become infinite 
at the centre. Now from (6), as 7 diminishes without limit, 
ry, = 1.3.5... (Qn—1){S, (hr) "+8, (—zkr)-"} 
=1.3.5... (Qn—1)(tkr)-"{8,+(—1)"8,}, 
showing that the required condition cannot be fulfilled, unless 


S.4(—1)*Si=0. pe er. 


It remains to satisfy the condition Ray te 2). Following 
Stokes, we may write (5), 


ry, =8,e°™ f, (kr) +8, ecu (thy Se oe (8), 

dw, —— nh e~ tr es et tkr ey 
and Tees ee BF, (kr) — BA tlr) Steen (9), 
where FE, (kr) = 1+ikr) f, a ther f(t) Se eee (10). 


The value of se must vanish over the whole surface of the sphere, 
r 


when 7 has the prescribed value. Introducing the ratio of 8,,: 8, given 
in (7), we obtain as the condition to be satisfied, 
FE, (—ikr) _ 
ihr A (I) eee eee eee eee Le By 
FY, (+¢kr) (aa) ee 
If the numerator of the fraction on the left by a separation of the real 
and imaginary components be put into the form a—7, the denominator 
is at the same time expressed by a+7(, and the fraction itself may be 
—2i0 sf B 
: a 


é 


written e = tan @. 


Our condition is therefore 





ppikr 210 __ Roa nm =e", 
or 6 = kr—n : + mr. 
Thus tan (ir —n 5) = tan? = 2 ie le ae i 
a 
.K, (kr) —F,, (—tkr) 
d Bs silent): «ys 
er aE, (ihr) +F, (—ikr) 8) 


(12) and (18) give the different values of kr possible under the con- 
ditions, for each value of n. With respect to the values of F, (ikr), 
Professor Stokes gives the following table :— 
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Fy @kr) = tkr +1, 
F, (thr) = thr +2 + 2, 
ikr 
; 7 ) 
B, (thr) = thr +424 
a (ikr) = thr +4 + Ter + (ier) 
; 27 60 60 
B; (tkr) = ikr — ae 
AOD) a te einai Ge 
65 240 525 525 


LF, (hr) = ter+-11 + © 525 
atime (a1 tire Goupyae’ Caer Gurys 











Hence, when n = 0, ors hers 
a 











kr — — 
when n=1, Bp 
a fe ; 
9 
kr — — 
when n = 2, ge kr, 
Ose. Auk 9 ’ 
hy? 
ete 
when n= 8, Bore pelt ee It. 
pee 6 oA8 
when n = 4, caper ae ns eee 
| ~ Ww — 742 525 
key? ktr* 


_ We are now in a position to estimate numerically. the periods of the 
various vibrations corresponding to any term in La Place’s series. 
And first for 

Concentric or Radial Vibrations. 


From (5) and (7) we find that, when n=0, 





ERO i ee a hs a ee ee GN 


S, being a constant. In this case (12) becomes 
GaN his Wi ncs aa. ce eee ee (15). 


The first root is kr =0, which corresponds to a tone of infinitely low 
pitch, and has no physical significance. The second root will be when 


kr is not much short of a, the third just short of =, &c. When kr 
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is large, the roots are approximately of the form 


kr = (2m-+1) 5 PA eRe eB Seo (LEC) 


the difference of consecutive values being 7, which agrees with what 
we know from the theory of vibrations in one dimension. In the 
motion corresponding to the third and higher roots, the air divides 
itself into vibrating parts separated by nodal surfaces in the form of 
concentric spheres. In adjacent segments, the motion is at any given 
moment.oppositely directed. 

The roots of equation (15) were calculated by Schwerd for the 
theory of diffraction.* Omitting the zero root, we have for kr+-7 
the following values : 

1:43038, 4°4774, 
2°4590, 5°4818, 
3°4709, 6°4865 ; 
whence, for the ratio of 7 to A, 
"7151, 1:2295, 1:°7354, 2°2387, 2°7409, 3°2432. 
When m is somewhat large, we may use the following approximation 
wo eit Lee 1 
to (15): ae Nome A (Ome ate cy eyes GLa 

In the vibration corresponding to the higher roots of (15), any nodal 
surface may be conceived to be rigid without any alteration in the 
conditions of the question. We have therefore the solution of the 
problem of radial vibrations in a spherical shell, provided that the 
radu of the surfaces are such that both are solutions of (15) with the 
same value of k. Any cone with vertex at the centre may also be 
supposed rigid. 

The loops or places of no variation of density and pressure are given 


by the roots of the equation ne = = 0, or kr = mz, where m is any 








integer, except zero. 
| Diametral Vibrations. 
This case (n=1) is the most interesting. From (5) and (7) we derive 
28, { sin kr) 
Yv,— — pee a ay a ER 18). 
Hr ee (ON Gus Ge) 
S, being an harmonic of order 1, may be represented as proportional 
to cos 6, where 6 is the angle between any radius and a fixed one, 
which may be called the axis. ‘The spherical nodes are deter mined by 








the equation tan kr = 


* Verdet, “ Lecgons d’Optique Physique,” t. i., p. 266. 


* 
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The first root is kr=0. Calculating from Trigonometrical Tables by 
the method of trial and error, I find for the next root, which cor- 
responds to the vibration of most importance within a sphere, 

OUT 110-96 : 


rT 


so that oN OG oO == “oole. 


The air sways from side to side in much the same manner as in a 
doubly-closed pipe. Without analysis, we might anticipate that the 
pitch would be higher for the sphere than for a closed pipe, whose 
length is equal to the diameter; because the sphere may be derived 
from the cylinder with closed ends, by filling up part of the latter with 
obstructing material, the effect of which must be to sharpen the 
spring, while the mass to be moved remains but little changed.* In 
fact, for a closed pipe of length 27, 

ee Aco) 
The sphere is thus about a fourth higher in pitch than the cylinder. 

The vibration now under consideration is the gravest mode of which 
the sphere is capable ; it is more than an octave lower than the lowest 
radial vibration. The next vibration of this type is such that 


180 kr = 860—19°65 = 340°35, 
ve 


or r r= '9454, 
and is therefore higher than the first radial. 





When kr becomes great, we have from (14), 


be i nate eee 


corresponding to the mth node. The approximate values of kr for the 
lower values of m will be found at the end of the paper. 

It is to be observed that what are here called nodes are not surfaces 
of absolutely no motion, as in the case of vibrating plates and mem- 
branes; but are defined as surfaces such that at any point the air has 
only tangential motion. Im the case of spherical nodes, for instance, 
there must be no motion parallel to the radius vector. Any nodal sur- 
face may be conceived to become rigid, without altering the conditions 
of the question. 


Referring to (18), we see that, since a vanishes only at the poles, 
. 


there are no conical nodes with vertex at the centre. Any meridional 
plane, however, is nodal, and may be supposed rigid. Along any 
| th 


specified radius vector, ¥, and 70 vanish, and change sign with 
a 





* See the paper on “ Resonance,” Phil. Trans., 1871. 
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sn i that is, when tan kr=kr. The loops in the present 





cos kr — 
case therefore coincide with the nodal surfaces of the concentric 


vibrations, and, with the exception of the equatorial plane, correspond 
also to the places of no transverse motion. 





eee 
From (5) and (7), 
= — Hee f . ( ==) sce it 2] e 
= fe sin kr{ 1 Te a fe geass (21); 
and from (12) the spherical nodes are determined by 
kev? —9kr 
aD. ep a i eee 22). 
tan ky Ae? —_9 (22) 
The first finite root is kr = 3'3422, 
corresponding to Go eam stings 


The first vibration of this group is accordingly graver than the first 
of the radial group. Fora tabular statement of all the lower notes, see 
the end of the paper. 

The general harmonic of order 2 may be expressed * 


S. = Ay (cos? 6—1) + (A, cos ¢+ B, sin ¢) sin 8 cos 0 
+ (A, cos 26+ B, sin 2¢) sin’ 6 ...... (23), 


from which we may select for special consideration the following 
notable cases : 


(1.) The zonal harmonic, 
a= Ay (Con, O58) 150.0 ee ere (24). 


Differentiating with respect to 6, is seen to be proportional to sin 26, 
and therefore vanishes when 0 = 3 This shows that the equatorial 
plane is a nodal surface, so that the motion might take place in a closed 
hemisphere. Also, since 8, does not involve ¢, any meridional plane 


may be regarded as rigid. 
(2.) The sectorial harmonic, 


, Ss, = A, COs 2o sin? 1s PO Ree Ss (25). 
dw, 


H 
ere = 





again varies as sin 20, and the equatorial plane is nodal. But 


* Thomson and Tait’s “ Natural Philosophy,” p. 149. 
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he varies as sin 2¢, and therefore does not vanish independently of 0, 


except when sin 2¢=0. It appears accordingly that two, and but 
two, meridional planes are nodal, and that these are at right angles to 
one another. 
(3.) The tesseral harmonic, 
Spee COS gr S11, BOS, Own, ec txres eeu ae (26). 


In this case we vanishes independently of @ with cos 20, that is, when 
6= 7 or =, which gives a nodal cone of revolution, whose vertical 


angle is a right angle. ae 


varies as sin ¢, and there is one meridional 


nodal plane, and but one. 

The consideration of the more complicated nodal surfaces would 
lead us too far, and is more properly treated as a part of the general 
theory of surface harmonics. If the harmonic is zonal, no matter of 
what order, the cones of revolution corresponding to a maximtim or 
minimum value are nodal. Among these is comprised the equatorial 
plane in the case of an harmonic of even order. Meridional planes 
also are nodal. 

In the progress of our investigation, we have virtually solved problems 
relating to the vibration of air, when the condition over a part or the 
whole of the boundary is the constancy of density and pressure. ‘Thus, 
under the head of radial vibrations, we have a solution of the question 
of the motion of air in a sphere, such that at the surface the pressure 
is constant. And our results with regard to diametral vibrations give 
us a solution for the motion of air in a hemisphere whose curved sur- 
face is rigid, while the condition over the plane part is that of no 
pressure variation. But I have not dwelt in detail on these problems, 
because they do not possess much physical interest, there being no 
experimental method of securing that a prescribed surface shall be a 
loop. Though not leading to anything practical, it may help the 
imagination to say that the condition in question is tantamount 
to supposing the vessel open, and neglecting the mertia of the air 
outside. 

In the course of an investigation on an allied subject (which I hope 
before long to communicate to the Society), a very curious relation 
presented itself between the functions f and F and the well-known 
zonal harmonic functions of p, defined by the equation 


(1—2em+e)-§= 14+ Qe+Qret..04+Q.e"...... (27), 


by means of which the results of the present paper can be very shortly 
expressed for the general value of n. 


wi 
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The relation in question is expressed, in the case of f, by 
1 
f(y) = yn (1- ae eee (28), 


and may be verified as follows :— 


Consider the symbolic operator Q, (1- =). We know that* 
ay 


Q,(4) at OH) tee, BO) Gras?) Cen 


ie Bes LE 2? 
so that 
Q, (1-4) ae m(nm+1) ld 4 @—)) .. .(n+2) 1 (2) te 
dy na ALS oda ee ee Bie "2 \dy 


Moreover, Gals = (—1)(—2)(—8) ..%—s)y'* 
1 


from which becomes apparent the identity of Q, (1— a 7 with the 


series for f(y) given in (5). 
Since 


a (1-F)t= ure. ($-1)t = yee. (Z)S, 


the expression for {, becomes from (8), if kr =, 


Yn = ik (—1)"} 8,Q, Gare ~ +8, (— 1a (7) — “{...(29), 








y 
or, in the case when the motion is finite at the pole by (7), 
i sin kr 
Oak 80) (— | et (30). 


In the paper referred to, I prove that the expansion of the quantity 
on the right, in rising powers of 7, is 
a ikr)” (kr)? 
—2 BS] piece entre) oe \1- — ate 
Ch Sule a err er een 2(n+3) GD; 


which shows that the condition (7), hitherto proved merely to be 
necessary, is in fact sufficient to secure that w, remains finite at the 
centre. 

When 2 is considerable, J, not only vanishes with 7, but is an in- 
finitesimal of high order. 

If f (tkr) = a’+76', we may also express J, in terms of a’ and pf’. 
From (7) and (8), 


,= in Ss fw sin (kr-+n™) —B' cos (irtn | ; ... (82). 





* Thomson and Tait’s “ Natural Philosophy,” p. 623 (quoted from Murphy). 
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The surfaces of no pressure variation are given by 





SPI onl iy ao Pag meee at (33), 
representing cones, having their vertices at the centre ; and 
tan (iir+n™ | aay 6 nahh Be Ol desea Bag (54) ; 
or, as it may also be written, 
d \ sin kr 
etm pees acts a) eee a hene 3: 
Qn ae kr (85), 


representing concentric spheres. 
From (10) we see that 7 


Be (1-£) iW 








y dy 
ee lee Ce, Ve 
so that F(y) =y Q,(1 mi (1 oa) ee (36), 
by means of which, with (7) and (9), or directly from (30), we find 
Ln ee eae pt ( d ) sin kr 
mee: Bas Aa chk) aie aie ee On 
ihe a vanishes, we have 
d d sin kr 
.(—.-})-=—. ==) 9 ier a heh eee 3 
2, Ga d.kr kr (88), 


which, with the value of Q,, 
_ 1.3.5... (2n—1) { oe GAN es 
2s sree = 2(2n—1) © 


n(n—1)(nm—2)(n—3) yg _ 
a 2.4 (2n—1)(2n—38) res ‘ recoon 








may be considered as the complete solution of the main question pro- 
posed in the present paper. 
In terms of a and £ we should have 


Dy 20"* Ba fa sin (tr-+n 7) — PB cos (ir +n) ; iar (40). 


dr y 





d 


The value of an Tato mene higi orden iit subewaie (meee 
ie 


siderable. | 
Expanded in powers of 7, the leading term in 


a sin (ter+n 7) — 2 cos (tr-+n5 ) 


n(kr)"*} ; 
1.3:5am (n-lie 








18 a C— 1)" 
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°. - e 
so that, as appears in calculating the roots, the functions )+a are more 
‘ ° T * 
and more approximate expressions for tan | Ar+n 5) as 2 increases. 
ol 


The values of \ for the proper tones of a sphere, whose radius is 
unity, were calculated from (12), and are given below in Table A. 

In order to include the first roots for n=5, n=6, the table of the 
functions F given by Prof. Stokes had to be extended. I find 


* 735 262556670 —7567/0 
(ikr)? (ikr)® (akr)* (tkr)>’ 











B, (il a = tkr+16 Reyes J 


re 252 1890 . 9765 . 34020 , 72765 , 72765 
Me (2kn) == wkr 2 —- =< Sea 
Fe TT oC) uae ie eee Cr 














135 , 2625 5670 











. kr 




















so that (=) aN he Net RRR a aes hy Kir dr? 
Chis ye Tab biebOy 0 aeare 
iy 25 me Itr4 
J52: E07 G5 mera cUD 
(2) ad oie: kr - key? k’r® 
ale 99__ 1890 , 34020 _ 72765’ 
ker? kart Kr! 
Table A, 


Giving the values of A for a sphere of unit radius. 


Order of Harmonic. 


0 1 2 5) 4: 5 6 














13983 |3:0186 |1-8800 |1:392 |1:113 |-9300 |-8002 
‘81334 |1:0577 | -86195 | °7320 | -6385 
‘57622 | -68251 | -59208 | -5248 | 
‘44670 | +50653 | 45380 
36485 | -40330 
30833 | °83528 








Number of Internal 
Spherical Nodes 


om wo DH O| 


For convenience of comparison, I have also calculated in a second 

table the pitch of each proper tone referred to the gravest of the whole 

system. The table is extended far enough to include all that lie within 
an interval of two octaves. 
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TABLE B, 


Pitch of each Tone, | Order of | Number of Internal 
referred to Gravest. | Harmonic.| Spherical Nodes. 


1:0000 
16056 
2°1588 
2°169 

2°712 

2°8540 
3°24.58 
3°5021 
37114: 
3072 


0 
0 
0 
0 
0 
1 
0 
1 
1 
0 





The method of the present paper is easily applied to the more general 
case obtained by replacing the hollow sphere by a spherical shell. 


From (9), if (es vanish for the radi 7; and 7, 


e2ikrs F,, (—thr) = e2ikrs he (—tkry) 4S eae (AL) ; 
F,, (+2kr) EF, (+2472) 


whence we obtain 


Geese) 
SS ee (42) 
2 
ies) een 
as the equation giving the roots in all cases. 


If 7, be now made to vanish, we shall fall back on our previous 
result. In the paper referred to, it is proved that, when 7, is vanish- 


tan k (11-72) = 


ingly small, 


B, (hr) = 1.8.5... (2n—1) (n +1) (éhry)-” {1+ ikeryt+...} .. (43); 


so that, when 7 is even, (2) = 0, 
and when 7 is odd, (£) = DO, 
In the first case, then, (42) becomes 
tan kr, = £ 
and in the second, tan kr; = — 3 


which are together equivalent to 
' ? 
tan (ir n=) — pi, 
2 a 
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Apro llth, 1872: 
Prof. CAYLEY, F.R.S., V.P., in the Chair. 


Mr. W. Paice, M.A. Lond., was elected a member; and Mr. J. W. L. 
Glaisher, B.A., was Saritted into the Society. 

Prof. Gale. having called upon Mr. Samuel Roberts, Vice-Presi- 
dent, to occupy the chair, proceeded to give an account of his paper 
“On the Mechanical Dessacncn of Certain Sextic Curves.” Mr. 
Roberts afterwards exhibited an apparatus which was arranged to 
show, in connection with Prof. Cayley’s paper, curves traced by a fixed 
pencil on a plane, two points of which were constrained to move in 
fixed circles. These curves are similar in character to those described 
by different points of the moving plane relative to a fixed plane. He 
further drew attention to an analogous manner in which certain sur- 
faces of the fourth degree may be generated. 

Prof. Crofton called the attention of the meeting to the fact that a 
certain proof of the theorem, that any motion of a plane figure in its 
plane is equivalent to a rotation round some point, might appear at 
first sight to be capable of extension to three dimensions, and to show 
that any motion of a solid is equivalent to a rotation—a result known 
not to be true. 

Some conversation followed, in which Prof. Cayley and Mr. Merri- 
field suggested the probable explanation of the point; the following - 
seems to be the result. 

Let A, B be any two points of a plane figure, and let A’, B’ be the 
positions of the points after any displacement of the figure. By bisect- 
ing AA’ and BB’ at right angles, we can always find a single point O 
equidistant from A, A’, and from B, B’, excepting the case when the 
bisectors coincide, and O may range over a straight line; and in this 
case it 1s easy to see that the displacement is equivalent to a rotation 
round the point of intersection of A’B’ with AB. In any other case, 
O is the centre of rotation. For the triangles OAB, OA’B’ being equal 
in all respects, let OA revolve till it falls on OA’, carrying with it the 
triangle OAB; this triangle will now fall on the same side of OA’ as 
OA’B’ (and therefore must coincide with it); for if it fell on the 
opposite side, it is easily shown that we should have the above excepted 
case. ‘Thus any motion of a plane figure, which is always determined 
by that of any two of its points, 1s equivalent to a rotation. 

Now it would appear at first sight that, speaking generally, and 
without going minutely into the exceptional cases, if A’, B’, C’ are 
the new positions of any three points A,B,C of a solid, supposed to 
receive any possible displacement in space, as we can always find a point 
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O, equidistant from A, A’, from B. B’, and from C, C’,— that the triangle 
ABC could be carried into the position A’B’C’ by a rotation round O. 

The explanation of the difficulty consists in the two tetrahedra 
OABC, OA’B’C’, which are always equal by symmetry, not being 
always superposable, the displacement is equivalent to a rotation round 
O. It also follows that, if so, O is not a single point, but may range 
over a straight line; for as the motion is a rotation round some axis 
through O, the planes bisecting AA’, BB’, CC’ at right angles meet in 
a line—viz., the axis. A fuller examination would no doubt be in- 
structive: thus, it does not appear at once why the case when the 
tetrahedra are superposable is a less general one than that where they 
are not. Probably it will appear that the point O has some curious 
relation to the real motion of the solid, when that is not a simple 
rotation. 

Further discussion followed upon some other questions, in which the 
Chairman (Prof. Cayley), Messrs. Cotterill, Sprague, and others, took 
part. 

The following presents were received :— : 

A Carte de Visite of Herr B. Riemann: from Herr Stein. 

First and Second Annual Reports of the Association for the Improve- 
ment of Geometrical Teaching. 

On the Induction of Electric Currents in an Infinite Plane Sheet of 
Uniform Conductivity: by Prof. J. Clerk-Maxwell, F.R.S. (Proceed- 
ings of the Royal Society, No. 132, 1872): from the Author. 


On the Mechanical Description of Certain Sextic Curves. 
: By A. CayLey. 


[Read April 11th, 1872.] 


THE curves in question might be taken to be those described by a 
point C rigidly connected with points A and B, each of- which describes 
a circle: but the construction is considered under a somewhat more 
general form. I consider a quadrilateral, the sides of which are a, 6, ¢, d, 
and the inclinations of these to a fixed line a, B, y, 6. This being so, if 
a, b, c,d, and one of the angles, say 6, are constant, then we have be- 
tween the three variable angles the relations 

a cosa+b cos B+ec cos y+d cosd = 0, 

asina+b sin B+c sin y+d sin 6 = 0, 
giving rise to a single relation between any two of the variable angles; 
and we consider a curve such that the coordinates x, y of any point 
thereof are given linear functions of the sines and cosines of the three 
yariable angles, or what is the same thing, of the sines and cosines of 
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any two of these angles. We thus unite together what would other- 
wise be distinct cases; for everything is symmetrical in regard to the 
sides a, b, c and the corresponding variable angles a, 2, y, irrespectively 
of the order of succession of these sides: and we can thus, in the dis- 
cussion of the curve, employ any two at pleasure, say a, G, of the vari- 
able angles, without determining whether the sides a, b are contiguous 
or opposite. 

Eliminating, then, the variable angle y, we obtain between a, (} a 
relation which, if we write therein tania =u, tanif=v, takes the 
form (*) (uw, 1)*(v, 1)? =0; viz., either of the variables u,v is ex- 
pressible rationally in terms of the other of them and of the root of a 
quartic function thereof; say v is a rational function of w and /U. 
And hence a curve for which the coordinates x, y are rational functions 
of wv, v, is a curve having a deficiency D=1, or what is the same thing, 
having a number of dps. less by unity than the maximum number 
[=1(n—1) (n—2), if be the order of the curve]. 

It will further appear that the relation (*) (wu, 1)’?(v,1)?=0 is 
satisfied by the values w=v=7 and w=v=—i (if,as usual, i=/—1). 

In the curve in question, the coordinates (#, y) are given linear func- 
tions of the sines and cosines of a, 3; and if we make the curve meet 
an arbitrary line Avw+By+C= 0, we obtain between the sines and 
cosines of a, #8 a linear relation which, substituting therein the ex- 
pressions in terms of wu, v, takes the form 

(*)(u, D2. +e) +(*)(@, Dt (4x) =0, 
viz., this is a relation of the form (f)(u, 1)? (v, 1)? = 0, such that it is 
satisfied by the four sets of values w=+i, v=+7, and therefore in 
particular by the values w=v=1, and w=v=—1. 

Hence, considering the intersections of the curve by the arbi- 
trary line, the values of (wu, v) are given by the two equations 
(*) (u, 1)? (v, 1)? = 0, (t)(@,1)?@,1?=0; these, regarding for a 
moment u,v as ordinary rectangular coordinates, represent each of 
them a quartic curve having two dps. at infinity on the axes u=0, v-=0 
respectively : each of these points reckons therefore as 4 intersections, 
and the number of the remaining intersections therefore is 4.4—2.4, 
=8. But, by what precedes, the two quartic curves have also in 
common the points w=v=/ and w=v=—z7; and rejecting these, there 
remain 8—2, = 6 intersections. 

The conclusion is, that the curve is a sextic curve of deficiency 1, 
that is, having 9 dps. The reasoning may be presented under a slightly 
different form as follows: regarding w,¥v as coordinates, we have the 
curve (*) (wu, 1)’ (v, 1)? = 0, a binodal quartic curve, and having there- 
fore the deficiency 1; the curve passes, as above mentioned, through 
the points w=v=1, and w=v=—1. The required curve is obtained 
as a transformation of the quartic curve by formule of the form 


nN 
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a:y:2(=1) =P:Q:R, where P,Q, and R[=(1+~’) (1+ ’)] are 


quartic functions of the coordinates u,v, such that P=0, Q=0, R=0 
are each of them a quartic curve passing twice through each of the 
nodes and once through each of the before-mentioned points, (w=v=1) 
and (w=v=-—1), of the binodal quartic curve. Hence the curve in 
question is a curve of the order 4.4—2.4—2.1, =6, and having the 
same deficiency as the binodal quartic, that is, the deficiency is =1. 

‘I cbserve that the sextic curve does not, in general, pass through 
the circular points at infinity, but it intersects the line at infinity in 
three distinct pairs of points; one of these, or all three of them, (but 
not two pairs only,) may coincide with the circular points at infinity, 
the circular points at infinity being, in the latter case, triple points, or 
the curve being tricircular: this will appear presently. 

To obtain the foregoing equation (*) (w,1)?(v,1)?=0, the elimi- 
nation of y gives 
(a cosa+b cos 6+d cos 6)?+(a sina+b sin@+d sind)? = ¢’, 
that is, 
a’ +b’—c?+d’+2ab cos (a—/3) + 2ad cos (a—d) + 2bd cos (8B —6) = 0; 
or, substituting herein the values 








ee eer gee Area aren sin B = ae 
~ 1+u? 1+’ ~ L+y?? 1+0’ 
this is easily found to be 0 = 
1 Qu uw 


(a+b)?—2(a+b)d cosd+@—C | 2ad sind (a—b)?+2(a—b)d cosd + 0 —e 


2bd sin 6 2ab 2bd sin 6 


(a—b)?—2(a—b)dcosé +a’?—C’ | 2ad sind |(a+b)’?+2(a+b)dcosd+ad?—¢ 





or writing, for greater convenience, 6=0, that is, taking a, B, y to be 
the inclinations of the sides a, b, c to the fixed side d, this is 0 = 





1) (a+b—d)’—c 0 (a—b+d)’-¢ 


v| (a—b—d)y’—e 0 (a+b+d)y—¢ 
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Or say this is (A + Bu’) + 8abuwv+v? (C+Du’) = 0, 


where, writing for shortness 
a+d—b—c=r, —atb+ct+td=N, 
b+d—c—a=p, —b+ce+d+a=p, 
ec+d—a—b =v, —ce+d+atb=Y, 
atb+e+d=0o0, —d+a+tb+c=p’;; 
then Ass op Bo Age (Oo Ae ee 
We at once verify that the equation is satisfied by u=v=+1, viz, 
this will be soif only A—B-—C+D—8ab = 6, 
and we have A+D = 2 (a+b)’?+2?—2¢’, 
B+C =2(a—b)?+2d0’—2¢ ; 
whence the relation in question. 
Writing w=7, we have 
jv (C—D) +4adi}? = —16a°b°— (A—B)(C -D) 
=—1(A-—B+C—D)’, 
whence v(C—D) = +141 {+-8ab+A—B+C—D} 
=i(C—D) or —:(A—B); 
so that, corresponding to u=7, we have the values v=7 and 
axe ; and similarly, corresponding to u=-—d7, the values 
fs Si ae 
C—D 


And in like manner, corresponding to v=7, we have the values w=? 
a and to v= —1, the values w= —7 and w=7 Ane 

It is easy to show that, if w=i+e, v=7+é are the values consecutive 
to u=v=i, then ae+b{= 0: in fact, substituting the foregoing values 
in the relation between wu, v, and writing for 8ab its value, 
=A—B—C-+D, we have 

A+B (—1+2ie) + (A—B—C+D){—1+4+7(e4+2)} 

+C(—1+42i2)+D {1—2i (e+Z)} = 0, 
which is e(A+B—C—D)+é(A—B+C-D) =0; 
or finally ae+6{=0.. And similarly, if w=—i+e, v=—i+é are the 
values consecutive to w=v=-—di, then we have the same relation 
ae+-bf = 0. 

The points at infinity on the sextic curve are those for which 1+? 
or 1+’, or both of these, are =0; viz., the values of wu, v for the six 
points are 

Uu=ite, —i-—e a , oat ,-2 (a=5) i(a=p) : 
: B—D/’ B—D/’ 
—B —B 


: A mA 
v=it+é, —i—f, = tao ee , 4 





v= —1 











and w=—72 
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where, instead of w=v=7 and w=v=—12, I have written down the 
consecutive values of uw, v, and as before e, ¢ are infinitesimals such 
that ae+bf = 0. 
Suppose that the coordinates x, y of a point on the sextic curve are 
@ =acosa+ec sina+b cos P+d sin i, 
y =a cosa+ce sina+b cosH+d sin ; 


then, if uw = + (i+e), cosa = —, sina= zat and similarly if 
€ e 


o=+ (+2), then cosh = 5, sin 6 = i. Hence the points at 
infinity of the sextic curve are as follows :— 
1°. w=+(i+e), vnot =+ (+2), 
Zo Sues jo aoe first pair of points ; 


2°) v=+(14+2), wnot=+ (t+6), 








_ —bitd _ —bitd’ : a. 
i ara i ype second pair of points ; 
o. uate), v=+ +4), 
_ —aite , —bitd ee ae Om ae 
3 Se See 
ae+bf = 0, as above, third pair of points ; 


which six points are in general distinct from each other, and from the 
circular points at infinity. 

The foregoing values of x, y may be said to be “cireular quoad a,” 
if a=c’, a=—c; and similarly to be “circular quoad f,” if b=d, 
b=—d. 

And we see at once that if the values are circular quoad a, then the 
first pair of points coincide with the circular points at infinity; and that, 
in like manner, if the values are circular quoad (3, then the second pair 
of points coincide with the circular points at infinity; but if the values 
are circular guoad a and ( respectively, then each of the three pairs of 
points coincides with the circular points at infinity: so that these are 
then triple points on the curve; or the curve is tricircular, having be- 
sides the two triple points, 3 dps. 

The relation between w, v gives 

{y (C+Du’) + 4abul? = 1607b?. w—(A+ Bu’) (C+Du’), 
and it thus appears that if any one of the functions A, B, C, D is =0, 
the function under the radical sign is a mere linear function of w’, say it 
L) 26° 
M) ae 


and consequently u,v are each of 


is L+ Mu’; introducing a new parameter 0 such that w= / ( 
1+6° 
1-0” 
them a rational function of 6. Hence, when any one of the relations in 





we have /L+ Mw? = As 
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question is satisfied, or say, when a+d=b+c, b+d=c+a, or 
c+d=a+b, the curve becomes unicursal: there is no diminution of 
the order, and the curve is consequently a unicursal sextic, or sextic 
with 10 dps. 

It would at first sight appear that the curve might become unicursal 
in a different manner; viz., 1t would be unicursal if 

l6a°b?u? — (A + Bu?) (C + Dw’) 
was a perfect square; but this is only the case when one of the four 
sides a, b, c, dis =0. The condition in fact is 
AD+BC—16a°t? = 2V ABCD; 
that is AN pp’ — vv’p'o — 16070? = 2/—)Nup'p'o : 
where, putting for shortness M = d’—a’?—b’—c’, we have 
AN = M — 2be4+ 2ca+ 2ab, 
be = M+ 2be—2ca+2ab, 
vy = M+ 2bc+4+ 2ca—2ab, 
—po = M—2be—2ca—2ub; 
and thence AN pp = M’?—46’c? — 4e’a? + 407b? + 4abM +4 8e7ab, 
—vv'po = M? —4b’c?—4e’a’ + 4a°b? —4abM —8c7ab, 
and the equation thus becomes 
M? — 4070? — 4e?a? — 407? = / (M?—40?e?— 4c?a? + 40°b*)?— 1607b(M + 2c?)?, 
viz., putting for a moment X = M’—4e’ (a’+0’), this is 
(X—4a0°b’)? = (X+4a°b’)’— 16070? (M + 2c’)?, 
that is, 16a°b* | X—(M+2c’)?} = 0; 
or, substituting for X its value, the equation is 
640°’? (M+«?+b?+c’) = 0, 
that is, a’b*c"d*? = 0. 

We may have, simultaneously, 1°, a=d, b=c; 2°,b=d, a=c; 8°, c=d, 
a=b; the three cases are really equivalent, but the results present 
themselves in different forms. 

1°. Here A=0, B= 4a (a—b), C=0, D = 4a (a+); the relation 
between w, v contains the factor w, and throwing this out, and also the 
constant factor 4a, it is 

u[(a—b)+ (a+b) v?] + 2bv = 0, 
viz., w is given as a rational function of v. 

2°. Here A=0, B=0, C = 4b (b—a), D = 4b (b+); the equation 
contains the factor v, and throwing out this and also the constant factor 
4b, the equation is v[(b—a)+(b+a) w!+2au = 0, 
viz., v is given as a rational function of w. 

3°. Here A= 4a(a—c), B=0, C=0, D = 4a (a+e); or, dividing 
by 4a, the equation is (a—¢c)+2au+(atc) wv = 0; 
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viz., this is (ww +1) [ (atc) wta-—e] = 0, 
which may be reduced to (a+c)w+a—c= 0, 
giving uw or v each a rational function of the other. 

I do not discuss the theory in detail, but only remark that in each 
case there is a conic thrown off, and that in place of the sextic we have 
a unicursal (or trinodal) quartic curve. 


May 9th, 1872. 
W. SPOTTISWOODH, Esq., F.R.S., President, in the Chair. 


The Rev. C. Taylor, M.A., Fellow, and Mr. R. W. Genese, B.A., 
Scholar, of St. John’s College, Cambridge, were proposed for election. 

Mr. J. W. U. Glaisher gave an account of his paper “On Functions 
with Recurring Derivatives;” and Mr. Tucker (Hon. Sec.) read portions 
of communications from Prof. J. Clerk-Maxwell “ On the Interpretation 
of Lagrange’s and Hamilton’s Equations of Motion,” and “On the 
Condition that, in the transformation of any figure by curvilinear co- 
ordinates in three dimensions, every angle in the new figure shall be 
equal to the corresponding angle in the original figure.”” Conversation 
ensued on the papers, in which the President, Profs. Cayley, Clifford, 
Dr.- Hirst, and others took part. 


Prof. Clifford made some remarks on a theory of the exponential 


function derived from the equation a = pu. After showing that a 


quantity which is equally multiplied in equal times must always in- 
crease at a rate proportional to itself, or which is the same thing, 


satisfy the equation “t = pu, we may call the ratio p of the growth 


to the growing quantity the mtrinsic rate. We may then define as fol- 
lows :—e”*. u is the result of making wu grow at the intrinsic rate p for x 
seconds. This applies so far to pure quantity only; but if we regard 
Uw as— 
(a) a vector on a line, 7.e., a signed magnitude ; 
(b) a vector in a plane, 7.e., a complex magnitude ; or 
(c) a vector in space ; 
then, » being the ratio of two such vectors, is respectively 
(a) a signed ratio; justifying e°?”. 
(b) a complex ratio; from which it becomes obvious that 
e” = cos 0+7 sin 0. 
(c) a quaternion; from which we get Hamilton’s theory of ex- 
ponential functions of quaternions. 
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A semi-justification of the symbolic form of Taylor’s Theorem (in- 
dependently of the series) is also obtained by this method. 

The series for e””. w in all cases where it holds good, may then be either 
established by Taylor’s theorem ; or shown to be a solution, and the only 


one, of the equation “ = pu between values 0 and a of f. 
dt 


Prof. Cayley, Dr. Hirst, Mr. 8. Roberts, and Mr. Perigal took part 
in subsequent remarks in connexion with the degenerate forms of curves, 
and the possibility of extending Mr. Perigal’s construction for de- 
scribing a portion of a parabola. 


The following presents were received :— 

‘ Journal of the London Institution,” Nos. 14, 15. 

‘“‘ Bulletin des Sciences,’ Feb.—June, 1872. (5 Nos.) 

* Monatsbericht,” Jan., Feb., 1872. 

“On the Analogues in the Theory of Quadrics to some known pro- 
perties in the Theory of Conics,” and ‘‘ On the attraction of the Ellip- 
soid for the law of the inverse fourth power of the distance”? (from 
the Quarterly Journal of Mathematics): presented by the author, the 
Rev. R. Townsend, F.R.S. 

“Sur les théoremes d’Ivory relatifs aux Surfaces Homofocales du 
second degré,” par G. Darboux: from the author. 

“Mémoires de la Société des Sciences Physiques et Naturelles de 
Bordeaux, Tome iv. (3 pts. ), 1866; Tome v. (5 pts.), oe Tome vi. 
(3 pts.), 1868; Tome vii., 1869. 

“Mémoire sur le mouvement des Noeuds de la Lune et sur Vinégalité 
en latitude qui donne la mésure de l’aplatissement dela Terre,” par M. 
G. Lespiault ; Paris, 1861. 

“Note sur les petites Planétes situées entre Mars et Jupiter,” par 
M. G. Lespiault; Bordeaux, 1861. Both extracted from the above 
Bordeaux Society Memoirs. 

“Tables diverses pour la décomposition des Nombres en leurs facteurs 
premiers,” par V. A. Le Besgue; Paris, 1864. 

“Tables donnants pour la moindre racine primitive d’un nombre 
premier, ou puissance d’un nombre premier: 1°, les nombres qui cor- 
respondent aux indices; 2°, les indices des nombres premiers et inférieurs 
au module,” par V. A. Le Besgue. 

“Tables Arithmétiques pour servir d’appendice a introduction a la 
Théorie des nombres de M. Le Besgue,” par J. Hoiiel; Paris, 1866, 

“On Cyclides and Sphero-Quartics,” by John Casey, LUL.D.: from 
the author. 

‘Proceedings of the Royal Society,” No. 133. 

Six Geometrical Memoirs by Dr. Emil Weyr, communicated. to the 
Academy of Sciences of Vienna, viz. :—‘‘Construction des Kriimmungs- 
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kreises fiir Fusspunktcurven” (21st Jan. 1869); ‘Ueber Curven- 
buschel” (13th Jan. 1870); “Zur Vervollstiindigung der Involutionen 
hoherer Ordnung”’ (28th April, 1870); ‘‘Geometrische Mittheilungen” 
(1°, 12th May, 2°, 19th May, 1870) ; “ Ueber ahnliche Kegelschnitte” 
(23rd June, 1870): presented by Dr. Hirst, F.R.S. 


On Functions with Recurring Derivatives. By J. W. L. Guarsuer, 
B.A., F.R.A.S., Fellow of Trinity College, Cambridge. 


[Read May 9th, 1872.] 


In the “Kdinburgh Transactions” for 1867 (vol. xxiv.), Mr. Sang 
has, under the above title, investigated at considerable length the pro- 
perties of the functions that satisfy the differential equation 


du 
[gh eet etes eee neenenneneeneeteeeenten (1) 


for the cases of »=2, 3, and 4. Mr. Sang seems not to have been 
aware that the equation (1) admitted of simple and direct integration 
in terms of circular and exponential functions; and the properties of 
the three series, 





no 6 
1+ +54... 
[3] [6] 
an ae! 
Oh fea nha fa ee bs eee ke Re (2), 
(4 £7] 


aed ae 

Te aut ge ee J 
({n] being written for 1.2.3...”), which satisfy the equation 
d*u 
dx’ 
when summed. The summations can be obtained at once by means 
of the well-known method for the summation of selected terms of a 
.series by the use of the roots of unity. 

The above functions (viz., for the case n=38), and the corresponding 
ones for the general value of 2, had however been previously considered 
by Olivier as long ago as 1827 (see his memoir, “ Ueber Functionen, 
welche ahnliche Higenschaften haben, wie der Cosinus and Sinus,” 
Crelle, t. u., pp. 2453—251); and their fundamental properties, which 
are very elegant, were demonstrated by him in a simple manner by 
consideration of the exponential function from which they are derived. 
In fact, calling the above functions 9,2, ¢., ¢3% respectively, and taking 
6 for a cube root of unity, we have 


=u, were examined by him apart from the forms they assume 
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eo” = ga + 0g.0+ O'p32 ; 

and similarly e = byt OpytOosy ; 

whence, multiplying together, and forming the like equation for (7+7), 

we have gi (@t+y)+0¢.(a+y) + 6'o3(@+ y) 


= (Pi® HY Fh. Psy + 93% Gry) 

+ (p18 Gay + $2 iy + Ps Psy) 

+ O°($12 O3Y + Ho@ Gry +Psx PY) 5 
and observing that this equation is satisfied for each root of the 
equation 6°=1, it is clear that the terms in 6°, 6', & must separately 
vanish; that is, the equation gives the values of the ¢), ¢., ¢; of #+y 
in terms of those of a, y. 

It may be added that we have 


1 oe ox Fok e? = 
= (~:t+ G.evt psx) 
X (d,@+8 04+ O'osx) 
X (9, ¢+6'o,7+ 8 $57), 


that is, 1 = (9,2)? + (@.2)? + (637)? —3 o,@ o& $32, 
the relation corresponding to cosh’ # — sinh’ @.. 

The paper was written without the Author being acquainted with 
that of Olivier; and as the chief results—viz., those relating to the 
functions of the third order—are to be found there, it was thought 
that an abstract, giving the results, not obtained by Olivier, for the nth 
order, was all that was required. 

i =u. Itis evidently satisfied 
xv 


by u= 9,(@), $2(#) ... o,(v), defined by the equations 


ge) = 1 all ie a 
(2) 5 [ 2 | t [22] a5 i 


‘5 fm) au only gen-h ns hea 13) | 
S [22—1] [8n—-1] ~ J 





Consider the differential equation 


These may be called the » fundamental series with recurring deriva- 
tives of the zth order, since it is clear that no derivative under the mth 
will be the same as the primary series. We also observe that the 
functions are so connected that 


£9: (0) = $1.1 (0); 


thus ¢, is the derivative of $5, dn of d), ¢n-1 of ,, &e. 


From the definitions (3) we have at once, by Taylor’s theorem, or 
by Clivier’s method, | 


oS eee 
; 


Jr 
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w(@ty) = >= me Aye oe Pall + GMOnrY 
pi oty) = pe pyt oe py -Fi1@ ny 


These relations are, of course, generalizations of the formule 
cosh (v+y) = cosha coshy+sinhz sinhy, sinh (#+y) = &e., 
in hyperbolic trigonometry. The law of formation in (4) is evident; 
the functions of one argument (7) move forwards from ¢, to ¢,, while 
the functions of # begin from 9; [if ¢;(w#+y) is the expression under 
consideration ], and proceed backwards to 9;-1, $i-9 «+. Pix 
In (2), put y=—z; and since 9¢,(0) =1, 9¢,(0)=0, ¢;(0) = 0, 

&c., we have 

$2 ,(—2) + $,@ o2.(—@) ... +9,46,(-2@) = 1, 

2% ,(—&) + Git f2(—#) «.. + st o,.(—2) = 0; 





whence obs ) 
pees O(a) gs (a) SALES AED 55. & 
p, ( a) as M ? » ( a) Ere: M. ae ee i ( wv) M C., 
where Men ide tere ans ee 
Oo, 9), Pn tee 3 | 
@s, ay bis Troupe atte ee (5) ; 





Pry Pr - 10) Cas —29 see ?) 
and ®,(x), ®,(a), ®,_,(“) ... are ae minors of 91, ¢,, @)-1 ... in the 


top line. It will now be shown that M=1 identically, so that 


o(—2)=%, (2), $(—2) =o, (2), de. 
Let 1, w, ... w,-, be the n nth roots of unity, then 


Pav =—s git Ce ao Pn 
et — di tuo, o ahi a POE ATE es ee or (6) } 
and therefore - - . is 
(6,402... + On)... (+0, 162... FOn- 1 On) 
See let 8] epee 5-0) ee (2), 


2 n-1 . ° 
Now $,+;6.+6; %3...+0; , is a factor of the determinant M; 
° - an ie 2 : 
for on multiplying the second, third, &c. rows by w,, w;, &e., and 
adding them to the top row, its constituents become 


, n-1 n-1 & 
Pi FOGy-**--@; >,, °On 1 O;0)... FO Gali; C4 


* Pi, py +. are written for x7, ¢)t,..., for the sake of clearness, whenever 
there is no risk of ambiguity. 
12 
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the second of which is equal to the first multiplied by o;, the third to 
the first multiplied by w;, &c.; whence the conclusion follows; for 


M — k (¢, +o, ¢,+ i) eee ($d, +n ibst...) 3 


and observing that the coefficient of ¢; in M must be unity, we have 
k=1, and therefore, from (7), M=1; that is, writing the rows as 
columns, 4), ¢2,... are connected by the identical relation 


$1, 9 oon |= 1 
Pn» Pi, 2; Pn = 
Pn—19 Pn) diy Dy_2 a oeca tebe ceaccasteente te (8). 


fio, Pay Pay os Pr 
If n=2, this takes the form 
cosh? # — sinh? z = 1. 


We may notice that, since ¢,+¢....+¢, =e’, by adding all the rows 
to the top row, and dividing by this quantity, we have 


. ann Res Bt ant = 6°". 
Prs $1; bo, 4 n—1 
Qu -15 Pry $1, Dy ~2 

| 2, sy 4, 2, 


and thus the sum of the minors of the constituents of either the top 
row (or first column) of the determinant in (8) is equal to e7*. 
If we denote by (a), {.(w), ... the series corresponding to (8) for 


i 


the differential equation = —4, 
da” 





and which only differ from 4, ¢.,... by having the alternate signs 
negative, the relations corresponding to (5) are written down at once; 
and it will be found that the relation corresponding to (8) is 


ty —WUn, — Wn tee —b, 
we, Vi, as ais" —ws 
Ws, Wo, vh, see —wW | 
Wns ie sas pin yy 


all the elements to the right of the diagonal being negative. If be 
odd, it is easily seen that this becomes identical with (8) on writing 
W,, ws, ... for $1, $3, ..., and — ry, —y,... for , o, ..., a8 is indeed 
evident from the differential equations; but if x be even, there is no 
such transformation: in fact, to take the case of »=2, no change of 
sign can transform ~{—9¢5 =1 into ¥*+yY3 =1. 


ati | 


? 
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On the Condition that, in the Transformation of any Figure by 
Ourvilinear Coordinates in Three Dimensions, every Angle in the 
new Figure shall be equal to the corresponding Angle in the 
original Figure. By J. Cumrx Maxwstt, F.R.S. 


[Read May 9th, 1872. ] 


In the corresponding problem in two dimensions, the only condition 
is Ov only fF (EP — Ine eesna eri eee eb; 
where 2, y are the coordinates in one system, and é, 7 in the other. 

In three dimensions the solution is more restricted. 

Let w, y, be functions of £, », ; then the point in the system 2, y, z, 
for which é is constant, will be in a certain surface, and by giving & a 
series of values we obtain a series of such surfaces. There will be two 
other series of surfaces, corresponding to » and ¢ respectively. Ifin 
the second system é, yn, ¢ are rectangular coordinates, the surfaces cor- 
responding to é, 7, ¢ in the first system will intersect at right angles. 

a _. deda. dy dy , dade —_ ¢ 
The condition of this is In dé ++ an al + iyi (5 sake gute cae (2), 
with two other equations in ¢ and é, and in é and 7. 


é dan fay" dz\?> 
If we now write a= ie) at ea ois GA | 
- da \? ly \? dz \? 
B= & ef Ga - a ae (3); 
da\? dy \? dz\? 
v= (8) 
dé dg at 
and dé is the intercept of the line (y=const., =const.) cut off between 
the surfaces § and + dé. 


The angle e, at which a line whose coordinates are functions of p cuts 
a line whose coordinates are functions of q, is found from the equation 





da dz dy dy dz dz 


dp dq dp dq dp dq 

me a) \ay)icaan) ht (aa): 
= cose} (5) + ae 1 a 1 
Expressing this in terms of é, 7, and ¢, it becomes 


dE dE, pedn dy , 4 ab al 
dp dq dp dq Mi 


= cos ef a’ (#)'+ 6 (a « (ey 


x fo (B+ (2) 47 (ZY Per @. 


Nias ea 
a i dq 
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In order that the angle e, at which these lines intersect in the system 
(2, y, 2), should be Aen equal to the angle e, at which the corres- 
ponding lines in the system (é, n, ¢) intersect, it 1s necessary and suf- 
ficient that Oa) ea eee ee (6), 
for these are the conditions that equations (4) and (5) should be of 
the same form. 

Now consider the quadrilateral ABCD, cut off é Saf 
from the surface (¢ = const.) by the surfaces 6, 
td, 9, and y+dn. 





a 
A = ae: hi 
AD = fdn, 
CD = (a+ Sdn) di, q 
dy 

1b (1 + aps dé) dy. 

‘ dé 

Since the three sets of surfaces are orthogonal, 


their intersections are lines of curvature, by 0 

Dupin’s Theorem. Hence AB is a line of cur- 

vature of the surface 7, drawn' parallel to a. Hence the normals at A 
and B will intersect at some point O. Let us call OA, the radius of 
curvature of n wn the plane of a, Rysx, then 


AB: DC :: Rna: Rug + AD. 


Hence ne = 3 similarly Ryy = 7 : 
dn dn 


These values of the radii of curvature are true for any system of 

orthogonal surfaces, but since in this case a=y, we find 

Rye = Rny ; 
or the principal radii of curvature of the surface n are equal to each other 
at every point of the surface. Hence the surfaces 7 must be spherical. 

Since a=$=y, the other families of surfaces and f must also be 
spherical. 

Now take one of the points where three spherical surfaces meet 
at right angles for the origin, and invert the system, These spheres 
when inverted become three planes intersecting at right angles, 
and the other spheres become spheres, each intersecting at right 
angles two of these planes. Hence their centres lie in the lines of 
intersection of the planes. Let a, b, ¢ be the distances, from the 
point of intersection of the three planes, of the centres of spheres 
belonging each to one of the three systems, and let their radii be 
Pp, 4, v respectively. Then the conditions that these spheres intersect 


at right anglesare @+rP=0?+c, rt+p=e+a, p+g=at+d’, 


fa, Ce) ae eo 
eo ‘ ki 
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whence (is ome Or lend a ey ae 

or all the spheres pass through the origin, and each system has a com- 

mon tangent plane. Hence if we take these three planes as coordi- 

nate planes, and write ety +2 = 7, 
Cec Ge ps 

we have 7p = R’, a constant quantity, 








gepote ek FS, 
Se ean sp 
R? 2 . 2 
whence Ab lees y= ne —— me 
p p p 
2 R2 R? 
Reon Rit ree ye 
a=p=y= >= 5 = - 
poe Dp 


It appears from this that the only method of transforming a figure 
of three dimensions, so that every angle in the system shall remain of 
the same magnitude, is the method of inversion or of reciprocal radi 
vectores. 

[Reference may be made to ‘“‘ Méthodes de Transformation en Géo- 
meéirie et en Physique mathématique,” par J. N. Haton de Goupilliére, 
especially § vii. ; “ Jowrnal de Ecole Polytechnique,” tom. xxv., p. 188. ] 


. June 13th, 1872. 
W. SPOTTISWOODKH, Esq., F.R.S., President, in the Chair. 


Sir Charles Wheatstone, F.R.S., was amongst the visitors present. 

Mr. W. Paice, M.A., was admitted into the Society; and the Rev. 
C. Taylor, M.A., and Mr. R. W. Genese, B.A., were ballotted for in 
the usual manner, and elected members. 

Prof. Cayley, V.P., gave an account of his paper “On the Surfaces 
divisible into Squares by their Curves of Curvature.” 

Sir W. Thomson, Mr. Merrifield, and Prof. Clifford put a few ques- 
tions to the Author upon points suggested by his paper. 

Mr. 8. Roberts, V.P., gave some illustrative details of his communi- 
cation “On Prof. Cremona’s Transformation between Two Planes, and 
Tables relating thereto.” 

Dr. Hirst briefly described a few results he had obtained bearing 
upon “a Manifold Correspondence of Two Planes.” Prof. Cliiford 
made a few remarks on Dr. Hirst’s communication. 
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Sir W. Thomson then explained the object of his short paper on 
“the Simultaneous Reduction of Two Polynomial Quadratics to Sums 
of Squares.” The Author cited particularly Cayley, ‘“‘ Cambridge and 
Dublin Mathematical Journal,” Feb. 1849, and “ Quarterly Mathe- 
matical Journal,” 1858; and the celebrated problem of Cauchy’s, 
treated in vol. iv. of his “Exercices,” under the title “Sur l’équation 
a l’aide de laquelle on détermine les inégalités séculaires des planetes.”’ 
The Hon. J. W. Strutt referred the Author to 2 memoir bearing on 
the subject of his paper. 


On the Surfaces divisible into Squares by their Curves of Curvature. 
By A. Caytry, F.R.S. 


[Read 13th June, 1872.] 


Prof. Cayley gave an account of an investigation recently communi- 
cated by him to the Academy of Sciences at Paris. The fundamental 
theorem is that, if the coordinates «, y, z of a point on a surface are 
expressed as functions of two parameters p,q (such expressions, of 
course, replacing the equation of the surface) ; and if these parameters 
are such that p = const., ¢g = const. are the equations of the two sets 
of curves of curvature respectively; then (writing for shortness 
dz __,, dx a. Cx _, da aay ae 
dp 1) dq 29 dp” “39 dp dq 49 dq’ 
the coordinates #, y, z, considered always as functions of p, q, satisfy 


= #;, and the like for y, z), 


the equations @y Lo + Yy Yot 2% = 0, 
1, Yr %y =s'(), 
Uo, Yr eq 
Uy, Ys, % 


The last equation is equivalent to 


«@,+Aav,+ Ba, — 0, 
yst Ay, + By, = 0, 
gtAz+Bz, —_ 0; 


and if in the notation of Gauss we write 
42 2 hae 
ai+y, +2 =H, 
52 2 or, =e 
vs TYs a as ome G, 


then adding the equations multiplied by %, y, % respectively, and also 
adding the equations multiplied by a, y2, 2 respectively, we find 
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and the equations thus become 


pe ere el =a () 
4 E dq 1 Gd 2 ? 
&e. &e. &e., 


which, in fact, agree with the equations (10 bis) in Lamé’s ‘ Lecons 
sur les Coordonnées curvilignes,”’ Paris (1859), p. 89. The surface 
will be divisible into squares if only EZ: G is the quotient of a function 
of p by a function of g, or say if 

eo Dora ne 
where © is any function of (p,q), but P and Q are functions of p and ¢ 
respectively ; we then have 


1d@_1d 14d¢_140 
E dg Odq’ Gdp  Odp’ 
and the equations for 2, y, 2 are 


Bites er ke OO tty 


0 dq ‘ @ dp 
&e. &e. &e., 


viz., #, y, 2% being functions of p,q such that aa.+y,4,+%% = 0, 
and which besides satisfy these equations, or say which each of them 
satisfy the equation 
2u4— ee UWy— sea Wann At 
0 dg Olipe ares 
then the values of #, y, # in terms of (p, g) determine a surface which 
has the property in question. 


On Professor Cremona’s Transformation between Two Planes, and 
Tables relating thereto. By Samuret Ropers, M.A. 


[Read June 13th, 1872.] 


In the transformation theory of Prof. Cremona, we have a point-to- 
point correspondence between two planes. ‘To a right line in one plane 
corresponds a unicursal curve of the order m in the other plane, and 
vice versd. To the right lines in one plane (say P) corresponds a 
reseau of unicursal curves of the order n in the other plane (say P’). 
Any two curves of the reseau intersect in a certain number of funda- 
mental points giving the equivalent of n*—1 intersections, and these 
points are the same for all the curves of the reseau. The two curves 
in question meet besides in one point, which corresponds to the inter- 
section of the two right lines, to which those curves themselves cor- 
respond. All this holds good when P and P’ are interchanged. 
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The fundamental or principal points in P may be divided into groups 
Send, Llp geeCr | 
where a, denotes the number of such points which are multiple in the 
degree p, and so on. In like manner, the principal points in P’ may be 
divided into groups Crs Sh apis ROCs 


a 


The systems satisfy respectively the equations 
ap a, = 3n —3, 
ipa, = n—l, 
Lp’ ay = 3n —3, 
Zp°a, = v—l1, 

Some solutions of these equations are, however, usually inadmissible; 
and the problem of determining for a given integer n the systems of 
principal points has not been completely solved. Prof. Cremona has 
determined them for n=1, 2,3... 10, and has also given some of the 
forms for general values of n. 

In many instances, two conjugate systems are the same in form; 
that is to say, we may write 

a, = aes a, = Qo, Gy = ene: 
p re q= as T= Yr, &e. 

When this is not the case, the systems still possess this asec 
that to each group a, in one system corresponds an equal group a, in 
the other system, ad vice versd ; that is to say, we may write 


a, = a. a i He a, = a. &e 
2 papain Ea | Lav my bf i. oa fae "3 


but not necessarily p=p’, gq=q7, r=r, &. 


This relation, following from the symmetry of the two systems, was 
inferred by Prof. Cremona, and rigorously established by Prof. Clebsch 
(Math. Annalen, Band IV., p. 490). 

But when two conjugate systems are determined (and it is to be 
observed that for n>3 there are several conjugate systems), we have 
yet to determine the singular correspondents of the principal points 
themselves. 

To the principal points in P corresponds the Jacobian of the reseau 
which corresponds to right lines in P, and this Jacobian is made up of 
certain curves which are of the order p, g, 7, &c., and are unicursal ; 
that is to say, it is made up of a, curves C,, a, curves C,, a, curves O,, 
&c., and to each constituent point of the group a, corresponds a curve 
C,, to each constituent point of the group a, corresponds a curve C,, 
and so forth. 

We have next to determine the order of multiplicity of the principal. 
points in P’ through which these singular correspondents respectively 
pass. 
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This problem being solved, we are able to construct tables which in 
fact express the character of the Jacobians. 

I do not wish to occupy space with more details than are necessary 
to make the remarks I have to offer intelligible. The general theory 
will be found in the original memoirs by Prof. Cremona, and in a paper 
by Prof. Cayley on the rational transformation between two spaces. 
(Proc. Lond. Math. Soc., Vol. III., p. 127 e¢ seg.) I am concerned at 
present with the form of the tables which for n = 2, 3 ... 6, and some 
general cases, are given in the last-named memoir. 

In the first place, let us suppose that a table or a pair of tables, 
where the conjugates are dissimilar, is given, so that we know the cor- 
responding conjugate systems and the character of the Jacobians. 

If we take any right line in P’, its correspondent in P is a unicursal 
curve of the order n, passing p times through each point of the group a,, 
g times through each point of the group a,, and so on. If, however, 
the line passes through a point of the group a,, the reduced cor- 
respondent is of the order m—p’, and the reduction takes place in con- 
sequence of the poimt of the group a, having for its singular cor- 
respondent a unicursal curve of the order p’. The gross correspondent 
of the right line still remains of the order », and passes p times through 
each point of the group a,, &c., but breaks up into the nett correspon- 
dent C,,_,, and the curve C,, which, as corresponding to a point of the 
group a, is invariable for the pencil of right lines passing through 
that point. What is to be observed is that, if we know the relation of 
the curve C,, to the principal points in P, we can determine the re- 
lation of the curve C,,_» to the same system. 

And if the primitive line is a curve C,, and passes through the 
principal points in P’ in a stated manner, we can in the same way 
deduce the relation of the correspondent C; in P to the principal points 
in P, when we know the nature of the correspondent if C;, does not 
pass through any of the principal points, and know also the nature of 
the correspondents of the principal points in P’. 


To fix the ideas, suppose that 
| Ans Bi Yr 
as, Br, Yu 
are conjugate systems, and that C,, corresponding to a point of the 
eToup a,, passes 
a times through A points of the group ay, 
b times through B points of the group a,, 
c times through C points of the group a,. 


Then to a right line through a point of the group a, will correspond a 
curve C,_, which passes 
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p times through a,—A points of the group a,, 
p—a times through <A _ points of the group a,, 
q times through 2,—B points of the group f,, 
g—b times through 3B points of the group #,, 
y times through y,—C points of the group y,, 
y—c times through OC _ points of the group y,. 


T will now make use of these considerations in one or two cases of 
transformation. 


For n=2, we have the table (Proc., vol. ii. p. 148) 








Let the curve C, pass a, times through a point of the group aj, 
b, times through another point of the same group, and c¢, times through 
the remaining point. 

Let the correspondent C, in P pass a times through a point of the 
group a, 6, times through another point of the same group, and % 
times through the remaining point. 

If the curve C,, did not pass through any principal point, we should 
have Gy aap 0) 

We have then 
k = 2h’ — a, — bi — ¢,* 
k= 2k —am —b,— 4; 
OT Ki — by = Ch, 
bh =k—a—c, 
¢ =k — a, — by. 
And since the conjugate systems are similar 
a = k—b,—«,, 
b, = k-a—«, 
¢ = k—a,—b,. 
These are the known formulee for a quadric transformation. 
For the cubic transformation we have 


ay As 
l| II 
4A 1 
rrem—nae ts OE 1 
Cr aentt WE A! 1 





* The general formula being : 
k = k’'n—% (a+ 2a. +...), 
Ki = kn—3% (a+ 2ag+...). 
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Let Cy in P’ pass a times, b; times, c, times, d, times through the 
respective points of the group aj, and a; times through the sole point 
of the group ay. In like manner let 4, a, 0), c, ad), a refer to the cor- 
respondent C, in P;. Then we have 
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k = 38k’ —Xa,—2a,, 
ke = 3k — La, — 2d, 


with ad, = Kh -—ay—a, 
b, =kK—bi-—a,, a, = 2k’ —Ya,—a, 
¢ = k—o—a, 
d, = k—d,—a; 


and conversely a, = k—a,—M, 


by — k—b,— a, by a 2h — Xa, — Mo, 
Gq = k—-e—m, 
d, = k—d,—. 


These are the formule for the cubic transformation. In like manner 
we can write down the formule of transformation in any case where 
the Jacobian tables are completely given. 

Thus, for an example of dissimilar conjugates take the last pair of 
tables for n=6. 

Using the same notation as before (Proc., vol. iii. p. 149), we have 


k = 6k) — 3a, — 23a, — 4a, 
Ki = 6h—Za,—2a,— 33a, 


for C, and its correspondent 


a, = k’—a,—ai, 
b, = k—b,—a, 
¢, = k'—c,— a4, 
dy = k —d,— a, 


Ay = 2h’ —Ya,—2a4, 

a, = 3k —b,—c, — Da,— 2a, 
b, = 3k —a,—c, — 2a,— 204, 
Gok ee eo 


and conversely 


a, = k—b,—cs, Oy = 2k— ay, —A.— Vas, 
b; = k—a,—Cs, b, = 2k—},— 
C, = 2k—c — My — Bats, 
dy = 2k—d,—a,.— Zag. 


Ay— U3, dy = 4h —Zay—a,— 2343, 


¢, = k—a;—b,, 


For a more general case I take the second pair of dissimilar con- 
jugates for n=3p, and obtain in a similar manner 


k = 8pk —da,—2a,—8 3 as— (3p —8) agy-s, 
4 2p—2 


Ki = Sph— 2a,—(p—1) dy-1—P2aip—2pary, 


126 Mr. 8. Roberts on Prof. Cremona’s [June 13, 


, , is , ‘ ‘ , , 
Q, = k —A3— Agp-3, A, = pk nh a d3—(p—1) 3-39 
‘ ip = 
, , , y / , / ‘ , 
by poet f'n — b3— 3-35 b, = pk ie adit 2a;—{p—1) 3p —39 
mee 
2p —2 equations, 4: equations, 


Oy1= (p—1l) kK — sa, Ag» = 2k’ —Za,—a,—2 a3— (2p—2) ag,_33 
2p-2 4 2p-2 
— (p—2) Asp—sy 
where the suffixes under 2 denote the numbers of the letter, which the 


symbols cover. 
And we also have 


a, = k—ay, — Mm, ds = 38k—a,—Ay- 1— 2p — 2a», 
bi = k—b,— Gop, b; — = 3k—b,—a,_) —Da. p— 2A», 
4 
4 equations, 2p—2 gene 


a, = 2k—Bity— ty, aps = (Bp—8) B— 3B —(p—2) 4 
<(p-1) 24, — (2p—2) agy. 
These results might be tabulated in the following manner. The last 
system gives 
a, | k—a,—Ary 


As Qk eet ae 4 Coy 





As 3k — A, — Op_1— Billy — 2A ay 


spa} (8p —3) k—(p—2) ap_1—(p—1) Baty— (2p —2) ary 








But, in fact, it is unnecessary to tabulate what is so directly derivable 
from the Jacobian tables. 

It will be observed that if in each of the conjugate systems of prin- 
cipal points there are M groups containing m constituents in all, we 
have m equations linear in a, &c., to express the values of m quan- 
tities, a,, &c., and vice versé. The one set of equations is_derivable 
from the other, and we need not, in fact, make use of two conjugate 
tables, since either of them will give the relations sought by solving a 
linear system. 

With an ulterior purpose, I now take an extreme case k’= 0, so that 
C,, represents a point or points. 

We shall have in general k=0, since there is a point to point cor- 
respondence between P and P”. 

But let us suppose that C, is in fact a constituent of the group a,. 
Looking at the manner in which the expressions for kh, k’, a, &c., a,. 
&c., are obtained, we see that, retaining the general formule, we shall 
get, with negative signs, the values of a, &c. for the singular corres- 
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pondent of a point of the group a, when we put a; =1, and erase the 
rest of the accented letters. 

For in the case of a general curve C,, we have been subtracting for 
the effect of the singular correspondents of principal points. We now 
have k’=0, while the singular correspondent C,,, which in the general 
case is deemed extraneous, is no longer So. Thus, in the cubic trans- 
formation, putting a4, =1, db: =&.=k=0, we get | 

—a, =I, —%=1; 

indicating that the right line corresponding to a point of the group a, 
passes once through a point of the group a,, and once through a point 
of the group a,. Since a knowledge of this was assumed in obtaining 
the formule, we do not gain anything directly by this consideration, 
except that it becomes plain how we can obtain from a given table its 
conjugate by the solution of a linear system. In addition to this, 
however, the results show a remarkable symmetry, which may be re- 
garded from a more general point of view. 

I observe that the individual constituents of any group a, have no 
preeminence among themselves. From this simple consideration, it 
follows that if a curve C, in P’ passes through each point of each 
group of principal points in P’ a number of times, which does not 
vary for the same group, then the correspondent C; in P also passes 
through each point of each group of principal points in P a number 
of times which does not vary for the same group. And further, 
since the number “zero” is included, we may express the conclusion 
thus,— 

If a curve C,, in P’ passes through each point of a certain number of 
groups of principal points in P’, a number of tines which does not vary 
for the sume group, and not otherwise, then the correspondent C, in P 
passes through each point of the groups of principal points in P, or some of 
them, a number of times which does not vary for the same group, and not 
otherwise. 

In what precedes, we have supposed that the different groups of 
principal points are of different orders of multiplicity. I observe 
further, however, that this supposition is not intrinsically necessary. 
For if we divide a group (say a,-) into two or more sub-groups, and 
also divide the equal corresponding group (say a,) into two or more 
corresponding equal groups, the conclusion remains unaltered. To il- 
lustrate this, consider the case 


n = 49+ 2, 
aaa Os a, = 2%-—1, 
oa 3) dy. ="9, 


a’,  =2p—1, eg, ed 


7, ‘ 
A 4p-2 = i Aon41 = 3. 
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For p=1, these become 


ay == 8, a a ee ee 
on — 6. soe riage: eal 
a! bre aN = 


legen ls) Ge 0 


And it is evidently immaterial whether we treat this as a case of four 
groups or a case of three groups. 

Hence we may conclude that what has been stated above with re- 
ference to a curve passing through the constituents of groups of dif- 
ferent orders of multiplicity, is also true when the groups, or some of 
them, are of the same degree of multiplicity. 

It follows, for instance, that if C, passes an equal number of times 
through a certain number K of the constituents of a,, and we will sup- 
pose a different but equal number of times through the remaining 
a,,—K constituents, and also through each of the points of the other 
groups an equal number of times not varying for the same group, 
then the correspondent C, in P will pass through K of the constituents 
of the corresponding group a, an equal number of times, and through 
the remainder of the group a, an equal but generally different number 
of times, and through the other groups a number of times not varying 
for the same group. For we may divide a, = a, into a group K and a 
eroup a,,—K, so that we still have equal corresponding groups. Ap- 
plying this reasoning still further, we arrive at the following con- 
clusion :— 

Tf Cy in P’ passes an equal number of times through K constituents of 
any group of principal points, then the correspondent OC, in P passes an 
equal number of times through K constituents of the corresponding equal 
group. 

And this result is borne out by the formule which have been given. 

Falling back, then, on groups of different multiplicity, and the for- 
mule of transformation for that case, we gather that the expressions 
for dy, b,, &c. must contain a,, b,, &c. either altogether or not at all ; 
and that they must contain a,, b,, &c., relating to the corresponding 
equal group in such combinations of / letters that 


ty 0, — 1 we age at 


se Deh 2 


les Qeadtied ues 
that is to say, J=1 or /=a,—1. 


7 





Let us now apply this to the case when #’=0, and C, represents a 
point of the group a,. The correspondent will then represent the 
singular correspondent of a point of the group a,, except, as has been 
explained, that the signs will be negative, and this discrepancy of sign 
can of course be readily removed. 
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From what has been said, the following conclusion results :— 

The numbers (eaclusive of indices, according to Prof. Cayley’s notation) 
which enter a table are the numbers of the groups of the principal system 
or zero, except as to the squares of the table which relate to corresponding 
equal groups. The numbers in these squares will be either unity, or the 
number of the corresponding growp less 1, or both of these numbers. 

A difficulty arises when each system contains two or more equal 
groups. In such a case, I do not know how to determine, @ priori, the 
corresponding equal group. It is not difficult, however, practically to 
determine this. Meanwhile we know that in such cases the numbers 
in the corresponding square are either zero, the number of the group, 
unity, or the number of the group less 1. In the case of corresponding 
equal groups, both unity and the number of the group less 1 may occur, 
with different indices. 

Although the indices remain undetermined, a step has been gained, 
and for values of x of moderate magnitude the tables can be completed 
without difficulty. The solution is unique when the conjugate systems 
are given. Otherwise we should have more than one possible corre- 
spondent to a principal point. 

I have employed this method to complete the tables up to n=10, 
and also for the general forms given by Prof. Cremona. 

Since the corresponding equal groups may be so arranged that a 
diagonal of the table belongs to them (and may be so arranged in various 
ways), [have adopted this plan so that the numbers on either side of the 
diagonal are the numbers of the groups. The letters and numbers at the 
top of the several tables denote the principal groups in one plane; 
those at the left-hand margin indicate the fundamental groups in the 
other plane, the correspondents of which pass through the first-men- 
tioned system in the manner indicated by the numbers in the tables. 
These numbers are the numbers of the points through which the cor- 
respondents pass; their indices give the multiplicity. 

It is unnecessary to repeat the tables given by Prof. Cayley. 
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TABLES n= 7. 


ay a» a3 a, * 


2 toa a 








ay) Ay 
14 #1 
a) 14. 1 1 
Thy? We et A a hg 

















* It will be observed that this table is sibi-reciprocal only in a restricted sense, 
since the suffixes of the corresponding groups are not the same. I have noticed this 
in other cases where there are several equal groups. 
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TABLES n= 8, continued. 











se he et el | 1 | 4 | 72 

a,16; 1 1 aa: ik | | 4 1 
Pe LG en? oad | | Hever 
ted | 4 | 42 | 4 
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TABLES 7. =9 continued. 


a3 Ag 


ui 


























TasBLeEs n= 10. 


ay C3 ay 
ay My 


Lovo 























esr) Py) ep 
1 Aj BO ee 

el | he moe 

ara) o| op gen lun a, 2 

a2} | 4 [Lv 2 | a3] 2 

ATR ee 
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TABLES 2=10 (continued). 


Ay ag a; C4 as 


ay 
3 8 1 
2 





























Ag 1 
3 5] 
(ls 2, 


a) yy 








U4 i} 

















ag ds 
1 3 
Ly :3 
Ne ie: 
12cha5? 
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TaBLes 2=10 (continued). 











a) a3 as ay a3 a, 
A (ts 
6 3 
a,6| 5 3° 
PL Saat | eh aes B2 
B 
A 
~ 

















TABLES 2 = 3p+1. 






















Cty An Anyi Any ay Cy Az = Agy-2 
2p—2 3 2 if 2 3 2p—2 1 
2p—-2) 1? 
2p—2) 1?-} 
il 1 
(2p -2)3] 12? -2 














a Oo 





3p -2 1 2p—1 aS teas 


TABLES n = 3p +2. 


a3 Agp-1 


a, 
2 2p—1 1 
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TABLES n= 3p+2 (continued). 




















0) 3 43-1 
5 2n—2 1 
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dom 0 4; |2p-2| 1? az 2p— 
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TABLES 2 = 4p. 
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Qn+1 1 
tg : Ane ao 3 
dy, 2 Sei (iee-3 P42. Fa ood. 
ay 2p—3 1 ines 1 
Gyp-1 1 @r-a7| 12-3] a, Q 
ay As a, An 4 
28 pos To 
Gy +1 2 ® |2p—4; 1? a, On —4. 
ay 5 i" P 
re Pe a) 2 
Asp -1 if Mp4 1 
ene 
ay A» a, Qjp-4 
3 3 2p—2 1 
Gop 3 2; 3 Pe 17-2 
ap 3 
a, 2p—2 
Geet 














2-2) 1?-} 








ay 


2p— 


185 





An+l Agn-1 Aon 


ay 
See 1 1 2, 














2-3] 3”-} 























4 
ay Ay GApni1 Agp-y 
2no—4 5 2 1 
boo Me eet 
46 ee 2k let le 
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TABLES n=4p (continued.) 



































ay a3 A, Aqy-4 
6 1 2-2 1 
a, 6 Le ol 29-3) let 
Gy} 1 2p—2 She 
a, 2p—2 i 1 
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TaBLes n=4p+1 (continued). 
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TABLES n=4p+2 (continued). 


A, A4n-2 ay} 


Cy ay 
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TABLES » =4y+3 (continued). 


Gq,  Agp_1 a) Ayn Ape) Kets nae 


a3 
Ba 1h 2p 1 
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On an Algebraical Form, and the Geometry of its Dual Connexion 
with a Polygon, plane or spherical. By 'T. Corrurtiy, M.A. 


[Read February 8th, 1872.] 


The following is a réswmé of some of the results and the method 
employed in a paper on this subject, read before the Society, Feb. 8, 
1872. A portion of the MS. having been mislaid, and some improve- 
ments having suggested themselves, the whole paper will be given 
hereafter. 


A polygon, plane or spherical, can be denoted in two ways—either 
by its angular points, or its lines equal in number (say m), taken in a 
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m (m—3) 
2 
points, called polygon points of the curve, or, for shortness, P points, and 
determine a curve of the order (#—3) passing through them, the order 


definite order of sequence. The m lines intersect again in 


curve of the polygon. In the same manner, the mores) diagonals de- 


termine the class curve of the polygon. The two figures being correlative, 
it is sufficient to consider only one case—for instance, the order curve. 
The lines are denoted by numerals or italics, or both; and when placed 
within a ( ) in a fixed order, represent a polygon or its corresponding 
curve. Thus (123abc) = (23abcl) = &c. is a hexagon with consecu- 
tive sides 1, 2, 3, a, b, c, or the unique cubic which passes through the 
nine intersections of its non-consecutive lines. A symbol, as (a,#), is 
the point of intersection of the line-pair a and #; such P points are 
divided into sets, a point of the first set being the intersection of two 
lines separated by one line, and of the second set when it is separated 
by two lines, and so on. The minor of a curve of a polygon is the 
curve obtained by striking out any number of consecutive lines of the 
original polygon. 

Thus (1234) is the right line connecting the P points (1,3) and (2,4). 

The curve (12545) of a pentagon is the conic through the five P 
points (1,3), (2,4), (8, 5), (4,1), and (5,2). It follows, from Pascal’s 
Theorem, that the tangent at a point, as (2,4), passes through the 
intersection of the lines 3 and (1425). 

Cubics through the P points of the conic (12345), cutting the lines 
2, 3, 4 on the line 6, form a faisceau touching the conic at the point 
(2,4). The cubic of this system, which passes through the point 
(1,5), is the cubic of the hexagon (123456), and touches a minor conic, 
as (34561), at (4,6), a point of the first set. The tangent at a point 
of the second set, as (2, 5), passes through the intersection of the lines 
(2516) and (2534). It is shown in the analysis that these construc- 
tions suffice for determining the tangent at any P point of the curve of 
a polygon. The three pairs of points (1,3), (4,6) and (2, 4), (5,1) 
aud (3,5), (6,2) correspond, in the meaning attached to the words by 
Prof. Cayley; so that the cubic is the locus of points at which the 
three pairs (as well as any other pair) of corresponding points subtend 
angles in involution. 

The three P points (6,4), (4,1), (1,5), on four consecutive lines 
4, 5, 6,1, form a triplet such that one conic of the reseau through them 
is inscribed in the cubic, and any other cuts the cubic again in a triplet 
of points of the same nature. The opposite of any such triplet and a 
fourth point on the curve, as d, is d’, the corresponding point to d. 
From these and other properties suggested by the analysis there is no 
difficulty in tracing the curve. 
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The nine P points of the cubic are on any four consecutive lines, as 
2,3,4,5. Taking the four intersections of these lines with a fresh line 
7, we have thirteen points lying on two broken quartics [the cubic 
_ (123456) and line 7] and (the four lines 2, 3, 4,5). Any other quar- 
tic of the faisceau through these thirteen points touches the cubic in 
the three points (4,2), (2,5), (5,3), and amongst them is the quartic 
of the heptagon (1234567), determined by passing through the point 
(1,6), touched by each minor conic in one point and by each minor 
cubic in three points. 


Proceeding in this manner, we see that the nets) P points of a 
polygon of (7+3) lines determine one curve (order 2), passing through 


the ners) P points of each minor curve (order 7), and touching it in 


ee of these points. 


An inflexion or multiplicity at a P point is obtained by supposing 
one or more of the lines of the polygon to pass through it, besides the 
pair which determine it. Other properties are easily obtained geo- 
metrically ; but the clearest insight into these curves, and their con- 
nexion with certain associated curves, is gained from the following 
theorem in determinants, which gives the quantic of the curve of a 
polygon referred to its lines in many different forms, as well as those of 
the associated curves just alluded to :— 


Theorem in Determinants. 
If a triad of letters in ( ), as (abc), represent the determinant of the 














third order | a,b,c, |, the suffix numbers being the same in each 
CU aCe 
| ds D3 C3 | 
determinant, then 
1 { (tab) (thc) Ht i (tmn) (tna) ; 
(tay) ( (ay) (bey) (bay) (cay) (may) (nay) (nay) (aay) 


epee 3 (tab) 

(tay) (aay) (bay) 
constant value, which can be obtained by substituting for ¢ one of the 
fixed letters a, b ... m,n, in which case two of the terms disappear. Let 


is independent of ¢, so that this function has a 





: tab) 
tl ' Then 1. (try) = 3 _, 
uis be denoted by I. Then I. (tzy) yea 

iif eenigy, “ign aOR eaten asiteaty ir fe vivtic. 

(aay) (bay) 
(tab) 
2. = l Lou Jo Ue 

and (aan Cea) 0, then (tay) =0 

The form = eg as evidently the same properties as the 


(uay) (bay) 
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expression for the area of a plane polygon in terms of the areas of the 
triangles and polygons into which it can be divided, and denoted in 
the usual manner by means of their vertices. 

Substituting p for ¢, it is at once manifest that in the form 

i 5 (pab) 
(pry) (aay) (bey) 
formed from the vertices of the polygon and the three points p, a, y. 
But in order to obtain the order curve of the polygon, we suppose, in 


1 (tab) 
the 2" Coy) » (aay) (bay) 
as (tab), the alternating and therefore cyclical function correlative to 
twice the area denoted by the product of the sine of any angle of a tri- 
angle and its distance from the opposite side. In this case, if an‘italic 
by itself be the perpendicular from a point of the plane on the line 
1 y (tab) 
t  a.b 





the triads may represent the areas of the triangles 


the italics to represent lines, and a triad, 





denoted by the italic, we shall have independent of the 


position of fin the plane. Let II denote the product of the symbols 
a,b...m,n; then ~ > (a) = U=(ab...mn), the simple multiform 
a. 


quantic of the order curve of the polygon, assuming as many shapes 
as the polygon can be divided into its own triangles and polygons. 
Thus, if the lines of the polygon be a single line a and p consecutive 
lines P, a single line w and q consecutive lines Q, and P and Q by 
themselves denote the perpendiculars from a point on the consecutive 
lines, then the identity (aPzQ) = (aPz).Q+(#Qa).P proves the pro- 
perties of the minors already mentioned, and that two complementary 
minors (aPx), (Qa) intersect on the curve of the polygon. An im- 
portant variety of the form is (taP«), in which ¢ is variable, forming a 
reseau through p’—p+1 points; any two of the curves intersecting 
again in (p—1) points collinear with (a, 2), and determined by two of 
the curves breaking up and containing curves of the order (p—1). 


1) 


From this form we also find sets of nore points on a curve of a 


polygon order n, through which a curve order (p—1) can’ pass. touch- 


n(n—1) 
2 


ing the primitive at the points; the sets of points being such 


that a curve of the order (n—1) through them cuts the primitive again 


o nt) iB points of the same nature. 
Again, #.U = IIx ce), 
a. 
line. Thus, ¢.(aP2Q) = (taPx).Q+(taQa).P, showing that, if we 
take a line ¢, the curves (taPx) and (taQa), having the P point (a, 2) 
in-common, generate the primitive curve by their intersections. 


in 





the quantic of the curve and an arbitrary 
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Geometrical meanings can sometimes be attached to the forms con- 
taining more terms. 

The fundamental expression is also proved by comparing the area of 
a triangle with the corresponding correlative function of the polars of 
its vertices to a conic of the plane, and in a form showing the analogue 
in any space possessing an absolute. The Author is happy to add that 
the subject in space has attracted the attention of Prof. Clifford, who 
has laid the results of his investigations before the Society. 


The following presents have been received in the recess :— 

‘‘Memorie del Reale Istituto Lombardo,” vol. xii. della serie iii, 
PABC eH HlstV Lov 2. 

‘** Rendiconti del R. I. Lombardo,”’ serie ii., vol. ii1., fase. i.—vili. and 
XVi.—xx.; vol. iv., fase. i—mxx.; vol. v., fase. 1.—vu. 

“Crelle,’ Band 74, drittes und viertes Heft; Band 75, erstes 
Heft, 1872. 

‘“¢ Monatsbericht,” April, 1872. 

*¢ Annali di Matematica,” serie i, tom. v., fase. 11., May, 1872. 

“Bulletin des Sciences,” vol. iii., July to October, 1872; and Index 
to tom. 11. 

‘Smithsonian Report,’ 1870. (Washington, 1871.) 

‘“‘Rappresentazione piana di alcune superficie algebriche dotate di 
curve cuspidali,” nota del Prof. L. Cremona, 1872; and “Le figure 
reciproche nella statica grafica,”’ L. Cremona, Milano, 1872: both from 
the Author. 

‘Le proprieta cardinali degli strumenti ottici anche non centrati,” 
F. Casorati: from the Author. 
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NINTH SESSION, 1872—83. 
November 14th, 1872. 


AnnuaL GenerAL Meerinea, held at 22, Albemarle Street. 
W. SPOTTISWOODH, Esq., F.R.S., President, in the Chair. 


The Reports of the Treasurer and Secretaries were read and adopted. 

From the Report of the Secretaries, it appeared that the number of 
Members, since the last General Meeting, held November 9th, 1871, 
had decreased from 114 to 113. 

The Obituary of the Society during the Session comprised the names 
of Mr. E. A. L. B. Smith, Fellow of Christ’s College, Cambridge, and 
Mr. Knowles, A.I.A. 

The communications made to the Society during the past Session 
had been as follows :— 

‘*On the Partition of an Even Number into Two Primes:”’ by Dr. J. 
J. Sylvester, F.R.S. 

“On the Theorem that an Arithmetical Progression which contains 
more than one contains an infinite number of Prime Numbers:” by the 


same. 

“On the Surfaces the Loci of the Vertices of the Cones which satisfy 
Six Conditions :” by Prof. Cayley, F.R.S. 

“On the Constants that occur in Certain Summations by Bernoulli’s 
Series :” by Mr. J. W. L. Glaisher. 

“On the Parallel Surfaces of Conicoids and Conies:’ by Mr. S. 
Roberts. 

“On an Algebraical Form, and the Geometry of its Dual Connexion 
with a Polygon, plane or spherical: by Mr. T. Cotterill. 

‘‘On a new expression of Invariants and Covariants by means of 
Alternate Numbers :” by Prof. W. K. Clifford. 

“‘ Vibrations in a Sphere:” by Hon. J. W. Strutt. 

“On the Mechanical Description of Certain Sextic Curves :’’ by 
Prof. Cayley. 

“On Functions with Recurring Derivatives: by Mr. J. W. L. 
Glaisher. | 
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“On Equations of Motion; and ‘On the Transformation of Solids :” 
by Prof. Clerk Maxwell. 

“On the Surfaces divisible into Squares by their Curves of Curva- 
ture :” by Prof. Cayley. 

““On Prof. Cremona’s Transformation between Two Planes, and 
Tables relating thereto :” by Mr. S. Roberts. 

“A Manifold Correspondence of Two Planes:” by Dr. Hirst. 

“On the Simultaneous Reduction of Two Polynomial Quadratics to 
Sums of Squares:” by Prof. Sir W. Thomson. 

Shorter communications were made by Profs. Cayley, Clifford, Mr. 
Roberts, Mr. W. B. Davis, Mr. A. J. Ellis, Prof. Crofton, and Mr. 
Sprague. 

The same Mathematical Journals had been subscribed for as in the 
preceding Session. 

The Proceedings had been sent to the Royal Societies of London 
and of Kdinburgh ; the Royal Irish Academy; the Cambridge Philo- 
sophical Society ; the Philosophical Society of Manchester; the In- 
stitute of Actuaries; the British Museum; |’Académie des Sciences, 
Paris; V’Ecole Polytechnique; la Société Philomathique; Akademie 
der Wissenschaften. Berlin ; il Istituto Lombardo, Milan ; the Smith- 
sonian Institution, Wy deinieton U.S.; PAcadémie Royale e Belgique ; 
Société des Sciences Physiques et Nebutulles de Bordeaux ; Society of 
Natural Sciences of Zurich; Prof. Luigi Cremona, an Hditor of the 
“Annali di Matematica’’; Herr Borchardt, Berlin, Editor of ‘‘ Crelle’s 
Journal’; M. Darboux, Editor of the ‘“‘ Bulletin des Sciences Mathé- 
matiques et Astronomiques”’; and the Editor of “‘ Nature.” 

In return for these, the Society had received the Proceedings of the 
Royal Society ; the Journal of the Institute of Actuaries ; the Annali di 
Matematica; the Monatsberichte for 1871, 2, from the Akademie der 
Mu eousobArieti Crelle’s Journal, from Herr Borchardt ; “ Nature,” 
weekly, from ine Kditor; the Transactions of the Royal Ir nae Society ; 
Annuaire et Bulletins de laNendGniie Royale des Sciences, des Lettres, 
et des Beaux-Arts de Belgique; Journal de 1l’Ecole Polytechnique ; 
Report and Proceedings of the Smithsonian Institution, Washington ; 
Memorie and Rendiconti del Reale Istituto Lombardo; Mémoires de la 
Société des Sciences Physiques et Naturelles de Bordeaux ; Bulletins 
des Sciences Mathématiques et Astronomiques ; Vierteljahrschrift der 
Naturforschenden Gesellschaft in Zurich. 

The following presents had been made to the Society :— 

‘“* Nautical Almanac” for 1875. 

Five Memoirs from M. Darboux. 

“Theory of Heat,” by Prof. Clerk-Maxwell : from the Author. 

Nine Memoirs from the Royal University of Norway (p. 10 supra). 

“ Journal of London Institution.” 

VOL. IV.—NO. 900. L 
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“‘Vietea opera mathematica” (1646); and ‘“Ubaldi mecanicorum 
liber”: from Mr. 8S. M. Drach. 

“Geometria rigorosa,” by Dr. Cassani; and a Carte de Visite of 
Herr Riemann: from Herr A. Stein. 

First and Second Annual Reports of the Association for the Im- 
provement of Geometrical Teaching. 

“On the Induction of Electric Currents in an Infinite Plane Sheet 
of Uniform Conductivity,” by Prof. Clerk- Maxwell: from the 
Author. 

_ Two papers from the “ Quarterly Journal,” by the Rev. Prof. Town- 
send: from the Author. (p. 112 supra.) 

Five memoirs from M. Hoiiel. (p. 112 supra.) 

Six Geometrical Memoirs by Dr. Emil Weyr: from Dr. Hirst. 
(p. 112 supra.) 

“On Cyclides and Sphero-Quartics,” by Dr. Casey: from the Author. 

‘“‘ Rappresentazione piana di alcune superficie algebriche dotate di 
curve cuspidali,” nota del Prof. L. Cremona; ‘Le figure reciproche 
nella statica grafica,”’ L. Cremona: from the Author. 

‘Le proprieta cardinali degli strumenti ottici anche non centrati,”’ 
F. Casorati: from the Author. 

After the Reports had been read, and the Rev. R. Harley, F.R.S., 
elected Auditor, the meeting proceeded to the election of the new 
Council. 

The following gentlemen were declared by the Scrutators (Messrs. 
Paice and Savage) duly elected :— 

President— Dr. Hirst, F.R.S.  Vice-Presidents— Prof. Crofton, 
F.R.S.; Samuel Roberts, Esq., M.A.; W. Spottiswoode, Esq., LL.D., 
F.R.S.  Treasurer-—Samuel Roberts, Esq., Vice-President. Secre- 
taries—M. Jenkins, Esq., M.A.; R. Tucker, Esq., M.A. Other Mem- 
bers of the Council— Prof. Cayley, F.R.S.; Prof. Clifford, M.A.; Thos. 
Cotterill, Esq., M.A.; *J. W. L. Glaisher, Esq., B.A., F.R.A.S.; * Rev. 
R. Harley, F.R.S.; Prof. Henrici, Dr. Phil.; C. W. Merrifield, Esq., 
F.R.S.; Prof. H. J. 8S. Smith, F.R.S.; Jas. Stirling, Hsq., M.A.; J. J. 
Walker, Esq., M.A. (The gentlemen marked * were not on the pre- 
ceding Council list.) 

Dr. Hirst, having taken the chair, expressed in very feeling terms his 
regret at the loss the Mathematical world and the Society had sus- 
tained by the very recent death of Dr. Clebsch, who had been elected 
a Foreign Member in December last. 

Mr. R. Pendlebury, B.A., Fellow of St. John’s College, Cambridge, 
was proposed for election ; and Mr. C. R. Hodgson, B.A., was admitted 
into the Society. 

Dr. Spottiswoode stated to the meeting that the application for a 
Royal Charter had for the present failed; and then proceeded to read 


1872.] Annual General Meeting. 147 


his paper entitled “Remarks on some Recent Generalizations of 
Algebra.” Prof. Clifford and Mr. Harley spoke upon the subject. 

Prof. Henrici exhibited a series of models of cubic surfaces, and 
pointed out their several singularities, and explained how the models 
were constructed. 

Prof. Clifford next read a paper “On a Theorem relating to Poly- 
hedra analogous to Mr. Cotterill’s Theorem on Plane Polygons,” and 
exhibited several illustrative models. 

A paper by the Hon. J. W. Strutt was, in his absence, taken as read. 
Its title was, “Investigation of the Disturbance produced by a Spherical 
Obstacle on the Waves of Sound.” 

The Secretary read an abstract of M. Hermite’s paper, ‘Sur lIn- 
tégration des Fonctions Circulaires,’’ which had been drawn up by 
Prof. Cayley. 

Mr. Roberts gave an account, in the Author’s absence, of Prof. 
Cayley’s communication on ‘The Mechanical Description of a Cubic 
Curve.” 

The following presents were received :— 

‘“‘ Bulletin des Sciences,’’ Nov. 1872. 

* Monatsbericht,’’ Mai, Juni, 1872. 

* Crelle,” 75 Band, 2° Heft. 

“ Journal of London Institution,” No. 17. 

“Ueber Systeme von Functionen mehrer Variabeln,”’ von L. Kro- 
necker (from Monatsbericht) ; two parts, Mirz, Aug., 1869: from the 
Author. 

“On the Law of Facility of Errors of Observations, and on the 
Method of Least Squares,’ by J. W. L. Glaisher, B.A., F.R.AS.: 
from the Author. 


] 


Remarks on some Recent Generalizations of Algebra. By Witiiam 
Srottiswoopz, M.A., F.R.S., LL.D.* 


Tue first generalization of Arithmetic was that of ordinary Algebra, 
which, like its parent, involved only real quantities, and was founded 
upon a single unit as its basis. The operations of this calculus, how- 
ever, soon brought the analyst into contact with an expression of which 
the quantities first contemplated could give no account. ‘The problem 
so arising, although appearmg under many forms, is always reducible 
to the solution of the equation #+1=0. Whether this equation admit- 
ted of a solution in any intelligible sense, was for a long time doubted ; 





* Read on vacating the office of President of the Society. 
L2 
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and the expressions occurring in attempted solutions were consequently 
called “impossible.” The importance attached to the possibility or 
impossibility, as it was called, of a solution is, however, only one instance 
out of many of an exaggerated estimate of some particular aspect of a 
question during the progress of a controversy. What meaning can be 
attached to a root of this equation in the special applications of Algebra 
to Geometry or Physics, or whether any meaning at all can be given to 
it, is, after all, a question of only secondary importance to the pure 
analyst. To him the main question is, In what relation does an expres- 
sion capable of serving as a root of this equation stand to other and 
previously known expressions of Algebra? As a first step, it was soon 
seen that if 7 were an expression for such a root, it must satisfy the 
relation (2=—1; and on that account it was said that / —1 was a root 
of the equation in question. In fact, it was considered that the positive 
and negative square roots of negative unity were the two and only 
two roots sought. This is perhaps to be regretted, as it tended to fix 
the attention upon a particular view of the problem of interpretation, 
and to that extent retarded the general admission of such expressions 
into analysis, and impeded the progress of generalization. Thus much, 
however, becanie clear, that the new quantity 7, or / —1, was so far 
distinct in kind from ordinary quantities that, if any equation such as 
a+ib=0 held good, it involved, as a necessary consequence, the two 
following, viz. a=0,b=0. The expression a+ib is now, as is very 
well known, called a complex quantity ; and the property above enu- 
merated would now be expressed thus:—that no linear equation, 
involving one or more complex quantities of the form a+7b, can sub- 
sist unless the sum of the terms independent of 7, and likewise the sum 
of the terms multiplied by 7, simultaneously vanish. 

But this is by no means all that is involved in the assumption that 
+7 are roots of the equation #’+1=0. For in order that we may have 


x“’+1=(«—i)(«+i) = 0, 
it is assumed, first, that the development of the products is effected 
according to the usual laws of algebraical multiplication, viz., that 
(w—t)(@+t) = #+2i-—ia—?; 

in other words, that the distributive principle holds good ; and secondly, 
that wi—ia = 0; 

z.e., that the commutative principle holds good also. Lastly, if, as is 
commonly the case, it be considered that the equation being of the 


second degree can have only two roots, and that -7 represent them ; 


then we, in fact, assume that a product can vanish only when one of its 
factors vanishes. 


The consequence which, as mentioned above, was found to flow from 
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an equation of the form a+ib =0 (viz.,a=0,b=0) proved that no 
value for 7, such as that derived by usual processes, i=—b : a, could 
properly be obtained. And as the new symbol 7 does not stand in any 
ordinary quantitative relation to common quantities, it is considered as 
constituting a new and independent unit in Algebra. And it was of 
importance to see clearly how far the laws of ordinary Algebra were 
maintained in respect of the new unit 7; because it is in the number 
of units, and the laws according to which they combine, that Algebras 
mainly differ. 

The recognition of a geometrical interpretation of the symbol 7 in 
questions arising out of plane figures naturally led to the enquiry whe- 
ther a system of similar symbols could not be constructed which should 
have an analogous application to Geometry in space. But as we are 
here less concerned with the geometrical than with the algebraical aspect 
of the subject, I pass on to the consideration of Algebras involving more 
than one of these new units, and of the subdivisions under which parti- 
cular systems may be grouped. 

The quantities occurring in such Algebras are called Higher Complex 
Numbers, which may be defined as linear functions of the units, of the 


form atuPtuyt+... 
where a, (,... are either real or ordinary complex numbers of the form 
a+b; and 4, w,... are the new units. And in all systems hitherto 


proposed it has been assumed that in the process of addition the com- 
mutative and associative principles obtain; in other words, that the 
addition and subtraction of the units and their combinations are per- 
formed as in ordinary Arithmetic or Algebra. - 

It is consequently in the process of multiplication, ¢.e., in the laws 
according to which the multiplication of the units is effected, that 
different systems of complex numbers are distinguished from one 
another. 

In the majority of systems proposed, the distributive and associative 
principles have been adopted ;* and starting from this basis, a variety 
of laws of multiplication might be laid down. The following apparently 
comprise the principal systems now in use. 

(1) The Commutative principle might be adopted, so that 4, ty, ... 
being the units, y.=t,;; and the actual value of such a product 
might be the subject of any other arbitrary assumptions. Such an 
Algebra might be called Commutative. 

(2) The Commutative principle being suspended, the following rela- 
tion might be adopted : 4ly= —&y, expressive of what might be 
called the Alternative principle. Quantities involving units so related 
have been termed Alternate Numbers by Grassmann and by Hankel. 


* Exceptions will be found in H. Scheffler’s “ Situationscalcul,” 1851, and Kirk- 
man and Cayley on “ Pluquaternions, &c.,’’ Phil. Mag., Dec. 1848, and March 1846, 
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(3) In connection with either (1) or (2), or independently of either of 
them, it might be assumed that the product of any two of the units 
could be expressed as a linear function of some or all of the units; thus, 

Qty = atiyBtuyt... 
A particular case of this would be that occurring in quaternions, viz., 
jk=t, ki=j, y=k. Such an algebra might be called a Linear Algebra. 
The systems proposed by Prof. Peirce are of this nature, and, as they all 
involve the associative principle, they have been in consequence called 
by him Linear Associative Algebras. 

(4) It may, or may not, be assumed that a product shall vary 
with each of its factors. And it is very important that it should be 
clearly understood whether this assumption is made or not, because 
upon it depends whether a product vanishes with each of its factors, 
and also whether the process of division shall be a definite one or not. 

It will perhaps be worth while to examine some of the consequences 
which would follow from these assumptions. 

If we were to adopt the general form of (8), and add to it the as. 
sumption (4), we should, by selecting the products which involve one 
of the units, say 4, obtain a system of equations of the following form : 


uy = A +ayy tant... 
Qly = Apt tate +... 


where the coefficients are real, or ordinary complex numbers. Elimi- 
nating, as we are able to do in virtue of (4), the (n—1) quantities 
lay t3) «2» ty, from these n equations, we obtain 


’ 2 ” ss f 
Aya —h, Ay = 0; 


Ayton 9 Ay... 


which, when developed, would be of the form 

CDE ot Ly ee oe (Ge Le ie ee 
where ¢, ¢,... are real or ordinary complex numbers. But, the prin- 
ciple (4) being supposed to obtain, this equation can be satisfied only 
by the vanishing of one of its factors, say 4 =¢,. In other words, 4 is 
reduced to a real or ordinary complex number, which is contrary to the 
hypothesis. 

It appears, therefore, that in any system wherein the products and 
powers of the units are themselves linear functions of the units, or 
limited system as it may be called, the assumption (4) must necessarily 
be excluded. 

Of such a system quaternions are an example. For a quaternion 
may. be expressed in the form 


J = UA FAL A Agls + Ast, 
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where 4, &, ¢; are “imaginary square roots of —1,” or “units” in 
the same sense as that in which that term was used above. These 
satisfy the equations 
lolz = — lglg = 4, 
gt] = — lg = &, Ft 
ilo = — tt) =, &=—I. 


The system is therefore a limited one. But if q, be another quaternion 
it does not follow from such an equation as qq, = 0, that either g = 0, 
or ¢=0. In other words, the assumption (4) is not made. Thus if 
g be a quaternion and a an ordinary complex number, and if g=a; 
then since the units 4, &, ts are commutative with the ordinary unit 
i(=V-—1), we have 

qg@—a= (qt /a)(q— fa) = 9, 
although we cannot conclude that either of the factors separately vanish. 
Or taking a more special case, the following relations are evidently 
satisfied (4 —7¢) (q+?) = uw +i6i—t,—-? = u —7? = 0, 
although it would be contrary to the foundation of the calculus to con- 
clude that 4 = +2. . 

These considerations will materially affect our notions of the solution 
of equations involving higher complex numbers. Suppose, for instance, 
that in a system with two units, 1 and «, we have an equation in 
§& = x-+ub, say of the form 

(O-ibe.. 2 a, 0.) Ce. b) 0s 
then we know that it will have, at all events, the same roots as the 
corresponding equation in ordinary complex numbers, say 

(a+ib, ... d,+%b,) (a+iy)” = 0. 
The latter equation, when developed, takes the form U+7V =0; and 
the two equations which this involves, viz. U=0, V=0, being each of 
the degree n in « and y, give rise apparently to n’ pairs of roots a, 4,3 
+++ @n% Yn But of these 1 are real, and the remainder, when combined 
in the form w+, give only m distinct roots, because the remaining 
n (n—1) turn out to be only repetitions of the first n. But when the 
n’ pairs of roots are combined by means of the unit ¢ (different from 7) 
in the form «+ vy, there are in general no repetitions ; and the equation 
in — has in fact ? roots. 

Thus, for example, the equation (w+w)?=1 
has the 4 roots +1, —1, +u, —wa. 

The equation (a+y)* = 1, 
if we write for brevity 
see CAST end ha chavs 


Ts 2 ? = aie 9 ? 
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has the 9 roots’ 1, a, @’,-a, a’, aa, aa, aa’, aa’; 
and the equation (ety)*=1 
the 16 roots +1, +7, +e, Au, 41(142)142). 
Similarly a quadratic equation in quaternions 

ag?+pqty = 0, 
where g = %+tay+a4+ast3, would have 2*=16 roots; namely those 
derived from the four equations in a, 2, %, #3, obtained by equating to - 
zero the coefficients of ¢, 4, t, ts, in the developed form of aqg’+Sq+y. 
A cubic would have 3'=81 roots; and likewise in general an equation 
of the degree m in quaternions would have n* roots. 

But beside the roots above indicated, and which may perhaps be 
called roots proper, equations in higher complex numbers have an in- 
finite number of roots which arise from the fact that the process of 
division is not a definite one. In fact if é be any root of the equation 
&=0, then the equation &)= is satisfied simultaneously with the 
equation €(4+aé) = ¢, where a is any ordinary complex number. 

Similarly in quaternions the equation g’=a may in this sense have 
an infinite number of roots, if g be of the form a; + at,+ wgt33 viz., it 
may have as the elements of its roots all those values of %, x, #3, which 
satisfy the equation a+ e+e =—a. 


This is the property to which allusion was made in saying that the 
process of division was not a definite one, when the product of two 
quantities could vanish, even though neither of its products separately 
vanished. 

It is worthy of remark that a complex system, even though unlimited 
(i.e., when the products of its units are all different, and not in any 
way related to the original units), if subject to the commutative law, 
must satisfy the condition (4); viz., if a, 3 be two such complex quan- 
tities, then if a/f/=0, and a does not vanish, 6 must vanish. For if 
a, 3 be linear functions of the units 4, &,..., and of their products and 
powers arranged according to their degrees, say 


a = AK, +a,kKo+..., 


p= DAH OAQ+... 5 


then ap = Dazd.KAe = 0. 
And as the products are all independent, we must have 
Zab, = 0. 


And beginning with the first we have ab,=0. But as a, does not 
vanish, the above equation gives b,=0; this again gives a,b,=0, i.e. 
b,=0; and soon. In other words B=0. 

The Linear Associative Algebras of Prof. Peirce are systems of higher 
complex numbers, so called because the associative as well as the 
distributive principles in multiplication obtain throughout. The com- 
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mutative, as might be anticipated, does not. He defines Pure Algebras, 
which are in fact the main subject of his investigations, to be those in 
which every unit is connected by a definite relation with every other 
unit; and Linear Algebras to be those in which every expression may 
be reduced to a linear function of some or of all the units ; or, in other 
words, where every expression may be reduced to the form Za, where 
ais a quantitative coefficient, andtaunit. His Algebras are conse- 
quently limited systems; and the products of expressions therefore do 
not vanish with their factors. In particular, 4, «. being two such units, 
we may write phe O15 PUigtat ce oe : 

Opty! a 7-03) tate. 2 - 

Os Oy Cyne Ointacte «she as ; 
and the problem proposed is the determination of the values of the 
coefficients which correspond to every variety of linear Algebra. The 
resulting products can be arranged in a tabular form, or multiplication 
table, which defines the character of the Algebra. 

The following are definitions of the terms principally used. If 
to = 0, 4 is anil-facient, «t, = 4, 4 1s an idem-facient, 
or, «isa nil-faciend, 4% =, &% 18 an idem-faciend, 
(= 0, 4 is a nil-potent, “= 4, 4 is an idem-potent. 
This being so, it is a fundamental proposition that in every such 
Algebra there is at least one idem-potent or one nil-potent expression. 
For, if A be any expression, then in general A’, A®...... are inde- 
pendent of A. But since there cannot be more powers of A independent 
of A than there are independent units in the Algebra, it follows that 
there must be some least power m, which is dependent upon lower 
powers. And further, since the Algebra is by definition linear, the 
power in question, A”, may be expressed as a linear function of these 
lower powers, without an independent term; viz., a relation of the form 
ate th ee: > acct De Ce) eal) s 
or say BA=0, will subsist. Multiplying this equation by aA”~’, 
a,A”~*, ... dm, Successively, and adding, we obtain 
B (B—a,,) = 0; 


or, dividing throughout by a : 
( Ayn, ( Om : 
: bd 


e B . ° . . 
in other words, — is in general an idem-potent expression; unless 
a 


@, = 0, in which case B?=0; 7.¢e, B is a nil-potent expression, 
which proves the proposition. 
In the former case, a may be taken as one of the units, and ‘called 
ab 


m 
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the basis. And by a proper selection, the remaining units may be 
arranged in four distinct groups with reference to the basis, as follows : 


Group I. in which the units are idem-factors, say dd. 
Group IL., in which the units are idem-faciend and nil-facient, say dn. 
Group III., in which the units are idem-facient and nil-faciend, say nd. 
Group IV., in which the units are nil-factors, say nn. 

The possibility of such a selection is easily shown; for if« be the 
basis and A any other expression, and if -:A=B, then 7 

Asti ye ie "3 

and consequently «(A—B) = -A—.B=B-—-B=0. 
Hence A has been divided into two parts, whereof one, B, is idem- 
faciend, and the other A—B is nil-faciend; which was to be done. A 
similar process will serve to effect a sub-division of these into idem- 
facient and nil-facient expressions, and thus to complete the arrange- 
ment of all the units under the four heads above specified. 

This having been effected, the mode in which the units of the various 
groups combine is given in the following multiplication table :— 


dd dn nd nn 














dd | dd 0 


dn | O QO | dd | dn 


nd |\|nd\| nn | O 0 


0 


dn 
































nd | nn 





Det 


Mn 


From this table certain general conclusions may be drawn. 

(1.) That every expression which belongs to the second or third 
eroups is nil-potent. 

(2.) That all commutative products which do not vanish are re- 
stricted to the first and fourth groups. 

(3.) That every continuous product which does not vanish has the 
same faciend name as the first facient, and the same facient name as the 
last faciend. | 

(4.) That the units of the first and fourth groups cannot be con- 
nected by multiplication, since their products vanish. They can be 
connected therefore only by means of the second and fourth groups. 
Hence, in order that such a connexion may exist, or in other words, in 
order that there may be a pure Algebra, it is necessary that there 
should be units in the second and fourth groups. 

When the first group contains any units beside the basis, there is 
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always another expression which is either idem-potent or nil-potent. 
For, proceeding as before, and taking any expression A, there will be 
always some mth power of A which is expressible in terms of its lower 
powers and of the base «; say thus, 

(Gis, Gayeen OUD) CAML) 103 
If, then, we substitute A=A,+/c, and determine h by means of the 
ordinary algebraical equation 

COP, poeta be) Che ly~ 03 
we shall obtain a relation between the powers of A without an inde- 
pendent term. And from this, an idem-potent or a nil-potent ex- 
pression B can be obtained as before. 

When there is a second idem-potent unit j in the first group, the 
base can be so changed as to free the group from it. Thus, if ¢ and ¢ 
be two such idem-potent units, and if 4, = y—«, be taken as the new 
base, we shall obtain 


> ea en py, AE oo fey og 
= (4—b)? = & — 2he+6 = 4—244+4 = 4-G = 4, 
so that «4 is idem-potent. Moreover, 
sae lo lo == 0, 


2 
2 
ee — e 
2 = anh = 0; 


boty = by (Y—tg) = tye 


that is to say, ¢, is a nil-factor with respect to the new base; in other 
words, 1t passes into the fourth group. 

From this it results that each group can be so reduced as to contain 
not more than one idem-potent unit. And in the groups which stand 
second and third, there will be only nil-potent expressions. 

It may then be further shown that, in a group or Algebra which has 
no idem-potent expression, all the expressions are nil-potent. Such an 
Algebra is called a nil-potent Algebra. 

When an expression is nil-potent, all its powers which do not vanish 
are mutually independent. 

These last propositions depend upon the fact that no relation such 
AS (Ay, Mo, -.. Gn) (A, 1)” =0 can subsist without giving rise to an 
idem-potent expression, which is contrary to the supposition. 

In a nil-potent Algebra, any nil-potent expression may be taken as 
the base; and if that which has the greatest number of non-vanishing 
powers (say A) be chosen, that number is called the order of the group 
or Algebra. After the selection of the base, another expression inde- 
pendent of the base may be selected ; and this, together with as many 
of its powers as are independent of the base, may be taken as new 
units ; and so on, until the series is completed. 

Every such expression A, whether taken as the base or not, has some 
least power which is nil-facient with reference to any other expression 
B: that power is called the facient order of B (relatively to A, if A be 
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not the base). And, mutatis mutandis, we have a definition of the 
faciend order of B. . 

In every nil-potent group, the facient order of any unit which is 
independent of the base, can be assumed to be as low as the number of 
units which are independent of the base. 


In a nil-potent group, of which the order is less by unity than the 
number of units contained in it, the unit which is independent of the 
base and its powers may be so selected, that its product into the base 
shall be equal to the highest power of the base which does not vanish ; 
and its square shall either vanish, or shall be equal to the before- 
mentioned power of the base. Or expressed algebraically, if 4, % be 
such units, we can make ytg = 0, yy =e" = 6. 

All the products of the expressions in the first group of an idem- 
potent Algebra are independent of the base. 

An idem-potent Algebra can be converted into a nil-potent by 
taking away the idem-potent base. And, conversely, a nil-potent 
Algebra can be converted into an idem-potent by the addition of an 
idem-potent base. 

By the aid of these propositions, and of some details consequent 
upon them, Prof. Peirce proceeds to calculate the multiplication tables 
of all possible varieties of pure Algebras, and to indicate the cases in 
which no pure Algebras are possible, for all degrees of multiplicity up 
to six. It would not be to the present purpose to enter into the 
details, for which reference must be made to the work itself; but we 
may take as an example a certain quadruple Algebra which, as the 
author states, is a form of quaternions. In this case, there is.supposed 
to be an idem-potent base 7, so that *’=7. Of the other units (j, &, 1), 
j is supposed to belong to the second, & to the third, and J to the 
fourth group. This is consequently a normal case, and its multipli- 
cation table is in fact a transcript of the general multiplication table 
given above, viz., 





As an illustration of the subject, I have thought it worth while to 
verify by the ordinary method the statement that this is a form of 
quaternions. 


~ 
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Now, generally speaking, if q, 9), q2 be three quaternions, 
gq =w+wm ty +kz, 
Qh = Mt +jyt kay, 
Qo = Wet 1h, +JY2t hea 5 
then the condition q’=0 gives 
w+e—y—2+2w (e+jyt+hke) =0; 
that is to say, ety +2? = 0, w=0. 
Again, the condition q’=q gives 
w—e—y—v=w, w=l; 


: 2 2 2 eae 
that is to say, ety +e =—1, w= 


tol 


Again, the condition qq= gives 
WW, — BL, — YY — 22 
+t (yt —yyeztwa, +u,2) 
+) (2@,—24e+wy,+wy) 
+h (ay— ay + we +wyz) 
=wy tiny tjyit hy 5 
whence, equating coefficients of the independent units, we obtain 


(w—1) @—2zy,tyateu, = 0, 
za + (w—1) yy—aay+yu, = 0, 
—ye%, +aey,+ (w—1)2,+2u, = 0, 
— £2 — YY, — 2%, + (w—1) w, = 0. 


Or, eliminating %, 71, %, W, 


w—-l —2z y Joe el) 
z w—-l —w2 y 

—y x w—l1 Z 

—2 —y —z w—l 


1 9 9 9 2) W —] — Y 
= —— _}" w—1)*! 
w—l ay sodeota A Z w-l —2 
—y @ w—1 
= falty'te+ (w—1)4}. 
And a result of the same form would be deduced from the condition 
19=7- 
Lastly, the condition q:q.= qs gives 
W Xy— 2Yo FY + UW = 23, 
%@q + Wyo —@y%_ TY We = Yay 
—Y Ly FLYot Wide TMWe = %sy 
HH HYWY2— 2%. TWiWe= Ws. 


Substituting 4, 71, d da for %, 7, k, 1, respectively, inthe multiplication 
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table above written, we shall ‘find that the following conditions must be 
fulfilled, viz., 
g@=q or @+y+2=—-1, v=}, 
M=Hn ». Cty te’ +w—ly =, 
qw=0 4 ety +e+w =), 
qa=90 4, #&+y+2+u' = 0, 
ng=9 » et+yt+e+w =), 
g@=0 , w@t+yt+2i=0, m=), 
Vifa— 7a Yye2— Yor = ®, 
By Zo, = Yy 
LyYo— Loi = 4s 
UX AY Wot Me =—U, 
193 = 71» ; 9, +2; +(w;—1)’ = 0, 
Gi =a, hy eee ee (1, 
Gh = 7s » Yor + Yen = Way 
ZX + 2Xo = Yo, 
LyY + LyY2 = 235 
LL. Y Yat Me = — Ws, 
q, =9 ” a, +y, +2, =9, To tomes A 
Ges=0 4, #8 +y3 +2, tw, = 20, 
qq = 9 ” ae +y? +2+w’ = 0, 
Gifs 0 5s) Be ed, ee ee, 
qo]. = G2 1 % +Y¥3 +2; +(ws—1)* = 9, 
R= » %tY¥,t%=-h Ws=F 


All these conditions are comprised in the following group, viz. : 


2 2 2 
ety +e =—%F, w=1, 
22 2 a ee 
atyt+a=9, ‘=U: 
2 2 oe = 
w+ y+ 2, = 0, w,= 0, 
22 2 Cee lite 
gt ee 40 OMS=5a 
Y 1 %— Y2% = L = — 23, 
21 V_— BV == Yy oe —Y3» 
Ly Y2— Lo) = & = — hs, 
U1 L$ YiY2t 2% = —W = — U3. 


In order to complete the problem, it remains only to determine 
Qi, Yr %13 We, Yo, %2, In terms of @, y, 2,w. With a view to this, an 
obvious combination of the foregoing equations gives rise to the 
following sets : 

Y%—Yi%— WH, = 0, Y%,—Y.2+ we, = 0, 
20, —%ex— Wy, = 0, Zt_—%e+ wy, = 0, 
LY — XY — We = 0, LY2— Hay + We, = 0; 
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from the first set of which we obtain, taking them two and two in a 
cyclic order, the following solutions : 


Miyyi% = w@+w® :eytwe:az—wy 
= ye—we: yw": yz+we 
= ze+yw :zy—aw: @+w"; 
or writing for brevity «+y+z2=s, and adding these together, we 
obtain the symmetrical solution 


M2Y,:% = sa+tw(y—2zt+w) 
: sytw(z—a+w) 
: satu (a—yt+w), 
and similarly we should find 
©, 2 Yoi%, = se—w(y—z+w) 
: sy—w(z—a+w) 
: s@—w(e—ytw) ; 
so that finally, if we write for brevity 


Jo = etjy tke, omitjtk, 
the quaternions 


q — oats Qo» 
Q= sgtslt(y—z)ty (e—a#) +h (@—y)]+ fe, 
Go= sQtalt(y—2)t+j @—2) +h (@—y)]— Fe, 
qs = 4— Qo» 


will satisfy the multiplication table proposed; that is to say, the 
particular quadruple Algebra in question is a form of quaternions, 
which was to be proved. 


Grassman and Hankel’s Alternate Numbers. 


I have already alluded to the principle of alternate numbers; but 
they appear to me to have such important applications in modern 
Algebra, that I venture to subjoin a few particulars as to their use. 

Alternate numbers form a system of higher complex numbers, sub- 
ject to the distributive and associative laws; but they are neither 
limited, nor linear, in the sense of those terms as used by Hankel, and 
by Peirce. The definition of their multiplication is very simple; viz., 
if 4, ts, ... be the units of the system, then 


u=0, = 0, coe tg + tot; = 0, 
From this it follows at once, that if 
a= AYtMkt+..., 
p 7 big t botg+... ; 
then 
af = (ab, — ay) tylgt (a,b3— a3D,) ist see + (a,b3— Ab») lols + tery 
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and consequently 
a= 0, B= 0... appa 

In other words, the sign of a product changes with the order of any 
two of its consecutive factors. And generally, any linear functions of 
the units combine according to the same laws as the units themselves. 

It will, moreover, be found, either by actual inspection of the result 
obtained above, or by reference to the general principles laid down in 
an earlier part of this paper, that a product of alternate numbers may 
vanish, although none of its factors vanish ; and also that the process 
of division is not a definite one. 

It further follows from the law of multiplication that if the number 
of factors a, 3, ... be equal to the number of units, then 


rade Ae 


5 Os asc 


by by... 


(jg... ; 








that is to say, a determinant may, by means of these alternate numbers, 
be expressed in the form of a product. If the number of factors ex- 
ceeds that of the units, it is clear that in each term of products of units 
some one or more of the units must occur more than once; and con- 
sequently that each term of the product will contain the square or 
higher power of one of the units, and will necessarily vanish. 

The ordinary theorems in determinants are by this method proved 
with remarkable facility. Several instances are given by Hankel in 
his work; and others will doubtless be found to fall in with equal 
readiness to the method. But in order to avoid unnecessary prolixity, 
I pass on to another part of the subject. 

Hankel intimated in his work that he had in prospect the publi-— 
cation of some applications of the theory of alternate numbers to 
quantics ; but nothing on this subject has yet appeared. In the mean- 
time, Prof. Clifford has communicated to this Society the results of 
some researches of his own in the same direction. The following ~ 
notes have been based upon his suggestions, and probably will be 
found to agree in the main with results that he will have independently 
obtained. 

If in the quantic (a, b, c) (#,1)* we substitute for one power of 
(v,1) the alternate pair (4, «.), we obtain 


(a, b,c) (#, 1) (4, 2) = wy +t, suppose. 


Now by the properties of alternate numbers (wi+v..)? = 0; that is, 
[ (a, 5, c) (a, 1) (4, to) |? = 0! But if (a, 0), ¢,)(@, 1)? be angthes quae 
we may form, in the same way as before, the expression 


(a, by, G) (@, 1) (4, &) = Mut 4, suppose ; 
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and then 
L(a, b, c) (a, 1) (4, &») | [ (a, bi, C)) (a, 1) (4, ty) | 


= (Uy +b) (HytN.) = Qy (wr;,—UWYV) 
=u, | aat+b, bate mate b, 2) 1?: 
Heth, bet ee Cs ts 
that is to say, the product of (a,b,c) (#,1)(u, %) into (a, b,,¢,)(a,1) (a, «) 
is equal to the product of 4% into the covariant of the original 
quantics. 
Suppose that we now replace the two factors of (a, b,c) (#, 1)? by 
the alternate pairs (4, %), (43, 4) respectively, we obtain the form 
(a, b,c) (4, #2) (43, y) ; and the square of it gives 


[(a, b, c) (4, ty) (¢s, ty) ]? 
= [aye tb (eyt4+ txts) + Cesta) |? 


— — Qeytotaty (ac— b*) 3 





that is to say, the square of the form in question is equal to —2ttotstg 
into the invariant of the original quantic. 

Again, from the cubic (a, b, c, d) (v,1)* we may form the expression 
(a, b, ...) (@, 1)? (4, &), the square of which of course vanishes. But 
taking a second cubic (a, 0, ...) (v,1)*, and forming the corresponding 
expression (a, bj, ...) (@, 1)’ (4, ©), we may obtain from the product 


[(a, EMEP 1)’ (4, &)] [(m, by, ...) (@, 1)* (4, &)] 


the covariant, quartic in the variable, and quadratic in the coefficients, 


of the two cubics. 
Similarly, the square of the second derivative of the cubie will give 


the quadratic covariant, as follows : 
PCG. wee ral) (eye tg) (baste) | 
= —Qylotsty { (aw+b) (ce+d)—(be+c)’}. 
If for brevity we write down only the suffixes of the units, e.g., if 
we write (1,2) for (4, %), we may say that the quadricovariant is 


given by [(, 4, ...) (@ DC, 2) 3, 4)P; 


and similarly it will be found that the cubicoyariant is given by the 


formula 
[(a, B, ...) (, D2(1, 2)] 
x [(a, b, ...) (#, 1) (3, 4) (5, 6)] 
x [(a, b, ...) C1, 2) (8, 4) (5, 6) ]. 


The quartic invariant is obtained by the following considcrations :— 
The invariant of the quadricovariant is (by the same process as that 
used in the case of the quadratic) given by the formula 
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| (a, b, c, d) (1, 2) (8, 4) (5, 6)7?, bie 
x (a, b, ¢, d) (1, 2) (8, 4) (7, 8) 4’ F 


viz., discarding the factor «tt3t4, this is 

= [2 (ac—b") tgty+ (ad— be) (asec YaoOCHe 2) ae 
the developed form of which is equal to —4ustgt;ts into the known in- 
variant. 

These few remarks will perhaps suffice, on the preceah occasion, to 
Feet attention to the connexion of alternate numbers with other 
methods which have been, proposed for forming invariants and co- 
variants. of quantics. JI must conclude this fragmentary communi- 
cation with two more applications of the method of alternate 
numbers. , 

The first relates to Jacobi’s theorem in functional determinants. If 


y=f(@), let Y= Gy Ya. «t, 

= YMATHM+..., 

‘Ria wi) ih os be uf dif ase 
aah | At dx 

ae dee dx, da day 


dy, da, , Ayn Ax, ua a dys je dary 
da, dx da, de a a * dary a 


+4 ; 
But, by the Bserues of alternate numbers, 


i (2 da, da, » ditn | dy, dys j 
dash pd Bh el” de alg idagll date ie 
dy, dys 


da, i dx, At 


lso | —_—- = ere = 
pai dx ty : da ly ‘ ; 
whence ( ay) "_ | dy, dye 
da da, da, , 


> ? 
da, dx. 





similarly ( es) " | da dx 
dy/ | dy; dy, 
di, dat wi 


dys’ dif. Ye 9 
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whence finally =» { di dye | day day 1 
dz,’ dz,’ cee dy,’ dy,’ oa’ 3 
dys. a ec 


; Dh A ie ay. 
dx, . dite. dys dy 


which is Jacobi’s Theorem. 

The second note relates to the connexion between the differential 
coeflicients of y with respect to 2, and the partial differential coefficients 
of y with respect to a, @, ... in such a system as that written above. 
Now, generally speaking, when %; %, Qo, ae 5 Ys Yiy Yo) -»» are related 
as above, we have ) db 

dy _ dy doy dy dy 4 
daz da, da ite ace ve 
Sy ee ee atone 


ty day ly Ak, 





Or; putting ‘1,1, ... = I, 


Cariek t d d 
a a ae ee o ot tata as a eee 
whence, multiplying both sides of the equation DY ty. tay «255 we obtain 
the disjunctive equation | 
dy ( dy dy 
[— 9) =I (—-, “, ... 

| ae (4, &, «s.) da,’ dit,’ ? 
by which formula any of the partial differential coefficients of y in 
respect of a, a, ... may be expressed in terms of the differential: co- 
efficients of y in respect of z. 

A similar process will apply to second, and to higher differential 
coefficients ; and by means of it the relations may be established which 
are comprised in the following formula : | 
d” CL ; 

: (4) & .)? = on GE 2) Ys 


As a last instance, it may be shown that a partial differential equa- 

tion of the first order, such as 
Xda, + Xpda,+ ... = 0, 
may be transformed into the product of complex numbers thus. Let 
v= 1) @ +l Wef ss ., 
xX = lols... x == EY eo Xot.i.s 
the upper or lower sign being taken according as the number of terms 
is odd or even. Then, by the properties of the units 4, &, ..., we obtain 
(tats eae n€ + Ue Gat Xo + Lid (1, da, +ida,+ a) 
Se ib... (X00, 4 Xda. ), 

9 


M 4 
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and consequently the proposed equation takes the form 
Xde =); 

Partial differential equations of higher orders also admit of trans- 
formation to a similar form. For, from what was shown before, the 
partial differential coefficients of the dependent variable y with respect 
to the independent variables a, x, ... may be expressed in terms of 





dy ou ... And if we then put 
da dx 
Se AE AT SB 
i ths VR pe eos 


the proposed equation will become 


F (Po Py ++) = 9, 
together with dp) = pdx, dp, = pda, 


aay 

and if, by means of the equation f=0, we eliminate one of the vari- 
ables, it will remain only to integrate the last system. If in these we 
equate to zero the coefficients of the various combinations of the units, 
we shall have a series of equations which may be reduced to the form 


Xda = 0, say Rods = a ea) ee, 
which, by a former process, may be comprised under the general ex- 
pression Xdz = 0, 


But this will not, in general, be free from the units 4, y, ...; and con- 
sequently methods of integration applicable to the reduced form of 
equations of the first order will not be applicable to this case. 


Sur VIntégration des Fonctions Oirculaires. Par M. Hermite. 
[Read November 14th, 1872.] 


iin désignant par f(sin, cos) une fonction rationnelle de sin x 
et cos a, le procédé enseigné dans les éléments pour obtenir l’intégrale 


J. J (sin 2, cos x) de consiste 4 changer de variable en posant tan ta=t, 


ce qui raméne en effet a opérer sur une simple fonction rationnelle de f¢. 
Toutefois a l’égard des expressions de la forme sin” w, ou sin” & cos” &, 
on suit une autre marche en ermployant soit l’intégration par parties, 
soit la transformation en fonction linéaire des sinus et cosinus des 
uiultiples de la variable. Cette diversité de procédés rend, il faut le 
reconnaitre, les éléments du calcul intégral moins intéressants que 
ceux de la géométric et de l’algcbre, et c’est ce qui m’a porté a suivre 
une autre marche, en déduisant de l’ctude qne je vais exposer de la 
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fonction transcendante f (sin w, cos.) le méthode qui en donne l’in- 
tégrale sous forme finie explicite. 


I. Je partirai de la transformation en une fonction rationnelle de la 





quantité f (sin w, cos #), qu’on obtient en posant : wV-l—e%; de la 
résulte en effet : 
sin Qe ee ke Rah ee er 
Rangel: Qe” 
de sorte qu’on peut faire: 
F, (2) 





jf (sin #, cos #) = — 
¥ (z)’ 

F(z) et F,(z) désignant des polynémes entiers en z. Cela pose, je 
vais montrer gue de la décomposition en fonctions simples de la 


fonction rationnelle ne résulte une décomposition en éléments simples 
Zz 

qu’en donnera semblablement et d’une maniere immédiate Vintégration. 

Considérant dans ce but la quantité 


sae 


ane qui est le type des fonc- 
Z— WwW 

tions simples, je pose a= e**%~', ce qui sera toujours possible en ex- 
ceptant le cas de a=0, et je remarque qu’on aura: 


pou ay Ot 





SO ew ea es Deen -1 


De 1a résulte une premiére transformation du groupe des fractions 
partielles : 








E + us fete geet Pr 


Z—a (%—a)’ (z—a)”""? 


a : 
, mals nous pou- 





: o— 
en un polyndme entier et du degré n+1 en cot 7 
ol 


vons faire: 
; d cot x 1 @ cota 
cone — — | ————, cota =— cota += : 
Sia ot” & co oS SMe eines 
et la relation identique : 
7 ldcot'a 
Cou a — cole ae 
KE da 


montre que de proche en proche on exprimera linéairement cot” # au 
moyen des deérivées successives de cot x, jusqu’a celle d’ordre n—1. 
Nous parvenons done a ce nouveau résultat savoir : 








I P; ie 
a CEE ay NEN (z—a)”*! 
d cot ~ a” Cotman 
= C+Acot#—* +A, nearer he : 





das dae” 
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les constantes C, A, Aj, ... A, dépendant linéairement des divers 
numérateurs P, P,, ... P,. Ce point etabli, je mettrai en évidence, si 
elles existent, les racines nulles du polynéme F(z), en faisant : 


I(2) = 2"*" (g—a)"*" (z—O)?*".. 0. (2—1)"*), 
et je modifierai la formule générale de décomposition en fractions 


simples, en réunissant a la partie entiére du quotient Fi (2) Jes fractions 
I (2) 


partielles en ii 1 


Si) Oo aay, 
Zz 22 gmt 


de maniécre a avoir: 











i) Oye pone es aaa SURG 
F(a) Oa ea Goa teh Goan 
ite eee Q, 
+ at Genito ia 
Sea en eS Ie | eae a 
S S, g.4 
a8 o— 1 e: (gba et (z—1)*** 


ou F(z) sera par conséquent de la forme Za,2*, avec des puissances 
enti¢éres mais positives ou négatives de z. Maintenant nous conclurons 
de cette formule élémentaire en revenant 4 la valeur z= e"¥! V’ex- 
pression suivante de la fonction f(sinz, cosv). La quantité F (z) 
d’abord devenant : 
Sa,e""—) = Ya, (cos ha+ “” —1 sin ke) 

nous donne une premicre partie que je désignerai par II(w) et qui en 
sera considérée comme la partie entire. Les fractions partielles 
donnent ensuite une seconde partie ®(«), qui en posant: 























pte er eave au Nan Pha a 
aura la forme suivante : 

d cot ws d” cot a 
® (x) = C+A cot *—" ee ie wt ee 

(«) Ae COU 9 + A, ae i + oe cla” 
6 d cot = 5 d? cot oe 

v—pPp 

+ Bicol Et, wee cb att Bgl 

‘ d cot 2S d° cot ead 
ot Li cob secede ote oan dg 
dl da‘ 


La détermination des coefficients A, B, ... L; Ay, B,, ... etc. rendra plus 
complete encore l’analogie de la formule que nous venons d’obtenir : 

f (sin #, cos v7) = II (zw) + ® (a), 
avec celle de la décomposition des fractions rationnelles en fractions 
simples. 
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II. Je ferai dans ce but, en ayant en vue le groupe des coefficients 
A, Ay, ... A,, w=a+h, et je développerai les deux membres suivant 
les puissances croissantes de h. Or les séries provenant ainsi de la 











? 
. + _— w—X . 
partie entiere, et de cot “ 5 » +. COL—S—, ne contiendront que des 
. oA e;,e ° °; 2 to 
puissances enticres et positives de h, tandis que la quantite cot 5 


et les dérivées donneront un nombre fini et limité de puissances 
négatives. Nous avons en effet: 

~—a APO 

= cot - = -—-=--> ee é 


Ze pn OOO 
et comme la dérivée de h prise par rapport a @ est lunité, on déduira 
de cette relation, si on se dispense d’écrire la partie entiére : 





cot 


wv—a 





ad” cot 
mma (el Wy et Nip de 


b jr ? 


{2 


da 


le développement du second membre II(#)+®(#) se composant ainsi 
des termes 
9 [> we Aik edn hk ee 
ON baie Seen 


et d’une série infinie de puissances positives de h, nous obtiendrons 
A,, A, ... A,, en formant la portion du développement du premier 
membre, qui est composée des seules puissances négatives de h. Sup- 
posant 4 cet effet: 





Dy 2st a2] 


h” +1 


s 9 ‘ 
f[sin(a+h), cos(a+h)] = > aes a+ ahs ae (1ye 2 My 


on aura immédiatement : 

2A, = We 2A, a dele aaveces 2A, = Dl 
et j’ajoute que si l’on multiplie membre 4 membre l’égalité précédente 
avec celle-ci que donne le théoréme de Taylor: 











a—a 5 ¢— a 
——- t 
eho) ead 2 et a ve Denne 
2 2 1 da 2 dt i nein 
n wu a 
Rata ead ca 
eee ees 1 a n di” eeered 


oe 1 , 
on trouvera pour le coéfficient divisé par deux, du terme en A laser 


oP a 4 
cisement : 








d cot <> a cot “S* 
a ETO ethane . + A, ————-- 
A. cot 9 + A, ae + pee 1 ? dz" 
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Le groupe total des éléments simples, se rapportant a la quantité «=a 
qui rend infinie la fonction proposée, est ainsi le demi résidu cor- 
respondant 4 h=0 de l’expression ; 


f [sin (a+h), cos (a+h) ] cot eoa—t 


résultat analogue comme on voit 4 un théoréme connu de Lagrange. 
IiI. Aprés avoir jusqu’ici suivi pas a pas la théorie de la décom- 
position des fractions rationnelles en fractions simples, nous allons 
introduire une considération nouvelle qui a son origine dans la pro- 
priété caractéristique de la fonction f(sinw, cosa) d’étre périodique. 
Je remarque yue, d’aprés la relation ; cot se cot + cosec #, la fonc- 


ad” cot a 
das” 


, les premiers ayant pour période 7, et les autres se repro- 


et 





tion ®(2) V’exprime en termes de deux formes, 4 savoir: 
d” cosec & 
da” 
duisant en signe contraire lorsqu’on change x en a+7. Or aVégard de 
II(v) = Ya, (cos ke+ /—1 sin ka), 
si l’on désigne par 0(7) ensemble des termes ou /& est pair, et par 7 (#) 
l’ensemble des termes ou / est impair, on aura de méme : 
O(e-+r) = 0 (a), 7 (er) = —7 (2). 
De 1a résulie la décomposition de la fonction proposée en deux parties 
© (a), H (wx), de sorte qu’on aura: 
f (sin 2, cos 2%) = O(a) +H (2), 
avec les conditions : 
O(#+7)=O0(r), H(«#+7) =—H(a), 
les expressions des nouvelles fonctions introduites étant : 





d” cot (a —a) 


nr 


men nar 


O (w) = 9 (x) +A cot (wa) +A, O29) 
dix 


da 


+Becot(#—fB)+B, d cot (w—B) +...+B, d? cot (w—P) (>) 








lee ey dle? 
+L cot(«—A)+ Ll, d cot (w—A) fe edie! SSA? 
da de’ 


et 


H(#) =n(a) + Acosec(w—a) +A, dcosec(w—a) | oe At d” cosec(e—a) 


daz Be das” 


d cosec (#—/3) d” cosec(a — (3) 
+B cosec(«—/) pe eon er +... + Bes ae 


be Tcossd(a@ Ny ea d cose’ Ga X) d‘ cosec (%— r). 


ee 
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Nous voyons done apparaitre deux éléments simples distincts, cot et 


cosec v, ou 





——, apparienant en propre aux touctions dont la pério- 
sin w 


dicité est celle de @(w) ou H(#), au leu de cot . qui dans le cas 


7 A bd z if \ , . ° 
général a le réle de la quantité ~ a Pégard des fonctions rationnelles. 
a 


C’est par les applications qu’on reconnaitra surtout l’utilité de ces dis- 
tinctions, et pour commencer par un cas bien facile, j’envisagcrai 





d’abord la fonction : . En premier lieu j’observe que si lon 
COs a—cos & 
introduit le variable z= e’% “+, il vient: 
1 aS 2z 





. 
23 


cosa—cos% 22 cosa—l—z 
or les racines du dénominateur sont évidemment les quantités e*”~', 


e“-!; le numérateur est seulement du premier degré, ainsi la partie 
entiere Il() n’existe point, et nous aurons : 














eae CiAlcoh eB pope 
Cos « — COS # 2 2 
Calculant maintenant les résidus pour «=a et « =—a, jobtiens les 
quantités Las — see et par suite, en divisant par deux, les valeurs 
sin a sin a 
1 1 tou 
a arm B=— . .—: de sorte qu’il vient : 
2 sin a’ 2 sina’ d 
pee ee Cp [ eot ==" — cot @F* |. 
COS a—COS @& 2 sin a 2 2 


On trouve d’ailleurs sans peine que C=0, mais voici pour des cas moins 
faciles une détermination directe et immédiate de cette constante. 

F, (2) 
F(z)’ 
point le facteur z et étant de degré au moins égal a celui du numé- 
rateur ; la partie désignée par © (w) existera seule dans l’expression de 
la fonction qui sera ainsi : 


Supposons en général: f (sin a, cos #) = F(z) ne contenant 


d cot “= 
a—a 

] . ey son neha SSR 
5 “Ts a si 


d cot hat 
2—B ip 2 a 
5) Renee Te sieveiees 





jf (sina, cosx) = C+A cot 








+B cot 





+ Li cot dem 
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F, () 
I @) 
fini, on aura: C = 1(G+H). En effet, la relation 





Or je dis qu’en nommant G et H les valeurs de pour z nul et in- 


es (w-a) ¥ -1 ety -avV-l 
2 el@-) V1 ae | ze7* es all | 





v—a 
2 





fait voir qu’en supposant z nul et infini, toutes les quantités cot 


se réduisent 4 —/—1 et + /—1; elle montre aussi que leurs dérivées 
des divers ordres s’évanouissent, nous avons par conséquent : 
G = C—(A+B4...... +L) /—1, 
H= 0+ (A+R+ thee a) 
G+H 


Wo: AFBH..... tU= SSS VTi, c= Ste 


Dans exemple considéré tout 4 ’heure, on trouve sur le champ G=0, 
H=0, de sorte que C est nul comme nous l’avons dit. Ces deux rela- 
: , . : ° a—t 
tions que nous venons d’obtenir, appliquées a la fonction ® (#) cot ays 
donneraient, comme il est aisé de voir, la décomposition de ® (¢) en 
éléments simples, mais sans m’arréter a cette remarque, je vais immé- 
diatement donner plusieurs exemples de cette décomposition. 


COS 2X 


1°. L’expression ————— 
cos Z—Cos a 


, ou m est un nombre entier, devient en 


Pose 4 2 t 
faisant e7”-! = z RoR dab) Parner 
“aml (1 —2z2 cos a+2’) 


une partie entiére qui s’obtient ainsi. Partant de ces deux identités : 


, et contient par conséquent 


sin a 


a SIN As SIN 2a... +2”"-* sin (m—1) a+ 
l—2z cosa+2 ( ) 


m-1 Sin ma—z sin (m—l)a 








1—2z cosa+2? 
sin a eosin cs sin 2a “i sin ma 
1—2zcosa+z2 #2 PLE Seay gmt 2 
1 zgsin (m+1) a—sin ma 
pret 1—22 cosa+2? : 


mal 


je les ajoute aprés avoir divisé la premiere par 2 
seconde par 2”**, et j’obtiens : 
2m 7 
(2 re) sin a — m—1 l-m) a m —2 2-m 5 
Le ieons eta), enc | i 


+...+ (@+27') sin (m—1) a+sin ma+ #[sin(m+1) a—sin (m—1) a] 


1—2z cos a+2* 


et multiplié la 


Si maintenant nous remplagons z par l’exponentielle e*¥ ~!, nous aurons, 
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en divisant par sin a: 


Cos mx cos ma 
—————— = Il (#2) + ——__.,, 
cos #—cos a cos 7~—cos a 
en faisant : 





Cee nO air cod (ree Lee cance COR Hen ieee 


sin 
BRL LANE Stee +2 sin (m—1) a cos #+sin ma]. 
- sin me : 
2°. La fonction ~——~, ot m et » sont entiers, prend la forme 
gem S1n nL ’ 
z"~™ —-—— et aura de méme une partie entiére, si l’on suppose m>n, 
g™— J 


J’emploie pour l’obtenir l’identité : 
zm Nae] 1 
ge] 


m-m 
& 


— gin-® fo gn im 1. fh > aint aa hen Fy 
gl2k+}) m-n_ 2n— (ak—1)m 


m-(2k=1)n (2k-1l)n-m 
+2 a pd oa gen ? 


et je prends pour £& le plus grand entier contenu dans ee de sorte 
n 


U—N 





qu’on ait h = +e, e étant positif et moindre que l’unité. [len 


résulte que 
(2k+1) m—n = 2en et n—(2k—-1) m= 2 (1—e) 0; 
ainsi dans la fraction du second membre le numérateur est de degré 
inférieur au degré du dénominateur. L’identité employé se vérifie 
d’ailleurs sur le champ, car elle se transforme, en remplacant z par 
e’—, dans I’équation connue: 
sin mx 


= 2cos (m—n) «+2 cos (m—3n) #+...... 
+2cos[m—(2k—1)n]e+ sn epee 


sin 2x 


sin na 


Nous obtenons ainsi: 
II (#) = 2 cos (m—n) © +2 cos (m—8n) v+...+2 cos [m—(2k—1) n] @ 
eh (2) = sin (2kn—m) x 


——-___+-, ousimplement © (#) = 
sin nx 


sin me 
sin na’ 
m étant supposé actuellement inférieur 4 ” en valeur absolue. Ceci 
établi, les racines de équation z**—1 = 0 sont données par la formule 


hat pon 


te 


Pe, Ces pour K=0,1, 2, .:. 20—1, et si l’on'fait a = it. le résidu 
n 


- sin ma . 
de la fonction ———— correspondant 4 la valeur =a sera: 
sin nw 
sinma _ (—1)*sinma 
ater ke agen Wale OE 
nm COS na n 


et nous obtenons par conséquent : 


in me 1 rae L—a 
a = — 3 (—1)* sin ma cot : 
sin na 290 2 
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Mais ayant ®(#+7) = (—1)"*" ® (z), la fonction appartiendra au type 
0 (xz) ou Hw), suivant que m+w sera pair ou impau; de sorte qu il 
vient pour le premier cas : 
hich as ss (—1)* sin ma cot (w—a), 
sin na  2n 
et pour le second : 
sinme _ 1 y (-1)* sin ma 


sin na 2n sin (#—a) 


Or les termes des deux sommes qui correspondent aux valeurs k et k +” 
sont égaux, on peut donc en doublant se boruer a prendre k = 1, 2, ... 
n—1, le résidu relatif 4 k=O étant nul. 

3°. L’expression cot (w—a) cot (¢—/3) ...... cot (w—«) cot (e—A), en 


désignant par 7 le nombre des facteurs, et faisant: a=e* Wal be" lee 


l=e*”-, aura pour transformée en z: 


A +07) (# 1) eX (+P) 
a AU Bot et ree (2’—T) 
On voit que le numérateur : le dénominateur sont du méme degré, ainsi 


il n’existe pas de partie entiére et nous avons seulement 4 calculer ® (a). 
oa “1 v - 1 





Care 


Or les 2” racines du dénominateur sont d’une part: 
e”-1 et en outre ces mémes quantités changées de signe, c’est 4 dire: 
etn V-1 oPtmV-1 | ett V1, qailleurs ® (a+7) = (a), ainsi la 
fonction proposée appartient au Eras 0 (w), et ses éléments simples ou 
figurent les arguments a eta+z7, B et 8+7, etc., se réduisent & ceux-ci: 

cot (w—a), cot (w—3), .. cot (w—A). Nous aurons en conséquence : 
® (x) = C+A cot (2—a)+B cot (2a—f)+ ..... +L cot (e—A), 
A, B,... L étant les résidus de ® (w) pour «=a, B,...; c’est a dire: 


A = cot (a—/[3) cot (a—y) ...... cot (a—A), 
B= cot cm cot ae Seas cot (@—Ad), 
bE ps bse oe) ie a B) .. ao Ee EY: 


Enfin la constante C s’obtient par l’équation C = +(G+H), au moyen 
des valeurs, G=(—V-—1)", H=(~”—1)", qu’on tire de la trans- 


Pie : : nu 
formée en z pour 2 nul et infini, ce qui donne simplement : C = cos —, 


2 
4°, On traitera de méme enfin l’expression plus générale : 
F (sin 2, cos 2) 
sin (e—a) sin (v—/3)... sin(w—d)’ 
ou le numérateur est un polynéme entier en sin w et cos x: en supposant 


qu'il soit homogéne et de degré n—1, on sera amené a la relation 
suivante : 
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F (sin a, cos 2) 
sin(w#—a) sin(w—/).., sin(@—)) 
ik, Sigil F (sin a, cos a) 1 
sin (a—{) sin(a—y) ... sin(a—A) © sin (2a—a) 
F (sin f, cos 3) 1 





* Sin (B—a) sin (8—y) ... sin (—A) * sin (w7—f) 


I’ (sin A, cos X) ] 
sin (A—a) sin (A—/3) ... sin(A—@) sin (@—A) © 





Nous en déduisons, en chassant le dénominateur : 








. _ sin(a—§) sin(a—y) ... sin(w—d) ‘ 

F (sin #, cosa) = SCL CNY F'(sin a, cos a) 
sin (w—a) sin(a—y) ... sin(a—)) : 

gin (3—a) sin (By)... sim(B—A) © (nM C8P) 


e@e-ree += #js¢8 00 


sin (@—a) sin(#—/3) 





sin(A—a) sin(A—f) .. 


.. Sin(@—k) 
. sin(A—x«) 


F (sin A, cos A), 


résultat qui se rapporte a la théorie de l’interpolation, comme donnant 
Vexpression de la fonction F (sina, cos#) ou entrent » coefficients 
arbitraires, au moyen des ” valeurs qu’elle prend pour «=a, /3, ... X. 


IV. C’est pour obtenir Vintégrale de la fonction f(sinz, cosx) qu’a 
été établie la formule de décomposition en éléments simples, et on voit 
en effet que d’une part Hf IT (a) dx se calcule sur le champ, et de l’autre 
en ce qui concerne if @(x) dz, il suffit d’employer la relation qui 


s’établit immédiatement : 


Scot “tage dx = 2 log sin ant 


A Végard des quantités : f 0 (x) da, off H(«r) dz, on se servira de 
celles-ci : 


f cot(w—a) de =logsin(#—a) et ff cosee (wa) de = log tang. 


Quant aux expressions qui figurent en dehors des termes logarith- 
miques, & savoir : 

















d cot (x—«a) Pigpeeg i d”~* cot Ga 
da dx 


A, cot (v—a)+A, 


d co-ec (2—a) 4 


AN A"-1 ensee fa—«) 
da 


et <A,cosec(v—a)+A, toga Rar ) 
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on prouve aisément que la premiére étant un polyndme du n° degré en 
cot (v—a), la seconde est le prodwt d’un polyndme semblable en 
cot (w—a), du degré +1, multiplié par le facteur cos(w—a). Ces 
quantités sous ces formes nouvelles sont parfois d’une détermination 
plus facile, et j’en donnerai un exemple en considérant V’intégrale 


if; cot"*'wdx, Vexposant n étant entier et positif. D’aprés la méthode 


générale, on fera: 


d cot x d” cot x 
ate aaa a eee ree A, 2 
da fs T dae 9” 


et les coefficients s’obtiendront, soit au moyen des relations successives : 





cot” }a¢ = C+A cota+A, 





cot. a = —l— Coote, cot? a = —cot a+ 5 moe, etc., 
soit en formant la puissance n+1 et les dérivées de la série: 
cot 7 = -— — 2 —.... Or la substitution cot a=, qui est in- 
diquée par la forme connue d’avance de lintégrale, en donne facilement 
la valeur, puisqu’elle devient ainsi: — of aaa et on obtient, si n est 
impalr : 
fico ada = — on 2 4col a (~1)? cot #+(= NEE 


et en supposant 7 pair: 


n n 


n t"-2 ) ; 2m — 
f cota da a Oy Oe  +(= 1) ot = 4+(—1) log sin @. 


Rapprochant ces résultats de Vexpression donnée par la formule 
générale, savoir : . 





a”-! cot # 
ie 
n 
nous en tirons cette conséquence que l’ona: A=0 ou A=(—1)?, selon 
que 7 est impair ou pair. Hn terminant je remarquerai que cette seule 
connaissance du résidu A relatif 4 la valeur «=0 de la fonction cot”*'a, 
suffit pour la détermination complete de la série : 


fro ade = Czx+Alogsina+A, cota+...+A, 


cot + = — tb cw + dat+ one 


] : 
Et d’abord de ce que le terme en — manque dans le carré, la quatriéme 
a ; 


puissance, et toutes les puissances paires, on conclut de proche en 
proche les conditions: b=0, d=0, ... c’est a dire que le développement 
ne contient que des puissances impaires de la variable, et a la forme : 
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cot 2 = aie pe+ye?+... De ce que la coefficient’ du méme terme ‘est 


+1, —1, +1, etc, dans la premiere, la troisiéme, la cinquicme 
puissance, etc., on tire aisément ‘les. égalités: a=1, 3a°6 =—1, 
9aty +1003? = 1, doi B=—4, y =—7y, ete. .C’est done a un nous 
veau point de vue une détermination des nombres de Bernouilli, 


On the Mechanical Description of a Cubie Curve. 


By Prof. Caytry, F.R.S. 
[Read 14th November, 1872.] 


If the coordinates w, y of a point on a curve are rational functions of 
sin ¢, cos ¢, “1—k'sin’¢, the curve has the deficiency 1, and con- 
versely in any curve of deficiency 1 the coordinates w, y can be thus ex- 
pressed in terms of the parameter ¢. Hence writing sin@ =k sin ¢, 
the coordinates will be rational functions of sin ¢, cos ¢, cos 9, or say of 
sin ¢, cos ¢, sin 0, cos@; and for the mechanical representation of the 
relation & sin g = sin 0, we require only a rod OA rotating about the 
fixed point O, and connected with it by a pin at A, arod AB, the other 
extremity of which, B, moves in a fixed line Ow.’ The curve most 
readily obtained by such an arrangement is that described by a point 
C rigidly connected with the rod AB; this is however a quartic curve 
(with two dps., since its deficiency is =1). I first considered the cubic 





curve ay—1 = / (12?) (1=P2), 
or say wy —-1=— V0-#) Pa 


writing herein «= sing, and as before ksing = sin 0, we have then 
¥ sin ¢ = 1—cos 0 cos pg; which values may be written 


© = sin ¢, 
y= 1—cos (0+ 9) (O+9) — sin 6. 
sin > fon 


I found, however, that this was not the cubic curve most easily con- 
structed; and I ultimately devised a mechanical arrangement consist- 
ing of— 
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1. Rod OH, and connected 
with it by a pin at H, 
rod HI.* 

2. Square ACD, and con- 
nected with it by a pin 
at D, rod DG. 

3. Square ECF; the two 
squares being connected 
by a pin at C. 

4. Rod IJ. 

The rod OH rotates about a 
pin at O; taking HA=HI, there 
is a pin at A connecting a fixed 
point of this rod with the ex- 
tremity A of the square ACD: 
the fixed point B of this square 
moves along the line Ox. There 
is a pin at I connecting the ex- 
tremities of the rods HI, IJ; 
and this slides along the leg AC 
of the square ACD, the rod IJ 
being always at right angles 
thereto: finally the legs of the square ECF are always parallel to Oz, 
Oy, and the rod DG at right angles to EC. I have omitted from the 
description the parallel-motion rods or other arrangements necessary 
for giving these fixed directions to the rod IJ, the square ECF, and the 
rod DG. It wiil be seen that the angles AOB, ABO are variable angles 
connected by an equation of the form above referred to; and that the 
lines IJ, CF determine by their intersection the point P; and the lines 
CH, DG determine by their intersection the point Q; the curve about 
to be considered is that determined by the relative motion of P in 
regard to Q; or say the curve the coordinates of a point of which are 

ve wip A) GS at Yen) a 





D 


I write ZAOD == 6," ABO = ¢ 
QAR SAB aaah? =e Cae 
Avast err 


We then have asin@ =} sing: and moreover the length AI being 
= h cos (9+¢), and therefore [CU = c —h cos (0+ ¢), we have 
eaOpee c= cos (O-4.0)) 
’ Slu y 
e = QC ='d sing; 


* 'There was a, mechanical convenience in this, but observe that producing OH to 
meet IP in I’, the single straight vod Utti’ uughe Lave been inuie use ol. 
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whence also ay = d{c—h cos (8+¢)} 


or we have wy = afo—n/(1 —<) J(1 ls =) + pee, 
a a? a a d° 
Ge \e 
oe) 
or rationalising and reducing, this is 
h * 


thet is o(y— 2) si a a v(1-%) J(1- 
clicy Sods 2 b* Ce Ye Be ee 
ay? — = aly —Qeday + 2° ch+h (1+) 2? +d? (—h) = 0, 


ad ad 


@ quartic curve with two dps. 
In the particular case a=), the relation between 4, % is simply 0=¢; 
the curve should become unicursal. 


Writing in the equation ; = ], the equation takes the form 


{a (y te) —d(c—h) ; {ey—d(e+h)} = 
the second factor is extraneous, and the curve is the hyperbola 
o (y — Fe) —d(c—h) = 0, 


as at once appears from the foregoing irrational form of the equation. 
In the particular case h=c, the equation contains the factor #, and 
omitting this it becomes 


2 
2 (y— =< a) — 2edy +0 (1 + °) oats 
viz., we have here a cubic curve with three real asymptotes meeting in 


a point which is also the centre of the curve. 
If simultaneously a=b and h=c, then the equation is 


x (y — =) (ay —2cd) = 0, 


the actual locus being in this case the line y — “¢ 2 = 0. 
Writing h=c, and for greater convenience h=c=d=1; also to fix 


the ideas supposing b<a, and writing a k, =sin X, then we have 
a 


sin9=k sin 9, 


” = sin ¢, 
— l—cos (O49), 
J sin @ ; 
that is ay =1— VJ 1-2 J1—h2? + ke’, 


giving the rationalised equation 
¢ 2 (y°—2kax*) —2y+4e = 0; 

the angle ¢ may be anything whatever, but @ varies between the limits 
VOL. 1v.—No. ol. N 
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+A, the simultaneous values of these angles and of the coordinates 


being ¢=0 6=0 7=0 ‘aay 
9=90° 6é=Xr ral y=1+sin\X 
@= 180° 6=0 aX) 2 aa 
g=270° 6=—2r a=—l y=—(1+sim dA) 
@=360° G=) a0 y=0; 


and it thus appears that the mechanism gives the continuous branch 
which belongs to the asymptote «=0 of the cubic curve; the other two 
1+cos (0+@) ®) 
sin @ 

a slight alteration in the arrangement of the mechanism. 

I remark that if AH, HI had been unequal, then writing 2 HIA=y, 
this would be connected with 6+ @ by an equation of the form 

sin (0+¢) = msiny, 

and the coordinates w, y would be rational functions of the sines and 
cosines of 8, ¢, yx; the deficiency is in this case > 1. 


branches belong to «=sing, y = which would require 


On a Theorem relating to Polyhedra, analogous to Mr. Cotterill’s 
Theorem on Plane Polygons. By Prof. Ciuirrorp. 


[Read November 14th, 1872.] 


Mr. Cotterill’s theorem, presented last year to the Society, is as fol- 
lows: For every plane polygon of 7 vertices there is a curve of class 
n—d touching all the diagonals; the number of diagonals is such as to 
exactly determine this curve and no more; and when the curve touches 
the line at infinity, the area of the polygon is zero. 

The proof of this depends essentially upon the fact that if we join the 
vertices of the polygon to any point in its plane, the area of the polygon 
is equal to the sum of the triangles so formed, taken of course with 
their proper signs according to the rule of Mobius. 

The analogous theorem in space should therefore apply in the first 
instance to those solids whose volume can be expressed as the sum of 
tetrahedra, having one vertex at an arbitrary point of space, and the 
other three at three vertices of the figure; that is to say, it should 
apply to solids having triangular faces. 

For such solids I find accordingly that the analogy is very complete 
and exact. It is convenient to define a plane containing three vertices 
but not being a face, as a diagonal plane; and a line joining two vertices 
but not being an edge, as a diagonal ling. This being so, the theorems 
which I shall prove are the following: 
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For every polyhedron of n summits having only triangular faces 
(A-faced n-acron, CayLEy) there is a surface of class n—4: touching all 
the diagonal planes. 

This surface contains all the diagonal lines. 

The diagonal planes and lines are so situated, however, that the condi- 
tions of touching the planes and containing the lines are precisely sufficient 
to determine a surface of class n— 4. 

When this surface touches the plane at infinity, the volume of the solid 
1s Zero. : 

To apply these propositions to polyhedra having other than triangu- 
lar faces, we must consider such polygonal faces as singularities. Hach 
of them, in fact, may by a small deformation of the polyhedron be 
resolved into a certain number of triangles; and we may thus regard a 
quadrangular face, for example, as the special case of two adjacent tri- 
anglular faces being in one plane. Thus the quadrangular face abcd 
may be regarded as produced by coplanarity of the triangles abd, cbd. 
The effect of this is also to unite together the two diagonal planes abe, 


adc, and to make the diagonal line ae lie in the face. Thus the surface 
of class »—4 must touch the face abed; but it does not in general 
contain the lines ac, bd. It touches the face at their point of intersec- 
tion. And, in general, it is not necessary to consider the diagonals of a 
polygonal face as diagonals of the polyhedron, and they do not in fact 
lie upon the surface d,,_,. Buta polygonal face with m vertices is a mul- 
tiple tangent plane of order m—3, and the curve of contact is Mr. Cot- 
terill’s curve appertaining to the polygon. 

It is interesting to consider from this point of view the correlative 
propositions. Just as we have regarded a solid with a given number of 
summits, or polyacron, as having normally or in the most general case 
only triangular faces, while polygonal faces present themselves as sin- 
gularities, and polyacra possessing them .as degenerate forms; so we 
must regard a polyhedron, or solid with a given number of faces, as 
having normally or in general only three-edged summits (tripleural 
summits, CayLEY), while summits having a greater number of edges will 
present themselves as singularities, and polyhedra possessing them as 

N 2 
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degenerate. Every solid with plane faces, except the tetrahedron, must 
have singularities of one kind or the other ; just as only loci of the second 
order are general at the same time of their order and of their class. 

The proof of these results is as follows. Let a,b,c, ... l,m, be the 
summits of a A-faced polyacron, and p any point in space; let also 
X=0 be the equation to the plane at infinity, and the result of substi- 
tuting in X the coordinates of any point, as a, be denoted by aX. Now 
if fgh is a face, and the summits f, g, h, looked at from p, go round the 

(pfgh) 
pX&.fX.gX UX 
volume of the tetrahedron pfgh according to the rule of Mobius. [Here 
(pfgh) means the determinant formed with the coordinates of p, f, g, h.| 
Hence, if V be the volume of the whole solid, we have 
s —__(pfgh) ue 
TD. P.O POLE ite 
the summation being extended over all the faces, and the summits of 
each so mentioned that every edge occurs twice in two different orders; 
that is to say, if we have mentioned (p/fgh), we must not mention 
(pfgk), but (pgfk) or (pfkg) or (pkgf). To render this equation 
homogeneous in all the quantities mentioned, I call to mind that 
the volume of a tetrahedron is not given absolutely by the formula 
(pfgh) 

Dr fX.gx- aX 
volume employed. If we take as this unit of volume the volume of 
the fundamental tetrahedron, whose vertices may be denoted by 
1, 2, 3, 4, then our equation becomes 


wa Ne Vo rg eee (D) 
pX.fX.gX bX AX OX RR ee 


Here V is a ratio, depending on the positions of the points a, J, ¢, ... 
relatively to the plane X, but absolutely independent of the position of 
p. If, then, we make the equation integral, by multiplying both sides 
into pX.1X.2X.3X.4X..fX, we see that the expression 
Dia 
2 (Bfgh) AR 

must be divisible by pX; because its equivalent on the other side is so 
divisible, and the equation is an identity so far as p is concerned. The 
result of the division is of the order n—4 in X; or, which is the same 
thing, ¢f X be regarded as a variable plane, the equation 


= (pfyh) erg ere Ree OR i Pes es 8 


represents a surface of class n—A. 





face clockwise, then the expression represents the 











but only to a factor prés, depending on the unit of 





Two things are now clear from our previous equation and from the 
form of this one. 


LB72 vy a Theorem relating to Polyhedra. 181 


1°. If the equation is satisfied when X is the plane at infinity, then 
V=0; or, 2 the surface (2) touch the plane at infinity, the volume of the 
solid is zero. 

2°. The equation (2) is satisfied if 7ZX=0, mX=0, nX=0, where 
l,m,” are any three vertices not in the same face. Therefore the 
surface (2) touches all the diagonal planes. 

The investigation, so far, is a mere reproduction of that of Mr. 
Cotterill, with the addition of an extra letter to apply it to three 
dimensions instead of two. I shall take the liberty of calling. the sur- 
face thus arrived at the index-surface of the polyacron, and shall denote 
it by the symbol vp_4. 

The index-surface contains all the diagonal lines. For let ab be a 
diagonal line, and ¢ any other summit of the solid; then abe is a 
diagonal plane. For if it were a face, ab would be an edge, contrary 
to the supposition. Consequently n—2 diagonal planes can be drawn 
through every diagonal line; now all these are touched by the index- 
surface. But if more than n—4 tangent planes can be drawn through 
a straight line to a surface of class »—4, the line must lie altogether in 
the surface. | 

Through an edge of the solid, on the other hand, two faces and n—4 
diagonal planes can be drawn ; which latter are, of course, the tangent 
planes from it to the surface. 

There are certain diagonal planes which it is convenient to consider 
separately. They are those which contain three edges of the solid; 
and I shall call them single planes. A diagonal plane may, of course, 
contain three diagonal lines, or two, or one, or none; but if it contains 
any diagonal line, the condition of touching it is already involved in 
the condition of containing that line. So that the facts we know about 
the index-surface may be summed up in saying that it passes through 
all the diagonal lines and touches all the single planes. 

I now go on to prove that in general these conditions are precisely 
sufficient to determine a surface of class 1—4. In order to do this, it 
will be necessary to make use of the researches of Prof. Cayley upon 
the A-faced polyacra, contained in the Ist volume of the Srd series 
of the “Manchester Memoirs,” p. 248; particularly of the following 
passage :— 


“An m-acron has 2 summits, 3n—6 edges, 2n—4 faces; and it is 
easy to see that there are the following three cases only, viz. : 


1. The polyacron has at least one tripleural summit. 

2. The polyacron, having no tripleural summit, has at least one 
tetrapleural summit. 

3. The polyacron, having no tripleural or tetrapleural summit, has 
at least twelve pentipleural summits. 
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In fact, if the polyacron has c tripleural summits, d tetrapleural sum- 
mits, ¢ pentipleural summits, and so on, then we have 


nm=ct+d+e+ft+gth+t &e., 
6n—12 = 8¢+4d+5e+ 6f+ 79+ 8h+ &e. ; 
and therefore 12 = 8c+2d+e+0f—g—2h—&e., 
or 8c+2d+e = 12+942h4+ Ke. ; 
whence, if c=0 and d=0, then e=12 at least.” 


Upon this theorem Prof. Cayley founds a method of deriving all 
polyacra with 2+ 1 summits from those with m summits. If we remove 
from. a polyacron a tripleural summit, as a in the figure, we may derive 


6 


Cc d 


from it a new polyacron with one summit less by regarding the 
diagonal plane bcd as a face of the new solid. Conversely, we may add 
one summit to any polyacron by crowning any one of its faces with a 
tripleural summit, and then regarding this face as a diagonal plane. 
This process is called by Prof. Cayley the First Process. In a similar 
manner, the skew quadrilateral beed formed by two adjacent faces 


Cc 
C 


d 
a (2 


may be crowned by a tetrapleural summit a, with the edges ab, ac, ae, 
ad, the faces bed, cde becoming diagonal planes of the new solid; this 
is called the Second Process. Again, the skew pentagon bcfed formed 
by three adjacent faces may be crowned by a pentipleural summit a, 
with the edges ab, ac, af, ae, ad, the faces bed, cde, cef becoming 
diagonal planes; this is called the Third Process. And it appears 
from the theorem quoted above, that every (7+1)-acron can be made 
out of an m-acron by one or other of these processes, according as it 
belongs to the first, second, or third case of the theorem. 

I shall now show, then, that if the conditions of containing the 
diagonal lines and touching the single planes are precisely sufficient to 
determine the index-surface of an v-acron, then the same thing will be 
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true for any (n+1)-acron derived from it by either of these processes. 
This will prove that the theorem is true for all A-faced polyacra, pro- 
vided we can show that it is true for all pentacra. Now there is only 
one pentacron, the figure formed of two tetrahedra with a common 
face, abcde. This figure has the diagonal line ae and the single plane 





écd; and the index-surface is the point v, which is precisely determined 
as the intersection of these. 

In determining the number of conditions involved in passing through 
a system of lines, we must remember that every intersection of two 
lines diminishes the number by one, except where three or more lines 
are in one plane. We have only to deal with the case of three lines in 
one plane; the number of conditions is then reduced by two for the 
three intersections. 


First Process—Let D be the number of diagonal lines of the -acron ; 
then when we pass to the (7+1)-acron, the following is the increase in 
the number of conditions: 


The D-lines are on a surface of class »—8 instead 


of n—4; this makes an Increase ..........c.see see +D 
There are x—3 new diagonals joining the new sum- 
mit @ to all the old summits except b, c,d ...... + (n—2) (n—3) 


One or other of these, however, meets each of the 
old ones at least once; which is all that need 
be counted, because if any old diagonal meets 


two new ones a triangle is formed .. ............ —D 
The new diagonals all meet in a point, counting as 
+ (m—3) (n—4) intersections ..........e.0e0eeeeee $F (N—3) (n—A) 
There is a new single plane Bed... ....0s.esversecsee ves +1 
The total increase is therefore ............. +(n—1)(n—2), 


which is the difference between the number of conditions required to 
determine a surface of class »—3 and the number required for class 


nm — A. 


Second Process.—Let D be the number of old diagonal lines less be ; 
then we have the following increase : 
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The D lines on surface of higher class ............s00 ses RD” 
There are n—4 new diagonals .............. eecceee + (n—2)(n—4) 
One or other of these, Horr meets aah ee the | 

D lines at least once; and, as before, this is all 

that need be counted ............-060 er —D 
The new diagonals all nee in a HAN Lecanto ds as 

ey (n—6) Intersections ...........cceeceeeee —2(n—4)(n—5) 

The aie cd becomes a diagonal line .......... a +(n—2) 
If, however, we join this edge to the n—4 eee 

different from bcde, there is a reduction 1 in the 

case of each; for either the plane was a single 

plane, or it contained one or two diagonals ...... —(n—A) 
The diagonal be is on surface of higher class ......... +h 


otal; as DOLOre +. See dpetedetuncolencveres  F(W=—L) (taee 


Third Process—Let D be the number of old diagonal lines, less df, 
fb, be; then we have the following increase :-— 


The D lines on surface of higher class............-.+00 +D 
There are n—5 new diagonals ..........csceccesseseeeeee + (N—2) (n—5D) 
Intersections of these with D lines ...................0 —D 
New diagonals meet in a pOint............ cee sesceeeeseee —4(N—5) (n—6) 
The edges cd, ce become diagonal lines ......,........ +2(n—2) 
If we join these to the n—5 summits different from 

bedef, there is a reduction 1 for each plane ...... —2(n—5) 
The diagonals df, fb, be on surface of higher class... +3 
Their intersections with cd, ce, and of these with 

POPPE EI ore tacs ens tus dniaoeeae csbehe cuctens ewes oes —3 


OUAL GS POLOTO Wistescsssedscacrsecvescer sev othe Lopes 


Passing now to the consideration of polygonal faces, I remark first 
that, by direct application of Mr. Cotterill’s theorem, we have an ex- 
pression for the volume of the pyramid standing on a plane polygon. 
For let p be the vertex of the pyramid, g any point in the plane of the 
polygon; then we have 


y (pqab) “att (1284) 
pX.gX.aX.bX IXAD KIB XK WAX? 


in which U is the ratio of the volume of the pyramid to that of the 
fundamental tetrahedron, and >’ refers to a summation going round the 
m sides of the polygon in order. From this it appears that the ex- 


pression s 7 .2'}(pqab) . MI’. cX}, 
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(in which II’.cX means a product involving all the vertices of the 
polygon except a and /) is integral, independent of gy and of the order 
m—3in X. If we equate it to zero, we in fact obtain the equation of 
Mr. Cotterill’s curve belonging to the polygon. 

Now if this polygon form a face P of a polyacron, we obtain, as 
before, the following expression for the volume of the solid :— 


y (pqab) sy: (pfgn) Sy ees 
pX.g&.aX.bX pX .fX.gX.hX 1X .2X.3X.4X 
Thus the equation of the index-surface may be written 


oxy 2 | (paeb) WX eer {(pfgh) M.aX} = 0. 
Here [I. aX must in every case contain m—2 factors at least belonging 
to points on the plane P; or it vanishes in the order m—2 when the 
coordinates of P are substituted in it. The term »’ vanishes as we have 
seen in the order m—3 in the same case. Thus P is a multiple tangent 
plane of order m—3, and the curve of contact is determined by the 
term >’; that is to say, it is Mr. Cotterill’s curve belonging to the 


polygon. 


December 12th, 1872. 
Dr. HIRST, F.R.S., President, in the Chair. 


Mr. R. Pendlebury, B.A., Fellow of St. John’s College, Cambridge, 
was elected a Member; and the following gentlemen were proposed for 
election: —Mr. G. B. Finch, M.A., Queen’s College, Cambridge, Barrister- 
at-law ; Mr. T. O. Harding, Scholar of Trinity College, Cambridge ; 
and Mr. John Macleod, University of Glasgow, Instructor in Mathema- 
tics in the Royal Military Academy, Woolwich. 

Prof. Cayley read his paper ‘‘ On the Mechanical Description of cer- 
tain Quartic Curves by a Modified Oval Chuck,” and exhibited the 
action of the instrument. Mr. Roberts spoke on the subject of the 
paper. Prof. Cayley then gave an account of his communication “On 
Geodesic Lines, especially those of a Quadric Surface.” Mr. J. J. Walker 
made a few remarks on the breaking up of the Anharmonic Ratio 
Sextic. Mr. J. W. L. Glaisher next gave a description, and worked 
out part, of his paper “On a Deduction from Von Staudt’s Property of 
Bernoulli’s Numbers.” Prof. Clifford read a paper, ‘‘ Geometry on an 
Ellipsoid.” The Secretary (Mr. Tucker) communicated two notes, one 
from Prof. P. G. Tait on a determinant, and the other from the Hon. J. 
W. Strutt on a remarkable echo. 
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The following presents were received :— 

“The Theory of Screws; a Geometrical Study of the Kinematics, 
Equilibrium, and Small Oscillations of a Rigid Body. By R. Stawell 
Ball.” (Trans. of Royal Irish Academy, vol xxv., read November 18, 
1871.) From the author. 

“ Journal of the Institute of Actuaries and Assurance Magazine.”’ 
No. Ixxxix., October, 1872. 

“ Constitution and Laws of the Institute of Actuaries of Great Britain 
and Ireland, and List of Members, 1871.” 

“ Nautical Almanac for 1876,” presented by authority of the Lords 
Commissioners of the Admiralty. 

“* Monatsbericht,” Juli, 1872. 

“‘Vergleichende Betrachtungen tuber neuere geometrische Forschungen, 
von Dr. Felix Klein.”” EHrlangen, 1872. From the author. 

“‘ Mémoires de la Société des Sciences physiques et naturelles,” tome 
vil., 4° cahier, 1872. 

“Extrait du Bulletin des Sciences mathématiques et astronomiques.”’ 
(Notice sur la vie de Jean-Auguste Grunert.) Paris. 

“ Vierteljahrsschrift-der naturforschenden Gesellschaft in Ziirich, 
redigirt von Dr. Rudolf Wolf; sechszehnten Jahrgang, viertes Heft; 
siebzehnten, erstes Heft.” Zurich, 1871. 

“* Royal Society’s Catalogue of Scientific Papers,” vol. vii TKA— 
wird, 1872. 

“Proceedings of Royal Society,” vol. xx., Nos. 137, 188. 

“Catalogue of the Mathematical and Scientific Library of the late 
Charles Babbage.” From the compiler (R. Tucker, M.A.) 

“War Department Weather Map, Signal Service, U.S. Army.” 
Washington, Friday, November 22nd, 1872, at 7.35 a.m., 4.35 p.m., 
il pm. (8 maps.) 


On the Mechanical Description of certain Quartic Curves by a Modi- 
fied Oval Chuck. By Prof. Cayzuy. 


[Read December 12th, 1872. ]} 


The geometrical principle of the oval chuck is the well-known one 
that if a plane move in such manner that two lines Ow, Oy, fixed in the 
plane and moveable with it, pass through two fixed points A, B, respec- 
tively, then any fixed point P traces out on the plane an ellipse. ‘The 
point A is on the (geometrical) axis of the mandril; there is connected 
-with the head a guide-ring moving horizontally ; the point B is the 
centre of the guide-ring, this being. a ring connected with the head, 
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moveable horizontally at right angles to the axis in such wise that the 
distance AB of the two centres is adjustable to any given value; the 
fixed point P is the tool, which practically is held on the level of the 
wxis, that is, at a point in the line AB. The guide-ring remains fixed 
during the motion of the lathe. 

It occurred to me that a chuck applicable to ornamental turning might 
be constructed by giving to the guide-ring a reciprocating motion syn- 
chronous with the rotation of the mandril; viz., for this purpose it is 
only necessary to affix to the axis of the mandril an excentric, working 
in a frame attached to the guide-ring so as to move the centre B of the 
guide-ring backwards and forwards along the line AB: the curve is 
thus that described by the fixed point P upon a plane moving in such 
manner that the lines Ow, Oy pass always through the points A, B respec- 
tively ; the former of these being a fixed point, the latter of them a 
point moving according to a determinate law backwards and forwards 
along a fixed line through A. 

The plan is carried out in a drawing apparatus which I have had 
constructed in wood, the axis being here vertical instead of horizontal, 
and the details of course different from what they would be for a lathe. 
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The apparatus consists of a piece of inch-board, about 10 inches long 
by 7 inches broad, pierced with a circular hole of 1 inch diameter for a 
vertical axis: the edges of the board serve as guides for the frame L, 
which carries the guide-ring, and resting on the board we have the 
frame M, itself guided by the frame L: the two frames move indepen- 
dently of each other, but they can be clamped together ; the axis has 
upon it a square nut, the sides of which work in the slot of an excentric, 
the throw of this being adjustable by means of a screw passing through 
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the nut and axis, and there is above the excentric a square nut shown in 
the figure. This is capable of rotation round the axis, so that two of its 
sides may be placed either parallel with or inclined to the sides of the 
slot; but I fix it with two sides parallel to those of the slot by means 
of a screw run into the axis. The upper surfaces of the last-mentioned 
nut and of the guide-ring are flush with each other; and we then have 
a table or bed having, on its under-surface, guides which work on the 
outer edges of the guide-ring and on two edges of the nut. It will be 
observed that the bed may be placed in two different positions, viz., the 
guides may work on either pair of edges of the nut, those which are 
parallel to the sides of the slot, or those which are at right angles to it. 

Supposing the bed placed as above upon the guide-ring and nut, 
then if the frames L and M are disconnected, and the former of them 
is fixed, the frame M will, on rotation of the axis, be carried backwards 
and forwards by the excentric, but this will in no wise affect the 
motion of the bed; the arrangement is then equivalent to the oval 
chuck, and a pencil fixed above the bed in any given position will trace 
out upon it an ellipse. If, however, the frame L, instead of being fixed, 
is clamped to the frame M, then the two frames, and therefore the 
guide-ring, are carried backwards and forwards by the excentric, and 
the curve traced out by the pencil is no longer an ellipse; it is, as I 
proceed to show, a special form of trinodal quartic; viz., there is a 
tacnode (=two nodes) at infinity, and a third node, which may be a 
crunode, cusp, or acnode. In the last mentioned case, the acnode or 
conjugate point is, as usual, not exhibited by the mechanical descrip- 
tion, and the curve has no visible singularity. 

Let the coordinates of the fixed point P, referred to axes through A, 
the first of them perpendicular to, and the second coincident with, AB, 
be b, c; let the distance AB be =a; and let @ denote the angle BAO: 
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then, 1f #, y are the coordinates of P referred to the origin O and axes 
Ow, Oy, we have 
x+acos@= Ob sin 0+¢ cos 8, 
y =—b cos 6+¢ sin 0, 
which, if a be constant, gives a quadric equation, or the curve is an 
ellipse; and, in particular, if b=0, that is, if the point P is on the 
line AB, then we have 
@ = (c—a)cos0, y=c sin®8, 
x 
(c—a)’ 
But if a is a given function of 6, then the equation is still found by 
eliminating 0 between the two equations for # and y. In particular, if 
the distance AB is given as the perpendicular upon the tangent of a 
circle, as shown in the figure, then if / be the radius AC of this circle, 
and A the inclination of AC to Aw (/ and A being taken to be constants), 
we have a = k cos (0+A), 
and the equations are 
x= 6 sin0+{c—k cos(6+A)} cos 8, 
y =—bcos@+c sin @. 





2 
. 1 
or the curve is + cb SSM, 
o 


The elimination is nearly the same as if b were =0; viz., we may 
determine y, a in such wise that 
b sin 6+¢ cos@ = y cos(9+a), =v cos®@ suppose, 
—bcos0+csind=ysin(6+a), =ysing; 


¢ 


and then x = y cos ¢—k cos(¢+A—a) cos (¢—a), 
y = y sin 9. 
I will, for greater simplicity, at once write b>=0: the equations thus are 
a = (c—k cos 8 cos\+k sin 9 sin XQ) cos 9, 
(f= © Siu: 
or say the first is 
aw = (c+k sin 6 sin d) cos 0—k cos’ @ cos A; 


whence we have 
ae + hi cos oa i (?—y’) = (c+ = sin | u Ve—y’, 
pp C 


that is, ex+k cosr (?e—y?) = (?e+ky sind) Ve'—y’, 


an equation which will assume a more simple form if either A=0 or 
A=90°; that is, if in the apparatus the nut-sides which guide the bed 
are either at right angles, or parallel, to the sides of the slot. 
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Taking the general case, and writing for convenience cos 0 = é, 
sin 06 =, the curve is given by equations of the form 


«= (4, n, 1)’, 
Gi es ; Up 
O+n =1; 


viz., the elimination of £, » from these equations leads to the equation 
of the curve. The points of the curve have thus a (1, 1) correspondence 
with those of the circle @+7? = 1; or, the circle being unicursal, the 
curve is also unicursal. Moreover, considering the intersections of the 
curve with an arbitrary line aw+by+c = 0, the points of intersection 
correspond to the points of intersection of the circle by the quadric 
a (é,, 1)?+6 (é,9,1)?+c=0; viz, there are four points of inter- 
section, or the curve is a quartic, and hence it is a bimodal quartic. 
But it is a binodal quartic of a special form: to show this more clearly, 
I introduce for homogeneity the coordinates z, ¢, so that the foregoing 
equations become 
wry: OAT He ae erm C7 C*, 
Ptr —f = 0; 

the curve corresponding to these equations is, as just seen, a binodal 
quartic. But in the case in hand the form is the more special one, 


Cry: :%4= (Emme a erecraes 
3+? —2? = 0. 


The intersections by the arbitrary line aw+by+cz=0 are the points 
corresponding to the intersections of the circle &+7°’—¢? = 0 by the 
quadric a(&, n, ¢)?+bé+cl? = 0, giving four intersections. But the 
intersections by the line by+cz=0 (that is, by any line through the 
point y=0, z=0) are obtained from the equation bé+cl°=0; viz., 
this breaks up into bé+cf=0, €=0, and the last factor combined 
with the equation of the circle gives €=0, &+7’=0, the two circular 
points at infinity, corresponding each to the point y=0, z=0: the 
other factor gives points corresponding to two variable points on the 
curve; that is, a line through the point y=0, z=0 meets the curve in 
this point twice and in two other points. Again, making b=0, or . 
taking the line to be the line at infinity z=0, the equations then are 
C=0, &+7?=0; viz., we then have the circular points at infinity 
each twice, corresponding to the point y=0,z=0 four times, and no 
other point; that is, the line z=0 meets the curve in the point y=0, 
z=0 four times. We thus see that the curve has at y=0, z=0, that 
is, at infinity on the line y=0, a tacnode (counting as two nodes), the 
tangent at this point being the line at infinity z=0. The curve being 
trinodal, has of course one other node. 
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On Geodesic Lines, in particular those of a Quadrie Surface. 
By Prof. Caytuy, F.R.S. 
[Read December 12th, 1872.] 


The present Memoir contains an investigation of the differential 
equation (of the second order) of the geodesic lines on a surface, the 
coordinates of a point on the surface being regarded as given functions 
of two parameters p, g, and researches in connection therewith; a de- 
duction of Jacobi’s differential equation of the first order in the case of 
a quadric surface, the parameters p, g being those which determine the 
two sets of curves of curvature; formule where the parameters are 
those which determine the two right lines through the surface; and a 
discussion of the forms of the geodesic lines in the two cases of an 
ellipsoid and a skew hyperboloid respectively. 


Preliminary Formule. 

1. I call to mind the fundamental formule in the Memoir by Gauss, 
Disquisitiones generales circa superficies curvas, Comm. Gott. recent. 
t. vi., 1827, (reprinted as an Appendix in Liouville’s edition of Monge,) 
together with some that I have added to them. The coordinates a, y, z 
of a point on a surface are regarded as given functions of two parameters 
, q, these expressions of x, y, z in effect determining the equation of 
the surface, and we have 

de+id’s = adpt+adqt+t (adp? +2u'dpdq+a'dq), 
dy+td°y = bdp + b'dq+i (Bdp?+2h'dpdq+p'd7’), 
dz+id’z = cdp +¢dq +2 (ydp*+2ydpdq+y'dq’), 
| A, B, C = lce’—b’c, ca’—c'a, ab’—ab; 
whence differential equation of surface is 
Adz+Bdy+Cdz = 0. 
Also HR, F, G = @4+0?4+0’, aa’ +bb’+ec', a* +b? +c?; 
so that element of length on the surface is given by 
dx + dy’ +dz = Edp’+2Fdpdq+Gdq’ ; 
or as I write it, ea ( Jus Hy Ch) ap, Og )-e 
and moreover Vv? = A’+B’?+C*? = EG—F’. 

The equation (H, F, GQdp, dq)? = 0 determines at each point on 
the surface two directions (necessarily imaginary) which are called the 
“circular” directions. Passing on the surface from point to point along 
the circular directions, we obtain two series of curves (always ima- 
ginary) which are the ‘‘circular”’ curves ; the equation (H, F, Gq dp,dq)’ 
= 0 is the differential equation of these curves; and if we have H=0, 
G=0, then this becomes dpdq=0; viz., we have in this case p=const. 
and g=const. as the equations of the two sets of circular curves re- 
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spectively. It is clear a priori, and will be shown analytically in the 
sequel, that the circular curves are geodesic lines. 
I write also 
KH’, F’, G = Aa+B64+Cy, Aad’+BG'+Cy, Aa”+BB"+Cy’, 
or what is the same thing, EH’, I’, G’ represent the determinants 











AOA Oa eink a, b, ¢ |, respectively, 
, , , Lr , vA Nas / - 
Gey e Oy a0is Cee 0 ane 
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a, B, Y a, B, wv a; B ae f 











(these last symbols do not occur in Gauss). 


2. Radius of curvature of normal section corresponding to direction 


Se ep — (H, F, GQdp, dq)? . 
dp : dq is given by V (KE, F, @Ydp, dq)? 
whence it appears that the directions of the inflexional or chief tan- 
gents (the Haupt-tangenten) are determined by the equation 

(i I, Godp, aq)’ =.0. 

The directions in question are imaginary on a surface such as the 
ellipsoid where the curvatures are in the same direction, but on a con- 
cavo-convex surface they are real; and in particular on the hyperboloid 
they coincide with the directions of the generating lines. We may on 
any surface pass from point to point along the chief directions ; we have 
thus on the surface two sets of curves which are the chief curves; the 
differential equation of these is (H’, F’, GQ dp, dq)? = 0; and in par- 
ticular if H’=0, G’=0, then this becomes dpdqg=0, or we have 
p=const., g=const. for the equations of the two sets of chief curves 
respectively. On the hyperboloid the chief curves are the two sets of 
generating lines. The chief curves are not in general geodesic lines, 
but on the hyperboloid, gua straight lines, they are, it is clear, geodesic 
lines. 








3. The directions of the curves of curvature, or the principal tangents, 
and the corresponding values of the radius of curvature are determined by 
e _ Edp+Fdg _ Fdp+Gdq, 

Vo HWdp+Fdq = Fdp+@ dq’ | 
or what is the same thing, these directions are determined by the 


equation dq’, —dqdp, dp’ | = 0. 
Oe ste 
Tee aera 








The same equations may be written 
Ney a Ae p Ble Vil eire oi sR 
eR ies pl’—VF  pG’— VG’ 
that is, the principal radii of curvature are determined by the equation 


p’ (HiG’—F”) —pV (EG’+ E’G—2FF’) + V’ (HG—F”) = 0, 
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(last term is=V*, but itis better to retain the original form) : and then, 
p being either root, the last preceding equations give the direction of 
the curve of curvature corresponding to the given value of the radius 
of curvature. 


If p=const., g=const. are the equations of the two systems of 
curves of curvature respectively, then the quadric equation in (dp, dq) 
must become dpdg = 0; this will be soif F=0, =O; and we thus 
have these equations, viz., written at full length they are 

d,cd,2x+dp,yd,y +d pzd,z = 0, 
dee, dys i rae 98 
dX, diy, CP 

d,d@, addy, d,dz 


as the conditions in order that p = const., qg = const. may be the two 
systems of curves of curvature. The former of these equations merely 
expresses that the two sets of curves always intersect at right angles. 


General Theory of the Geodesic Lines on a Surface. 


4. I now proceed to investigate the theory of geodesic lines on a 
surface, the surface being determined as above by means of given ex- 
pressions of the coordinates «, y, z in terms of the parameters p, q. 

The differential equation obtained by Gauss for the geodesic lines is 
in a form not symmetrical in regard to the two variables; viz., his 
equation is 


di ay AG Edp + Fdgq 
20 apt Sea eos i ee 
he eh aa dein 
where, as above, He th UP i G & dp, dq)’. 


If we herein consider p, g as functions of a parameter 6, and write 

for shortness d,p, de; ds); hs Cee ITS erent 
also = (EH, FO 0959 )* 
and he Bier gl he —— Hi ag 
then the equation is 

i ee E, , F TN 

(Ey, Fi, Gy), g)’- 2/2 Ace = 0. 
Kp’ + =1\ = N 

We have (ae -'s O.7) +N), 


where N is the part containing p’, 9”, which I will first calculate ; 
viz., we have 
N = © (Ep"+ Fg") — (Ep'+ Fo’) 30" 
= 2 (Hp + Fg”) — (Hp’+ Fe’) | (Ep’+ Fg’) p+ (Fp'+ Gq’) 7°} 
= p|HO—(Ep'+Fq’)*} + 9 { FO— (Mp + Fy (Fp + Gq); 5 
VOL. IV.—NO., 03. 0 
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or substituting for Q its value, this is 


= p’ (EG—E") — 7 (EG-P) pq, =—78G—F) (7 —-p'9); 
wherefore 
Ep +2) — 1 —/ (EQ — F2 pe em ae t 
taaayepe = 979 M-YEG-P) (p'g"—P'N)}, 


and the equation becomes 
QO (Hyp? + 2B, pg + Gig”) —2M + 2¢(EG—F") (pg —p"7) = 0; 


whence we foresee that the whole equation must divide by q’. 


5. We have 
M= (p'dB+qdF)Q—(Bp'+ Fy) (3p"dE+p'¢ dk +4970) 
= di |p O— yp” (Hp’+ F7)} 
+dF | gQ— py (Ep’+ Fg} 


+dG{ —t}9?(Ep'+Fq)}, 
or say 
2M= dEL p*(pE+qF)+2p7¢(pF + 7G)] 
+d¥ | 29°(pF+/G)] 
+dG [—q? (pH+qF) ] 
= (Ep +H,9')[ p? Bp'+Fq/)+2p'¢ (Fp + Gq) 
+(Pipt+ Fg) [ 2q? (Fp'+Gq‘)] 
+(Gip' + Gq’) [—¢? (Hp’+ Fa’) ]. 


The term in p“* is HH,p%, which is also the term in p* of 
Q(B, p?+2F, pp’ +Giq”); whence Q(H,p?+2F, p'¢+G,q7)—-2M 
divides by ¢/. 

Proceeding to the reduction : 

Term in H, is 

Ei, . p°Q—p® (Hp'+Fq’) —2p* g(Ep + Gq) = Ey.—pq' (Fp + Gg) ; 
term in F, is 

By . 2p'g'Q—2p'g? (Fp'+ Gg’) = FB, . 2p%q'(Ep’ + F¢’) ; 
term in G, is 


G,.g?Q+p'7? (Ep +BY) = Gi {2p’q? (Hp + F 9’) +9? (Fp’+Gq’)}. 


6. The remaining terms in H,, F',, G, require no reduction, and the 
result is 
BE, {—p?(Fp’+Gq7/)} — B, { p?(Hp’+ Fo’) + 2p’¢'(Fp'+ Gq’) } 
+F, { 2p?(Ep' +Fq’/)} — F, {29?(Fp’'+Gaq’)} 
+Gy {2p'q'(Hp'+ Fo’) +9°(Fp' + Gq’)} — Gs | —g?(Hp’+ Fy) } 
+2(EG— F’) (p'g"— p'g) = 0, 
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or what is the same thing, 


(Ep’+Fq’) {(2F,—E,) p? +2G, p’g’+G.q7} 
— (Ep +Gq') {Ep? +2, p’g’ + (2F,—G)) ¢?} 
+2(EG—E") (pg — pg) = 0, 
which is the required differential equation of the second order: the 
independent variable has been taken to be the arbitrary quantity 6; but 
taking 0=p, or q, say 0=p, we have p=1, p”=0, and the equation 
then contains (besides p and qg) only g” and q’, that is, d, g and d,q, 
and is therefore a differential relation between p and q. 


7. Instead of starting, as above, from the equation given by Gauss, 
we may use the geometrical property that at each point of a geodesic 
line the osculating plane passes through the normal of the surface. 

Considering, as above, p, g as functions of a variable 0, then, 0. be- 
coming 0+d0, the new values of p, g are 

ptpdd+ip'de’, gqt+qdi+iq'de ; 
and that of # is 

ata (p'dd+ip’ de’) +a (qd) +49d0") +1 (ap? 4-2a'p’q +a"q”) a0’; 
or calling this w+ad0+12"d0’, we have 


Ae ap +a'q, of’ — ap’ +a'q” +ap?+2a'p'd +a’q”, 
andso y= by + Ud, y= bp +b q'+Bp?+2Bpg +89", 


g=cp+ cq, f= op +g" + yp? +2ypd +y'¢9 . 


The condition in question is expressed by the equation 








rie BS Oia eA 
ee ey An 
a”, ys of” 
that is, 
A, Bb, C 


apt+ag, bp +7, op t+eq7 
ap” +. vq’, bp” + bq", cp” + cq” 














ao EAS Ts C ee) () 
ap +a’'q’, bp +0”, op +¢q 
ay? + 2a'p'¢ 415 a’g”, Bp? a 20'p'¢ 5 gas yp> + VVg cs A 


8. The first determinant is the sum of three terms such ag 
A (be — be) (pq — p’); viz, this is A’(p'g”— p’q’), or the deter- 
minant is (A’+B’+C*) (p'q’— p'”), = (HG—F’) (p'7"— yp"). 

The second determinant is the sum of three terms such as 
(ap? + 2a'p’d +a"q”) [B (cp +e’) —C (bp +0'@’)], where the factor in 
[] is p'[e(ca’'—ca)—b(abl’—ab)] + ¥ [e(ca — a) —V'(ab'— vb) ], 

02 
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which is = p'(a E—aF)+¢q(aF—aG). We have thus the second 


determinant, and the equation becomes 
(EG—F”’) (pq —p'7) 
+ (ap”+ 2a’p'g’ +a"q”) | p'(a’E—aF) + (a F—aG) } 
+ (Bp™+ 28'p'¢ + B"9") {ip GE—bF) +9(6F—bG)$ 
oh (yp? +2y'n'd +79") {'(c’H—cF) Be g (cF—cG)} A 0, 
an equation of the same form as that previously obtained, and which 
can be without difficulty identified therewith. 


The Circular Curves are Geodesies. 


9. I proceed to show that the circular curves are geodesics; viz., 
that an integral of the geodesic equation is 


(EH, F, GQ yp, 7)’ =09. 
Starting from this equation, we have 
25 (Ep'+ Fe’) p+ (Ep +Gq’) 75 
+(E, p+ E.g') p?+2 (Pip +Fig’) pg + (Gip'+ Gog’) 9? = 0. 
Now the equation, writing therein Ep’+ F9 = dq’, gives Fp’+Gq’ 
=—)p’: these equations may be written 
Ep'+(F—A) 7 = 0, 
(F+A)p + G Gan, 
the value of being therefore —\7 = EG—F’. The result just ob- 
tained thus becomes 
2 (p"g'— Pg") F 
+ (ip + Bg) pt Mie t+ hg) 7].— \ Ge +G¢) 


+B pt Fog) p+(Gip'+ Gag’) 9g’) - ; (Ep'+ F¢’), 
that is, 
2 (EG—E*) (vg — p'”) 
—(Fp'+ Gq’) [E,p*+(B,+F)) pg +F, 97] 
+ (Ep'+ Fd’) [Fi p?+ (#24 Gy) pd + Goq?] = 0; 
or what is the same thing, adding hereto the zero value 
A(E,F,GYp',9)’, = Ep’ + Gy) Ag+ (Bp + Fy’) Ap, 
where A is arbitrary, the equation is 
2 (EG—F’) (p'g"—p'9) 
+ (Ep + Fq) (Fp? + (Fit Gi) pg’ + Gag? + Ap’) 
— (Ep'+ Gq’) [E, p?+ (E+ Fy) pg t+ hg’ —Ag] = 0; 
viz., taking A= (F,\—E,) p’+(G,—F,) 7’, this agrees with the geo- 
desic equation. 
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The foregoing integral, (H, F, GQ p’, q’)? = 90, is, I believe, a par- 
ticular, not a singular, solution of the geodesic equation. 


The Chief Lines are not in general Ceodesics. 


10. That the chief lines are not in general geodesics appears most 
readily as follows : 

To find the condition in order that p=const. may be a geodesic, we 
write in the geodesic equation p’=0, p’=0: the equation thus be- 
comes Fy’. G.q’?—Gq/(2F,—G)) g? = 0; 
that is, we have FG,—2F,.G+GG, = 0 
as the condition in order that p=const. may be a geodesic: the con- 
dition that it may be a chief curve is G’=0, which is a different 
condition. 

We have of course, in like manner, 

2EF,—EH,F— EE, — 
as the condition in order that g=const. may be a geodesic ; and H’=0 
as the condition that this may bea chief curve. If p=const., g=const. 
are each of them at once a geodesic and a chief curve, then the four 
equations must all be satisfied, viz., we must have 
FG,—2F,.G+ GG, = 0, 2KF,— EH, F— EE, = 0, 
C—O lak), 


Special Form of the Geodesic Hyuation. 

11. In the case where the curves p=const., g=const. intersect at 
right angles (and in particular when these are the curves of curvature), 
we have F=0; whence also F,=0, F,=0; and the geodesic equation 
assumes the more simple form, 

Ep'(—E,p?+2G,p'q+ Gag’) 
—Gq( EB, p?+2E, p’¢—Giq") 
at 2KG (nd — pd) — 0. 
Geodesics on a Quadric Surface. 
2 2 2 
12. In the case of a quadric surface — + a + a =1, writing for 
shortness a, 3, y = b—c, c—a, a—b, we may express the coordinates 
2, y, 2 in terms of two parameters p, q as follows: 
—Pya = a(a+p)(atq), 
—yay’ = b(b+p)(b+4q), 
—aPp z# =c(ct+p) (ct+q), 
where, in fact, p=const., g=const. are the equations of the two sets 
of curves of curvature respectively. Writing moreover 
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= Pp aoe q 
“(peMeny 9° > @OC+DEFO 
we have ds? = 1 (p—q) (Pdp’?— Qd¢’), 
that 1s, H, F,G=34(p—g) P, 0, 4 (¢—-p) Q; 
and the geodesic equation becomes 
Pp’ Pp?—2Qp'¢ + (Q+¢q—p Q) 2} 
+Qq{(P+p— GP) p?— 2Pp'd + Qg"} 
—2(p—@) PQ (Pg Pg) = 9, 
where P’, Q’ stand for d,P and d,Q respectively ; viz., this is 
p* ‘ P? 
+p°q¢ .—PQ+(p—q) PQ 
+p q°. —PQ+(g—p) PQ’ 
+ os Ah. 
—2(p—g) PQ(p'g’—p'g) = 0. 


13. This has a first integral, 
added ( Q -| =0, 


(555) 6+ 9 


where 0 is the constant of integration ; or say this is 
8 (p°P—9°Q) +p*gP—g'pQ = 0; 
viz., differentiating logarithmically, this gives 
2p" P pe 29'9'°Q a p?P— g°Q’ 
PP—FQ 
L *ppigh—2q'q'pQ +p (gp P +7P)— 9 (p7Q + p'Q) 

P'gP—g'"pQ 
which, multiplying out the denominators, is in fact the foregoing geodesic 
equation. ‘To verify, consider first the part involving p”, q”: this is 











(2p'p"P—29'9’Q) (p?¢ P— ¢°pQ) — (2p'p"g P —27'7' PQ) (p°P- ‘Q), 
which is = 2p'p'P. 7Q (¢—p) —29797'Q - p°P (¢—p); 
that is, = 2(¢—p) PQp' gw" -P), 
or say =2(p—g) PQp' 7 (py —p’”). 


We have next the part 
(p®P’— 9¢?Q’) (p"qP—g"pQ) 
1p Gn borg & } +o (Pg Q+2"Q)} (p?P—9"Q), 
which is readily found to be 
=—pq {p?P*+ p"g'(—PQ+p—9gPQ) +p'9(—- POTS eo 
and the equation is thus verified. 
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14. We have consequently 


dp/ )+q/( 


Pp eit 2 Ae OS ah 
Gere +p)(c+p)(O+p) atg)(o+q) CaTER) °, 


involving the arbitrary constant @ as the differential equation of the 


9 


first order of the geodesic lines on the quadric surface eae == idl 
a ¢ 


the geodesic lines in question all touch the curve of curvature determined 

by the parameter 0, that is, the curve which is the intersection of the 
2 y 2 aia 1 

a+6 i b+@ aN c+é@ 








surface by the confocal surface 


15. In the particular case 0=0, the equation becomes 
Pdp’—Qdq’ = 0, 

Te NL SE eM ih 

(atp)Otp)(ctp) (tg G+netrg 

which is the differential equation of the circular curves on the surface. 


that is, 


16. The signification of the case 0=0 is not at first sight so obvious. 
Supposing that 6 is first indefinitely small, and writing the equation in 


2 2 2 2 2 
the form W+E42_1-6(2 444 =) +c. = 0, 





we have the series of geodesics touching the (imaginary) curve of 
curvature, the intersection of the surface by the imaginary cone 


. = 7" ce ct: = =0. These are, in fact, the right lines on the surface: I 
apprehend that the intersection in question is not a proper envelope, 
but is the locus of nodes of the geodesics, viz., each geodesic is to be 


considered as a pair of lines belonging to the two sets: I do not, how- 
ever, quite understand this. 


17. I say that the geodesics in question are the right lines on the 
surface ; viz., writing in the differential equation 6=0, it is to be shown 
that the differential equation of the right lines is | 

dp be dy i) 
V(atpyb+p(etp) v(atg)(b+g (erg) 
or what is the same thing, that the integral of this equation represents 
the right lines on the surface. 








42 2 2 
Writing the equation of the surface in the form ™ + 5 =—lj]— = 
a 
@ iy is (1 Z ) 
we have at once eG Yh GAy tre We ) 


4. =*(1-+) 
yay 47 Cea on o/’ 
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(o an arbitrary parameter) as the equations of a right line on the sur- 
face; viz., considering a, y, z as denoting the foregoing functions of 
p and qg, these two equations are forms of a single relation between p, 
q, ¢, which relation expresses that the point (p,q) is situate on the — 
right line determined by the parameter 7. We may from this integral . 
equation deduce without difficulty the foregoing differential equation ; 


viz., we have tee el = o de 
Ja Jb iy ait 
dz _idy_ 1 de 


LET Le ae c 
or multiplying these equations, 


dix” 


ca) 


+ oy + =0, 
and substituting herein for my Hi dz their values in terms of dp and 
dq, we find the required equation 
dp” dq 
(atpy(b+p)etp) (atg)(b+get+g) 





18. I return to the integral equation involving o: we have to 
rationalise this equation, that is, obtain from it an equation containing 
we, y’,2z, and then substituting for-these their values in terms of p, q, 
we have the required relation between p, g, ¢. We at once obtain 


{2(2-4)-(++2) (042) }-4(e- 4) Fao 


or if for greater convenience we introduce in place of « a new para- 


meter ¢, determined by the equation o*+ a = iid the equation is 
LP z 


eee a) Lo ( # \- a eral Ree 
din Gare) othr) oA pa eect 
Writing for shortness p+g = X, pg=Y, we have 
| 2 ye w gra. y 
Wes ere +aX+Y, ma ers = U°+)X+Y, —aB—— =e +eX +; 


and substituting these values, the equation becomes 
{B (0 +b0X+ Y)—a (a? +aX+Y)— gy (ab -—c?—cX—Y)}? 


+ 4aB (¢?—y*)(?+cX+Y) = 0, 
or what is the same thing, 


{ Bb? —aa?— py (aj}—c*) +X (Bb —aatoyc) + ¥ (B—a+oy) !? 
+ 4a (g’—y’) (PC +coX+Y) = 0. 
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19. This is an equation, quadric as.regards p, and also as regards @, 
viz., it is of the form 
(a+ 2hp + gp’) 
+29 (h+ 2bp + fp”) 
+ g(gt2fp+ep*) = 0, 
and it leads to a differential equation 
dp dq 
+--+ =), 
JP YQ 
where P= (h+2hp+fp’)’— (a+ 2hp+ gp’) (g+ 2fp+ ep’), 
Q = (ht 2bg + f¢')’— (a+ 2hg + 99°) (g + 2f9 +9") 5 


and upon effecting the calculation, it is found that we have 


P = — 8a°/?(9’— y’)(a+b—2c—¢) (at+p)(b+p)(c+p), 
Q = —8a°P’(9’— y’) (a+ b—2ce—) (a+9) (b+ q) (+9), 


viz.. P, Q are the same multiples of (a+p)(b+>p)(c+>p), 
(a+q) (b+ q) (c+ q) respectively; so that, omitting the common 
factor, or taking P, Q to represent the last-mentioned functions re- 


spectively, we have oe +- ie Ors 


vy Ea 
and since the parameter 9 has disappeared, we see that the original 
equation involving ¢ is the general integral of this differential equation ; 
viz., that the differential equation belongs to the right lines on the 
surface. 


20. The form of the integral equation may be simplified by intro- 
ducing instead of @ a new parameter K, connected with it by the 


K = Bb=aat ge _ (B—a)K—fb+aa 


equation Taiey © or @¢ mac : 
viz., we thence deduce 
Pp—a+go =—2«f (+), 
fb —aa+ oc = —2aBK (=); 
bb?—aa?—o(aB—c’) = 2af(act+be—ab+2cK) (+), 
g+y= 26(K—b) (+), 
¢—y = —2a(K— a) (+), 


where the sign (+) is used to signify that the functions preceding it 
have to be divided by a denominator which in fact is =c—K. The 
equation thus becomes 
(ac+ be—ab—2cK —-KX—Y)?—4 (K—a)(K—6)(?+cX+Y) =0; 
and if we moreover write 
vip, A = abe, be+ca+abh, at+b+e, 
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and instead of K introduce the parameter C, =A—K, the equation 
becomes 
{—w—2c? + 2cC—(A—C) X—Y}?+ (b+c—C)(cta—C)(?+cX+Y) 
— 1b) 
or expanding and reducing, this is 
{Y+(A—C) X}? 

+Y(—2u+4AC—4C’) 

+X (2prA— 4 — 2uC) 

+p—4v0 = 0, 


or say p> —4rC 
+ (2d—49— 20) (p +9) 
+ (—24+4dC —4C’) pq 
+A-—C)* (p+ 9° + 2p9q) 
+2(X—C) pg (p+) 
+ pa — 0, 
viz., this, containing the constant C, is the general integral of the dif- 
dp 4 rag: 
Par ae 
where P= (atp)(ot+p)(ctp), =v+tpept+rAp’+p*, 
Q=G@t+QDtQetg), =rtegtrg+/”. 


ferential equation 


21. The constant C is connected with the parameter o, which origi- 
nally served to determine the right line, by the equation 


+t te _ 2 (6—a)(A—C)— Pb-bag 
cy (AC) 
or what is the same thing, 
es ho 2°? —a’?—b’?—C (2c—a 1—b) 
Ae oe b—c C—a—b : 


Reverting to the equation between p, 7, ¢, I remark that if ¢ be 
therein considered as variable, we have the differential equation 


/Qdp+/f/P dq+ /® do = 0, 
where P, Q have the foregoing values 
P=—8a'P'(p'—y')(atb—c—g)(atp)Otp)Ctp), Q= ke; 
and where, if the integral equation be written in the form 
L+2Mo+N¢’ = 0, 
then we have © = M’—NL, viz., we thus find 
P= l6a'P'(atp)btp)ctp)at+gbtgerg). 
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22. Changing the notation, and writing 


= (a+p)(b+p)(ct+p), 
Q = (at+q)(b+9q) (c+ 9), 
® = (¢°—7”)(at+b—2c—9), 














Be eee Ip / 2 do 
the equation is efi Fe ay ai =(; 
JP" JQ” Ve 
or if, instead of ¢, we introduce the original parameter o, then, observ- 
ing that —— ral sat =» we at once find 
a — p= 
dp , dq , 4de 
+ fe ee 
JP JQ. 3 
where X= y(1to04)—2 (a+b —2c¢) o?, 


or what is the same thing, 
x= a(o’—1)?—b (0° +1)? +c. 40°; 
viz., passing from a point (p,q) on the line o to a consecutive point 
(p+dp, g+dq) on the line «+ds, the above is the relation between 
the variations dp, dqg,do. If 7 be the parameter of the other line 
through the same point, then we have in like manner, say 
dp dq 4. Adr Adz 


A AE Pac TAA voy 
(viz., one of the radicals ./P, ,/Q must present itself with a reversed 
sign): and we thus have dp, dq each expressed in terms of do, dr; 
viz., we have the increments dp, dg when a point passes from (o, 7) to 
(o+do,7+dr). These results will be presently obtained in a more 
simple manner. 


znf). 


Lormulee where the position of a Pot on the Surface rs determined 
by means of the two Lines through the Povnt. 


23. We may determine the position of a point by means of the para- 
meters o,7 of the two lines through the point. The equations of these are 


wy 1 =.) Lif We r(1— 
aaah x ( oe en eae TAL 
Come fy MN SRR Sty dl ite 
A Ue EAS C (1 Si hf ek oe ==( ton) 

and from these equations we deduce 


cia ae af RM ee eet %Z To 











ciara 6./be |r oe Je r+o 
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We have thence 
BOS (Po l\de + to 1) dee) 


/@ 
oH = (7? +1) do+(o*+1)dr (+), 
diz 
or do+ adr (+), 


where denom. = (r+c)’: regarding o,7 as the parameters in place 
of p, g, these show the values of the first differential coefficients 
a, a; b, 0’; ec, &. We deduce 
A =—2iV/be(or+1) +, B=—2ivca(or—1) +, 
C = —2i/ba(r—c) +, 
where denom. = (r+¢)*. We have, moreover, 
WE BE (Aa Nido PD (or 1) Sderot 1) ae a 
et = —2(7?+1) do?+2(or—1) 2dodr—2 (0? +1) dr? (+), 
Ge Ar do®+2(r—c)2dedr+ 4odr® (+), 
c 
where denom.=(7+<¢)’: giving a, a’, a”; J, (', B’; y, y’, y”. We deduce 
as the numerators of H’(=Aa+B(8+Cy) and G’(=Au”+BB"+Cy’), 
4i/ abe | (or +1)(7?—1)— (er —1)(7?+1)—2r(r—«)}, =0, 
and 4iV abe |(or+1)(o*—1)—(er—1)(0? +1) +20(7—c)!, =0; 
that is, E’=0 and G’=0; or the differential equation of the chief 
lines is dodr = 0, which is right. The value of F’\(= Aa’+Bf’'+Cy) 
is hardly required, but it is readily found to 


= i Mabe { — (or +1)? + (or —1)?—(r —0) }? + (r +05, 


or since the term in { | is = —(r+c)*, we have 
_ —4¢ Sabe 
oe (r+0)! © 
24. The values of H, F, G@ (ds* = Hdo*?4+2Fdodr+Gdr*) are 
B=a(@—-lf  — —b(*+1)' te. dr? (+), 
F = a(7°—1)(o0°'—1)—0 (7° +1) (0°? + 1)—c.4ro (+), 
G = a(o*—1)" —b (o' +1)? +¢.40° (+), 


where denom. = (7+7)*. 
We have, it is clear, (KH, =d,E, E,=d,H, &c.) 
4, 4. 


EK, = — —— Ge 


o+r : o+7 
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Hence the condition FG,—2F,G+GG, = 0, in order that o = const. 
may be a geodesic, reduces itself to 


4 0. 


and similarly, the condition —2EF,+EH,F+ EE, = 0, in order that 
rt = const. may be a geodesic, reduces itself to 


4, 





— F—2F,\+ E, — 0. 
o+T 
We have at once 
H, = 4a(7?—1)(ro +1) —4b(7?+1)(ro—1) +4c.2r(o—r) (+), 
G, = 4a(0?—1) (ro +1) —4b(o?+1)(7o—-1) —4c.20(o—7T) (+), 


FB, = 2a(r?—1)(ro— 0? +. 2) —2b(7° +1) (ro — 0’ —2) —2¢.27(7 — 30) (+), 
F, = 2a(0?—1)(ro—7? +2) —2b(0° +1) (ro — 7° — 2) — 2c.20(0—387) (+), 
where denom. = (o+7)’; and substituting these values, the con- 


ditions are verified: we thus again see a posterior: that the right lines 
o=const. and = const. are geodesics. 


25. The last-mentioned values of HE, G are EH = T+ (r+ oe 
G=2+ ae ; and writing for a moment 
= a(7?—1)(e°?—1)—b (7? +1) (+1) -c. 4e7, 
we have F = A+(r+c)'‘, the value of ds’ is thus 
= Tdo’?+2Adedr + Xdr?+(r+c)*, 

2 
which should be — = 3 (p—g) (pF a ‘a ); 
where, as before, P,Q = (a+p) (+p) (+p), (a+9) O+9) (+9); 
respectively. We have already found 


dp dq re Ado _ 0 


Wa PYRE 
dp _ dg fdr .g: 
i en, Ee , 


or what is the same thing, 


7/P Were Svat 
4 =—2(4¢- 5) 


and we ought therefore to have identically 


2 do Ate hl) 
(p—4q) |p tas a) or! mae 5 
= Tdo?+ 2A dodr+Sdr? + (r+0)'; 
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piaieyt, (p—g)? = T2 + (r+0)4, 
p—¢g=AVTS + (r+0); 
or what is the same thing, 
(p—q) = T+ (+40), 
ptqg =A+(r+0)’, 


which are easily verified. 


26. In fact, the equation 


sae an z con of 
atu b+u ctu 





gives for wu a quadric equation, the roots of which are w=p, u=q; that 
is, we have 
ptqa= w4+y+e7—a—b—-e, 
pq = —(b+e)ev’—(ct+a) Y—(atd) 2+ be+ca+ab; 
and substituting herein for 2’, y’, 2° their values in terms of o, 7, we find 
ptq= a(P—1) (7? —1)—) (4-1) (7? +1) —4ere + (7 +0)’, 
pq = be (or +1)?—ca (or —1)?+- 4b (a7)? + (7 +0), 
the first of which is, in fact, p+q=A-+ (7+¢)*. And from the two 
equations, forming the combination (p+q)’—4pq, we at once obtain 


the other equation (p—qgy? = 2T + (7+4+0)*. 


27. The most ready way of obtaining the relations between the dif- 
ferentials of p, g, o, 7,18 from the foregoing expressions of p+q, pq. 
Writing for a moment p+qg=A-~+(e+r)’, py=B+(st7)’, we 
have p?(a+7r)/’—Ap+B=0, q@ (¢+7)’—Aqg+B=0; viz., the first 
of these equations is 

p (e+r)’—p La (P?—1) (7° —1) —b (0° +1) (7? +1) —4 07] 

+be (or +1)’—ca (or —1)*+ab (o—r)? = 0,7 
which is quadric in p, ¢,7. The negative discriminants in regard to 
these variables respectively are XT, 4PT, 4P% respectively, and we have 


; ap (4 = Tye 
thus the equation /P + 9 Jat ot) = 0; 


and the like equation for dq. 


28. In the first integral of the geodesic lines, introducing oa, 7 instead 
of p, g, the equation becomes 


/(45) (ear ed % Gece ij 7) r i 
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or what is the same thing, 
lo dr \? 
0( H+ HY -ro40 (Ste) =o 
PAE EE) Fa ayaa) aa TET 
dr? 1 do dr. a 0 
JST 
or substituting herein for p—q, pq, p+q the values V=T, B, A, each 
divided by (¢+7)’, this is 
6 (Tdo? + Xdr*) +2 (2B+6A) dodr = 0, 
or say 6 (Tdo*? + 2Adsdr+ Xdr’?) +4Bdedr = 0; 
viz., writing herein 6=0, the equation is dodr =0, giving the right 
lines on the surface ; and writing 0 = o0, it is Tdo*®+2Adodr+Xdr’ = 0, 
giving the circular lines. 





that is, (p— o(@ “a =) + 2[2pq+8(p+q) 


29. The equation ds? = Tdo’?+2Adedr+Xd7r*~ (r+0)* shows that 
the right lines o, o+do,7,7+dr form on the earns an indefinitely 
small parallelogram, the sides whereof are ,/Tdo~+(r+c)’? and 
/udr~+(r+c)’, viz., the ratio of the coefficients of do, dr is of the form 
function o + function 7; and it thus appears that it 1s possible to draw 
on the surface the two sets of right lines, the lines of each set being at 
such intervals that the surface is divided into parallelograms, the sides 
of which have to each other any given ratio (the angles being variable) ; 
viz., if this ratio be as m:1, then, to determine the relation between 
o,7, we must have ./Tdo=+m,/2dr, or what is the same thing, 


os =m on In particular, if m=1, the parallelograms will be 
rhombs ; and we must then have oh == on : 


viz., this being in terms of o, 7, the differential equation of the curves 
of curvature, it appears that the two sets of lines may be taken so as 
to divide the surface into indefinitely small rhombs, such that, drawing 
the diagonals of these, we have the two sets of curves of curvature. 


The Ellipsoid and the Skew Hyperbolord. 


30. I have thus far considered a quadric surface in general, the 
various theorems being applicable as well to the ellipsoid and the 
hyperboloid of two sheets as to the skew hyperboloid, the right 
lines being of course imaginary for the first-mentioned surfaces ; but I 
will now consider the ellipsoid and the skew hyperboloid separately. 


31. First the ellipsoid. We have here Gd, b,c all positive, and I 
assume as usual a>b>c. ‘The principal sections are all ellipses, viz., 


y : ae Be 
eu eR = 1 is the major-mean, or say the minor section, BETS =< 
C 
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2 2 
. e . . a v4 

the minor-mean, or say the major section, and — +— = 1 the mean, or 
@ st 


umbilicar section. The elliptic coordinates p, g enter into the equations 
symmetrically, but we distinguish them by taking p to extend from —e 
to —b, and q to extend from —b to —a. Thus p = const. denotes the 
curves of curvature of the 
one kind; viz., p = —e de- 
notes the major-mean section 


fyi =1, p=—D the por- 


ou i and U”’U’ of the um- 
bilicar section ; and g=const. 
denotes the curves of curva- 
ture of the other kind, viz., 
g=—b the remaining portions 


U’U" and U”’U of the umbili- 





car section, g= —a the minor-mean section v2 —= 1; say p=const. 
the major-mean curves, and g= const. the minor-mean curves. 


32. Hence, in order that the equation 


d WA Med Sal a ee 
NA eaeareren egos CY 


ee Ree ee a 
actA eC CEETICE p) 
of the geodesic lines may be real [observing that we have a+p, b+p 
=+, ct+p,p=—, and a+qg=+, b+4,ct+q,q¢=—, consequently 
p+ atpyotp)(ctp)=t+, but q+ (atg)(b+g(ctg=—], we 
must have 0+, 6+q of opposite signs, that is, 06+p—=+ and 
6+¢4 =-—; or 0 included between the limits a,c. Or what is the same 
thing, —@ is included between the limits —c, —b, say —@ has a p- 
value; or else between the limits —b, —a, say —0 has a q-value. 
This is conveniently shown in the 
annexed diagram of the values of em Ts ST TEE 
—p, —q, —9. Hence on the el- 
lipsoid we have two kinds of geodesic lines, each of them touching a 
real curve of curvature ; viz., those which touch a major-mean curve 
and those which touch a minor-mean curve: the transition case, 
answering to the value @=b, is that of the geodesic lines which pass 
through an umbilicus. I have considered the theory more in detail in 
my memoir “On the Geodesic Lines of an Ellipsoid,’’ Mem. R. Ast. Soc., 
t. Xxx., pp. 831—53, 1872. 


33. Next, for the skew hyperboloid, we have a and b=+,c¢c=—, and 


a 
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I assume for convenience a>b. Attending to the signs, we still have 
therefore a>b>c. The principal sections are one of them an ellipse, 
and the other two hyperbolas, viz., the minor section is the ellipse 
mt : ree 
7 c Si aA aa 4 
aw = = 1, the major section is the hyperbola a +— = 1], and the 
a ty 


9 9 
ee. MELE ee 
mean section is the hyperbola —+— = 1: there are no umbilici. The 
Coie C 
elliptic coordinates enter symmetrically ; but, as before, we distinguish 


them, viz., we take p to extend from —c (a positive value) to infinity, 
and g from —b to —a. Thus p = const. denotes the curves of curva- 


ture of the one kind, viz., p =—c the ellipse a3 - = le alld sey ery 


other value of p an oval curve surrounding the hyperboloid; and 
g = const. the curves of curvature of the other kind, viz., g=—ce the 
wv 





major hyperbola +; +7 = 1, q= —b the mean hyperbola are aol 
ae 

and each intermediate value gives a curve of curvature of a hyperbolic 

form: we may say that p= const. determines the oval curves of 


curvature, and g = const. the hyperbolic curves of curvature. 


34. In the equation of the geodesic lines we have a+p, b+p, 
c+, p all positive; but a+qg=+, b+q, c+q, g all =—; hence 
p+ (atp) (+p) (ctp)=+, but g+(a+q) (+9) Ct+9) =—3; 
therefore @+p and 6+ q must be of opposite signs, or wé must have 
6+p=-+ and 6+q=—; or what is the same thing, 0 may have 
any value from —p to —q, or say —O@ any value from p to q; that is, 
the value of —@ may be positive and greater than —c, positive and less 
than —c, negative and less than —h, negative and between —b and 
—a; viz. in the first case —@ has a p-value, and in the fourth case it 
has a q-value, but in the 
second and third cases it Tay: 0 3 ay 
has neither a p- nor a q- 
value. ‘This is better seen from the diagram. It follows that we have, 
on the hyperboloid, geodesic lines of four different kinds: those which 
touch a real curve of curvature, oval or hyperbolic, and those which 
touch no real curve of curvature, but for which —6@ has a positive value 
from 0 to —c, or a negative value from 0 to —b. And there are the 





transitional cases —@ =—c, where the geodesic touches the ellipse 
eye =1; 9=0, where the geodesic becomes a right line; 
and —#8=—b, where the geodesic touches the mean hyperbola 
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35. To explain this more in detail, consider the geodesics which 
curvature, M5 that of one of the right bt eu ee Sie 
lines. 

The geodesic of initial direction M1 
touches at M the oval curve of curva- 
lutions round the upper part of the 
hyperboloid, cutting all the oval curves of curvature for which p has a 
(positive) value greater than p, (if p, is the value of p corresponding to 
the oval curve through M), and ascending to infinity: or considering 
infinity. 

Next, if the initial direction is M2, we have a geodesic of the same 
kind, only descending below M to touch a certain oval curve having 
for its parameter p, (p2 > —¢< p,). 


start from a point M of the hyper- 

ture M1, and hes wholly above this 

the curve as described in the opposite sense, it descends from infinity 
We come next to a critical direction M8, for which the geodesic 


boloid. To fix the ideas, consider the ea a 4 

axis of z as vertical, and take the point 

M in the positive octant of the hyper- ! 

boloid; and let Ml represent the di- 

rection of the oval curve of curvature, | 

M9 that of the hyperbolic curve of ' 

curve; it makes an infinity of convo- » 

to touch the oval curve through M, after which again ascends to 
descends below M te touch the oval curve of parameter p;=—c, that 


is, the ellipse ye = 1. But it is to be observed that, whatever the | 


initial point M may be, the geodesic makes below M an infinity of 
conyvolutions round the hyperboloid, so that it does not in fact ever 
actually touch the ellipse, but has this ellipse for an asymptote. That 
this is so appears from_the consideration that the ellipse, gud plane 
curve of curvature, is a geodesic; so that, starting from a point of the 
ellipse in the direction of the ellipse, the geodesic coincides with the 
ellipse, or, besides the ellipse itself, there is not any geodesic which 
touches the ellipse. 

Next, if the initial direction be MA, the geodesic does not here 
touch any oval curve; it descends this M below the ellipse 
gis = 1, lying in the upper and lower portions of the hyperboloid, 
and making round it an infinity of convolutions. 


36. We come, then, to the initial direction M5, which is that of the 
right line ; the geodesic here coincides with the right line. 
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In the cases which follow, the geodesic lies in the upper and lower 
portions of the hyperboloid, cutting all the oval curves of curvature. 

Initial direction M6: the geodesic does not touch any hyperbolic 
curve of curvature, but makes round the hyperboloid an infinity of 
convolutions. 7 

Initial direction M7: the geodesic touches at opposite infinities the 


mean hyperbola “+2 =1, it lies wholly in front of the plane y=0 
hey 6 


of this hyperbola. 

Initial direction M8: the geodesic touches a hyperbolic curve of cur- 
vature parameter gs where gg (negative) is between —b and q, the pa- 
rameter of the hyperbolic curve of curvature through M; viz., it cuts 
all the hyperbolic curves the parameters of which are between —b and 
gs, but does not cut the remaining curves the parameters of which ex- 
tend from gs to —a. 

Lastly, initial direction is M9, that of the hyperbolic curve of cur- 
vature through M; the geodesic touches this curve, cutting all the 
hyperbolic curves the parameters of which are between —0 and q, but 
not any of those the parameters of which are between q, and —a. 


3/7. If in the differential equation of the geodesic line we consider 
Pp, 7 as the elliptic coordinates of a given point M of the curve, the 
equation for a given value of 0 determines the direction of the curve; 
or conversely, if the direction be given, the equation determines the 
value of the parameter 0. Writing 


ea ne xd piety vs P Mees GOVE eee 
V/V (atp)(t nie AME ae 
(atp)(6+p)Ctp) (a+ q)(6+Q(et+y) 
then P,Q are proportional to the rectangular coordinates of a consecutive 
point M’, measured from M in the directions of the hyperbolic and 
oval curves of curvature respectively; and the differential equation of 
ew pase =aa0) 3 
Vp+6 Vqt6 
viz., if @ be the inclination of the geodesic to the hyperbolic curve of 
1 __ tan’ ¢ 
pt+o g+o0 ; 
p tan* 9—q = 6 (1—tan’@); hence, if for the right line ¢=Aj then 


ites 9 
p tan?h—q = 0; and therefore 0=# asa wo, 5 Viz, o = 0, 





p) 





the geodesic lines gives 





curvature, then @ =P tan, or we have that is, 





G=—gq, =o, 0=—>p, as it should be. 


iD 


P 
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On a Deduction from Von Staudt’s Property of Bernoulli’?s Num- 
lers. By J.W. L. Guatsuer, B.A., F.R.A.S., Fellow of Trinity 
College, Cambridge. . 


[Read December 12th, 1872.] 


Some time since I was engaged on a quadruple calculation of the 
value of Kuler’s constant to a great many decimal places by making 
w= 1000, 500, 200, and 100, in the formula 


1 i loc z— 1 , B_ B Bove 
3 Me 2 Qu. 2a" . Aat - ba 

and for this purpose the numerators of the first 29 Bernoulli’s numbers 
were divided out by their denominators till the periods of the resulting 
decimals were found ; the same was also done (only not in both cases 


as far as B.y) for the numbers divided and multiplied respectively by 


y=1l+e+ 





"9 


bole 


: : B Sc 
the power of 2 assigned by the above formula, viz., for Sn ANG ian ioe 


. ° » - B 9 
and I then remarked that the circulating period of B,, 53n? and ea, 5534 
was identical in all cases, thus affording an important verification of 
the accuracy with which the divisions had been performed.* 
Thus, for aye 











B y. 631527 1b 3053477373 
di == 1919190 
= 13711655205088'3327721590879485616, 
Bis 199°530844.1850405182363332707400205657491827721 590879485616, 


9° Big = 942257770878120992761412°83277 91590879485616 ; 
so that the period 327721590879485616 is the same in all three. 

At a meeting of the Cambridge Philosophical Society on May 27, 1871, 
during a discussion on Bernoulli’s numbers, I enunciated the above 
resulé as having been found to be practically true for the first 29 
numbers; but it is only recently that it has occurred to me that it is 
an almost immediate consequence of a property of Bernoull’s numbers 
given by Von Staudt in Crelle’s Journal, t. xxi., p. 872 (1840). 

The property in question is that if the n™ Searchles number be 
reduced to its lowest terms, and if a, 6... be all the factors of 2m (in- 
cluding 1 and 2”), then those of the numbers a+1,6+1, ... which 
are prime, are the factors of the denominator of B,; thus, for n=18, 
the factors of 36 are 1, 2, 3, 4, 6, 9, 12, 18, 86; and of 2, 3, 4, 5, 7, 10, 








* In one or two instances this agreement did not at first take place; but, on ex- 
amination of the work, one of the divisions was found to be inaccurate in every 
such case. 
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13, 19, 87 the numbers 4: and 10 are rejected, as they are not prime: 
so that the denominator of B,, is = 2.3.5.7.138.19.37 = 1919190. 

It follows from this property at once that 10 (5°—1)B,, is always 
integral; for a, }, y, ... being the factors of 2n, 5°’—1 is divisible by 
o*—1, 5°—1, &e.; and when a+1 is a prime number, 5*—1 is divisible 
by a+1, by Fermat’s Theorem, so that all the factors in the denomi- 
nator of B, are factors also of 5”—1. There is only one case of 
exception, viz., when a+1=5, for then a+1 is not prime to the 
quantity raised to the power, as is requisite for the truth of Fermat’s 
Theorem; but the factor 10 (introduced to meet this case) is divisible 
by 5; thus, 10(5”—1)B, is always integral, and the Theorem in 
question follows at once, for this quantity 


anh lon eer we 
= 105 10". 2B, ¢, 
( on ) 
which could not be integral unless B, and By had the same period. 


It is evident from the above reasoning that the theorem is also true 


B at, ; 
for B,, and Bin or, which is the same thing, for B, and 2”B,; and 


2n? 


generally it is true for B; and 222"B It also appears that the 
theorem holds good for B, and 2=""B, (man odd integer), except 
when 2n+1 is prime. 

The above results are not of nearly so much interest as Von Staudt’s 
property, from which they are derived ; as, while the latter, depending 
only on the partition of numbers and the properties of primes, is inde- 
pendent of the radix of the scale of numbers, the former is only true 


for radix 10. It is easy to see that for any other radix r (factors 


a, b,c, ...), the results are generally true for Lye te &c.; but ifr be 
aw 


un? ue 
rime there is no theorem. 
p ’ 


Von Staudt’s property (with another giving the numerator of the frac- 
tional part of the Bernoulli’s number) was given by him, as before 
stated, in ‘“Crelle,” t. xxi. It was published, without proof, by 
Clausen in the “Astron. Nach.,” t. xvi. c. 351, as a specimen of a book 
he intended to write ; and Von Staudt, in consequence, published his 
proof in the above paper, with the remark that he had communicated’ 
the theorem to Gauss several years previously. Other proofs are 
given by Prof. Schlafli and Mr. Jeffery in vol. vi. of the ‘“ Quarterly 
Journal of Mathematics”; and another is contained in a paper re~ 
cently communicated to the Cambridge Philosophical Society by Prof. 
Adams.* 





* The portion of Von Staudt’s which is required in the proof of the deduction 
contained in this paper is also demonstrated in the “ Messenger of Mathematios,’ 
New Series, Vol. ii., p. 191 (April, 1873).—May 4, 1873. 
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The principles used in this note can also be applied to another form 
of Bernoulli’s numbers, as follows : 


211 (27) { Plantes ot 
La ee (2x)* 1 "¢ o2n ap Q2n 7y 

_ 211 (2n) Q2m gen Bon (1) 

(Qn) (21) (31) (5"—1) Die Sethe THe ade ) 


since Po Mi ee 1 


Pee 3m (i) (1- 7) (i-=) ne 
4 oO o 


by a known formula, 2, 3, 5, &c. being the series of prime numbers ; 
II (27) is-written for 1.2... 2n. 


By taking »=1, we have 
os Cees : 
6 (2—1)(8—1) (5-1) ...’ 
therefore, raising both sides of this equation to the n™ power, and sub- 
stituting for (27)” in (1), we find 
ap OY Citadel Mere 2a ede NEEM SY) (2) ; 
(24)" (2"—1)(3"—1) (56"—1) ... 




















and since, as shown above, 5B, (5°’—1) is always integral, the same is 
true of the expression on the right-hand side of (2), when the factor 
5**—] is removed from the denominator, and the factor 5 introduced 
into the numerator. But 2*"—1 also is divisible by a+1, 6+1, &e. 
(these denoting, as before, primes, where a, (, ... are factors of 2n), 
except for a+1=2; similarly for 3°"—1, except for the prime 3, 
if it occur ; and so on for all the other factors. Suppose now that q is 
the greatest, viz. the p™ prime, (p and q infinite); then the factors a+1, 
(+1, &e. are involved at least »—1 times in the denominator of (2) ; 
and, since II(2n) contains them all once, except 2n+1 if it occur, we see 
that the numerator (2’—1)”(3’—1)”... must contain a+1, 6+1, &e. 
at least p—3 times. We have therefore the following theorem of a 
curious kind connecting different orders of infinities, viz.:—That, p 
and ¢ being as before, if any integer 7 be taken, a factor of which is a, 
then the product 
1.3.2.4.4.6... (¢—l1) (¢+]) 


(the factors being every number next above or below a prime) con- 
tains the factor a+1, if prime, at least Paes times; and 2n+1, if 
n 


9 

. I— . 

prime, at least ?—= times. 
n 
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Geometry on an Hllinsoid. By Prof. Cxuirrorp. 
y Pp U] 
(Read December 12th, 1872.) 


The metric properties of an ellipsoid are entirely determined by the 
four points in which it is met by the imaginary circle at infinity. I 
shall start, therefore, by assuming the existence of these four co-planar 
points 0), 0, 03, 04, which, taken all together, I call the absolute. 

1. To represent the ellipsoid on a plane we require also two fixed 
points 2,7; the plane sections of the ellipsoid are then represented by 
conics through these points, and the generating lines by lines on the 
plane through them. In fact, if we take a fixed point a on the ellipsoid 
E,, and draw a line through w and a variable point 2 on the ellipsoid, 
this line will meet a plane L in one point y, which is the representative 
of #; the points 2, 7 will then represent the generators through a. If 
we take the points 27, 7 to be the absolute of the plane L, then all the 
plane sections will be represented by circles, the lines through ¢ will 
represent one system of generating lines, and the lines through the 
other. We shall have then, in addition, to consider the four points 0 ; 
and the geometry of the ellipsoid will be merely the geometry of the 
plane considered in relation to these four points, which are concyclic. 

2. We know, then, that the antipoints of the o le upon three new cir- 
cles, orthotomic of each other and of the first. These correspond to the 
principal sections of the ellipsoid. The antipoints themselves represent 
umbilici, four of which are real; I call these w, %, v3, wy, and we may 
now take the points w as our absolute instead of the points o. 

3. What now are the directions of the lines of curvature at any point 
w of the ellipsoid? First, the indicatrix at « is represented by the 
point-circle at its corresponding point y, so that conjugate directions at 
w correspond to rectangular directions at y. Next, the tangent plane 
at « meets the plane at infinity in a line, say 3. Through the points o 
can be drawn two conics to touch f, say at p,q. The lines xp, vq are 
tangents to the lines of curvature at #, since the points p, q are conju- 
gates both of the section of the ellipsoid at infinity and of the imaginary 
circle. But now let 0,0, and 030, meet ( in r, s respectively. Then 
the involution made by 7s and the points where ( meets the imaginary 
circle have p, q for double points. The interpretation of this on the 
plane is, that the directions through y corresponding to ep, ey make 
equal angles with the circles 0,0., 1/0304. Hence— 

The lines of curvature of the ellipsoid are represented by confocal 
anallagmatics having the wu for foci. 

Sections made by two conjugate planes of the ellipsoid are repre- 
sented by orthotomie circles. 
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4, A straight line y in space may be denoted by the two points ¢, ¢., 
where it meets the ellipsoid. The sections drawn through this line will 
be represented by the series of coaxal circles through ¢, c. The sections 
through 6, the polar of y, will therefore be represented by the series of 
coaxal circles through d), d., the antipoints of ¢ ¢& Thus, a straight 
line being represented by a pair of points, its polar is represented by 
their antipoints, as is otherwise obvious. 

I denote further the principal sections and the plane at infinity by 
XY ZU, which notation will serve also for the circles which represent 
them. Now, in general, a section of H, passing through a fixed point 
of space is represented by a circle orthotomic of a fixed circle. In par- 
ticular, the points 0, 02, 03 043 01 03, 04 02 3 01 04) 02 03, correspond in this way 
to the circles X YZ. I want now to find the interpretation on the plane 
of the rectangularity of the lines y and 6. The planes joming them to 
the point 0,0), 030, are harmonic of the lines 0,02, 0304. Hence the cir- 
cles ¢,¢,X, dd.X are harmonic of the circles coaxal with them and 
passing through 00,, 030, respectively. This is to be true when X and 
Y are interchanged : the conditions may finally be written 


aa YZ = Cy CoA ae Cy CoX Y 
ad, doY Z dy dy LAX d,d,X Y 








If now for d;, d; we may substitute ¢,c,; where ¢; is indefinitely near 
toc, in any direction, cc, represents the normal at ¢. , 

5. A circle P, orthotomic of U, represents a diametral section. Let 
the pole of this section be called p; p is a point at infinity. We know 
that it is always possible to find another point q at infinity, which is 
conjugate to p with respect both to the ellipsoid and to the imaginary 
circle. We may then endeavour to find the circle Q, of which q is the 
pole. Further, lines A, » can be drawn through p, ¢ respectively, which 
are at right angles, and also conjugate polars of the ellipsoid. To 
represent these we must find a pair of points on P which have their 
antipoints on Q. These circles cut orthogonally; on each of them, then, 
there is a singly infinite number of point-pairs representing axes of the 
quadric, viz., the point-pairs determined by diameters of the other circle. 
That is to say, any circle P, orthotomic of U, being given, there can 
always be found a point q°, such that the lines through q° determine 
on P point-pairs representing axes of the quadric. 

The determination of qg° depends on the position of the projecting- 
point a. The generators through a meet the diametral section Q in 
two points; the remaining generators through these intersect on the 
representative of q°. 

6. I now proceed to construct Q when P is given. In the first place, 
Q has to be orthotomic of P and U. Next, if we draw through P and 
( two new circles, one of which has 0; 0, for harmonics, and the other 
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03 04, these must be harmonics of P and Q. But a circle orthotomic of 
U and having 0, 0, for harmonics, must have them for inverse points, 
and therefore have its centre on 0, 0,. Hence the line joining the centres 
of P and Q is cut harmonically by the lines 00, 0;0,. Similarly, it is 
cut harmonically by 0,03, 040., and by 00,4, 0,0;, Hence the centres of 
P and Q are polar opposites in regard to the quadrangle 0, 02 03 04. 
They are therefore conjugate points in regard to the circle U. 

7. Intersections of the ellipsoid by spheres are represented by anal- 
lagmatics passing through the four points 0, 02, 03, 04. There are two 
systems of real circles passing through pairs of them; these repre- 
sent the circular sections. Sphero-conics are represented by such 
of these anallagmatics as have XYZU for focal circles. To find 
the axes of any circle P of the U system we must then draw two such 
anallagmatics having double contact with P; the point of contact in 
pairs will represent the axes of the corresponding section. 


January 9th, 18738. 
Dr. HIRST, F.R.S., President, in the Chair. 


The following gentlemen were elected Members of the Society :— 
Mr. G. B. Finch, M.A., Mr. T. O. Harding, and Mr. John Macleod; the 
last named gentleman was subsequently admitted into the Society. 
Prof. R. Stawell Ball, of Dublin, and Dr. J. Hopkinson, B.A., Fellow 
of Trinity College, Cambridge, were proposed for election. 

Papers were read by Mr. 8. Roberts, V.P., “On Parallel Surfaces ;”’ 
Prof. H. J. S. Smith, F.R.S., “On the greatest common divisors of the 
minor determinants of a rectangular matrix, of which the constituents 
are integral numbers,” and ‘‘On an arithmetical demonstration of a 
theorem in the Integral Calculus ;’”’ Prof. Wolstenholme, ‘ On the Sum- 
mation of certain series.” 

The following presents were received : 

““ Reale Istituto Lombardo—-Rendiconti,”’ serie i1., vol. 11., fase. xi.— 
xvii.; and ‘‘ Memorie,” vol. xi., ii della serie iu., fasc. nu. Milano, 
1869. 

“‘ Monatsbericht,” Aug., 1872. 

A Catalogue of a collection of models of Ruled Surfaces, constructed 
by M. Fabre de Lagrange, with an appendix containing an account of 
the application of analysis to their investigation and classification, by 


C. W. Merrifield, 1872: from the author. 
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On Parallel Surfaces. By 8. Rosurts, M.A. 
[Read January 9th, 1873.) 


In the present paper the subject is treated with reference to order 
and class characteristics. 

1. A parallel surface is enveloped by planes parallel to the tangent 
planes of a given surface at a constant distance k. The given surface 
will be called the primitive, and /& is the modulus. It is hardly ne- 
cessary to recapitulate the various equivalent ways in which a ar 
may be defined. 

If the primitive is a general surface of the order m, and U=0 is its 
equation in rectangular coordinates, the parallel, modulus /, has for its 
equation the net resultant, equated to zero, of the system 

Uise 0; 
(w—a)'+ (y—B)' + 7)" —F? = 0, 

pe y —B, ee i) 
U,, U,, U; 

where U,, U;, U3 are written for ANS gle ae 
de dy dz 
matrix gives three equations equivalent to two conditions. The coor- 
dinates a, 3, y refer therefore to a point on the parallel corresponding 

to the point (#, y, z) on the primitive. 
Instead of the above system, we may write 
(U; + U; + U3) (e—a)*—2U; = 0, 
U, (e—a) —U, (y—6) = 0, 
U; (y—B)—U2 (z-y) = 9, 
1 Bean Des 
allowing for extraneous systems. 

The primitive is supposed to have no special relation to the plane at 
infinity, and it will then be sufficient to determine the highest power 
of y which enters the equation of the parallel. The axes of coordinates 
being arbitrary, except that they are supposed to be rectangular, it is 
clear that the infinitely distant pomts upon them will not in general lie 
upon the surface, and the highest power of y in the equation will also 
give its degree. 

The gross order of the resultant is 2m*, since y only appears in the 
third equation. The system contains, however, twice over the ex- 


and the determinant 


trancous system a—a = 0, 
U == 0, 

Us(y—B)—U2 @—y) = 9, 
esti 
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and there is no other such system containing y. The order of the con- 
dition for the coexistence of the last system is m(m—1). 


The order of the parallel is therefore 
2 (m8 —m? +m) ; 
that is to say, it is equal to twice the number of normals which can be 
drawn from an arbitrary point to the prinutive. 

When we make a, (, y constant in the equation of the parallel, it 
gives as an equation in i” the values of the squares of the normal dis- 
tances from the point (a, 3, y) to the primitive. The number of. pa- 
rallels which can be drawn through a given point is obviously equal to 
the number of normals from that point for finite space. 


2. Let vr be the length of a principal radius of curvature of the pri- 
mitive at the point (a, y, z). Then we have the condition 


PV’?—QA+R = 0, 
where Ie U; + Be ae [bi 











iS ( - os) Witenes ue 
dy” dz" dy dz 
eu eu LU 4 2 
= — (—— Ui+ &e. 
| dy” dz” Gs >) Lig 


ru &U  &U &U 








a 


OTE BEY 5U,+ &e. 
ener dedz  dx* dy a UU; + &e., 


P} 
pC ee ES 
y 
Also, if a are the coordinates of the centre of curvature corres- 
vy] ) y) yi 
ponding to 7, 
alah rU, 


rU, LainW, 
ae ; 





w—a 





y—B = 





Substituting ee A, we get the system 


L—a 

R (2—a)?— QU, (e—a)+ PU; = 0 

U, (e—a)—U (y—f) = 0 

U; (y—B) -U: (@—y) = 0 

16h — i, 

If from these equations we eliminate 2, y, z, and equate the resultant 

to zero, we shall have the equation of the surfaces of centres together 

with an extraneous factor. 

The order of the gross resultant in y is 
Am? (m—1), 
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but the extraneous system 
Ga == 0, 1). US 0; 
Us y—B) — U2 (2-7) = 0, 
Wet <(): 
gives rise to the order m(m—1), which has to be deducted twice. 
Hence the order of the surface of centres is 
4m? (m—1)—2m (m—1) = 2m (m—1) (2m—1). 
This order has been given by M. Darboux, ‘‘ Comptes Rendus,” 1870, 
p- 1828; and by Herr Lothar Marcks, ‘‘ Math. Annal.” b. v., h. 1. 

Now we have to consider points of the parallel corresponding to 
points on the primitive at which a principal radius of curvature is 
equal to the modulus. Such points of the parallel are on the surface 
of centres when they lie on the same side of the primitive as the cor- 
responding centre of curvature, and form a locus which is in fact the 
cuspidal curve of the parallel, since it is double and the tangent planes 
at its points coincide. 

To obtain the order of the curve we must associate with the system 
(a) the equation (#—a)’+(y—)’?+(2—-yy’—P = 0. 

In this case also, since the axes of coordinates are not specially 
related to the curve, it is sufficient to find the order in y of the con- 
ditions for the coexistence of the five equations now in question. By 
the general formula for the case of five equations homogeneous in four 
variables, the gross order in y is 

8m? (m—1) ; 
but the system 
a—-a=0, U,=0, U;(y—6)—U,(z-y) =0, U=0, 
(w—a)?+ (y—B)!+(2—7)'—F? = 0, 
has to be twice excluded as before.. The corresponding order for this 
system is 2m (m—1) and the required net order is 
8m? (m—1)—- 2. 2m (m—1) = 4m (m—1)(Q2m—1); 
that is to say, the order of the cuspidal curve of the parallel ts twice the 
order of the surface of centres.* 

As, however, in the last deduction, the notion of the order of two 
conditions in one variable is introduced and may seem to call for con- 
siderable explanation, it is perhaps more satisfactory to obtain the 
result as follows. 

If we consider the order of the conditions in 3, y (which is equivalent 


* In my paper on the Parallels of Conicoids (Proceedings, Jan. 1872), I was 
led by insufficient reasons to suppose that a further reduction should be made of 
Sin (m—1)(m— 2). 
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to finding the number of points in which the curve in question is met 
by a plane) so that the system is of the form 


Order in 
@, Y, % ey 
4im— 4 0 
nr 1 
nr i 
mr Q 
2 2, 


we have to deduct for the system 

y—-B=0, U,=0, R(w—a)’—QU, (w—a)+PUi = 0, 

U=0, 2(@—a)’—i’ = 0, 
as well as twice the order for the system 
a—a=(0, U,;=0, &e. 

That is to say, we get, as a major limit, 

{1L6m? (m—1) + 8m (m—1)}—8m (m—1)?—2 . 2m (m—1), 
or Bin? + 4m? — 12m. 

The net order required cannot be more than this, since we have 
obtained the order as if the second equation of (a) contained y as well 
as (2 in the order 1. 

But if we treat the system as if the second equation did not contain 
either 6 or y, we get the result 

Sin? — 12m? + 4, 
which is a minor limit. We can now infer that 8m’ is the true lead- 
ing term, and since the value required vanishes for m=0, m=1, and 
for m=2 is 24, we have 
m (m—1)(8m-+ A) 
32+2A = 24, 
giving Am (m—1)(2m—1). 

There is reason to believe that the order of the cuspidal curve in 
question is twice the order of the surface of centres, much more gene- 
rally than I can show analytically. For the question is to determine 
the order of the curve which is traced on the surface of centres by 
points where the moving normal length becomes a principal radius of 
curvature of the primitive at the corresponding point. ‘This order is to 
be taken for a modulus k. Now, supposing the surface is not specially 
related to the plane at infinity, it can be shown that, in the limit when 
k = w, the curve in question becomes the section at infinity of the 
surface of centres taken twice over. In fact this section is the locus 
of centres for principal radii of curvature infinitely great, and must be 
taken twice, because we havek =+00. At all events, the conclusion 
seems to hold in a great many widely different cases, and even where 
singularities exist at infinity. Thus, in the case of the paraboloid, the 
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order is 18; and in that of Dupin’s Cyclide, the surface of centres con- 
sists of two conics, and is therefore of the order 0, while the parallel, 
breaking up into two cycelides, has no cuspidal curve. In general, a 
surface of revolution comes within the result, if an axial plane section 
is not specially related to the plane at infinity. When there is no 
singularity at infinity, one might perhaps appeal to the law of con- 
tinuity. 


3. To any set of parallel tangent planes, drawn to the primitive, cor- 
respond twice the number of parallel tangent planes, similarly directed, 
of the parallel surface. Hence the class of that surface is twice the class 
of the primitive. 

Also, since to a cylinder which envelopes the primitive corresponds 
a cylinder enveloping the parallel surface and being the parallel, 
modulus k, of the former cylinder, it follows that the characteristics of 
the general tangent cone can be immediately derived from those of the 
parallel of a plane curve in plane space. 

We have now obtained a sufficient number of the characteristics of 
the parallel to determine the values in the following table :— 


RECIPROCAL OF 


PARALLEL. PARALLEL. 
Order Class 2 (m3 —m* +m) 
Class Order 2m (m—1)? 
Order of tangent cone Class of section 2m? (m—1) 


Number of its double} Number of its double | 2m (m—1)(m4—m—7m + 8) 
edges tangents 


Number of its cuspidal |} Number of its inflex- | 2 (™—1)(4m—5) 


edges ional tangents 
Order of nodal curve Class of node couple | 2 (m*—m?+m)?—6m (m—1)(2m—1)— 
torse 23 + 2m? —m 


= m (2m*>—4m4 + 6m — 18m? + 22m—7) 
Order of cuspidal curve | Class of spinode torse | 4m (m—1)(2m—1) 


Class of node couple torse | Order of nodal curve | m (a —1)(m—2)(m4—m? + m—12) + 
m (m—1)? [m(m—1)?—1] 
= m (m—1)(2m4— 6m + 6m? — 16m + 25) 
Class of spinode torse Order of cuspidal | 8m (m—1)(m—2) 
curve 





In other words, we possess the characteristics of the plane sections of 
the parallel and its reciprocal. 

To every triple tangent plane of the primitive will correspond two 
for the parallel, but there may be more.* 





* It seems probable, geometrically, that the spinode torse of the parallel is the 
parallel of the spinode torse of the primitive; and in like manner, that the node 
couple torse of the parallel directly corresponding to that of the primitive, is the 
parallel of the latter torse. 
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4. We may also write for the fundamental equations connecting a 
point on the parallel with the corresponding point on the primitive 
oa Bayi yaaa ar a (bd). 
If therefore +k=0, P40, we have a=a, B=y, y=z, or the pri- 
mitive enters twice in the parallel, modulus 0. When P=0Q, the sys- 
tem gives a distinct surface as part of the parallel. This surface is 
the developable which circumscribes the primitive and the imaginary 
circle at infinity, that is to say, the focal torse of the primitive. 

To find the equation of this torse, we may consider that the tangent 
plane at (a, y, z) of U, i.e. if a, 6, y are the current coordinates, 


(a —x) U,+ (B—y) U,+ (y—2) 1B) = O owe vew Cee cee ess (c), 
is parallel to the plane aU,+(6U,+yU; = 0, 
which is to be a tangent plane of the point cone 


a’? + p?+¥ — 0. 


Aha. ch gmt 





Hence we have ct lle pI: vs vsnsich ccna evans Bane (d), 
and with (c) and (d) must be combined | 
(u—a)'+ (B—y)'+(y—#)' = 07 ae 


eee 
The equation (e) expresses that the algebraic distance of any point on 
the torse from the point of the curve of contact P=0, U=0O on the 
same generator, isnil.* ‘The system now arrived at is obtained directly 
from the system (b), when k=0, P=0. If we actually proceeded with 
the elimination, we should get the square of the equation of the deve- 
lopable, the order of the resultant being 47° (m—1). But we may 
avoid the doubling of the order by taking the derived system 
et): 
Wi Us ee = 0, 

(w—a) U,—(y—f) Us = 0, 

(t—a) U3;—(z—y) U,; = 0. 
The order of the resulting equation in y is 2m” (m—1). 

It is easy to see that this focal torse will form part of the parallel, 
modulus 0. In that case the generating sphere is in fact a cone en- 
veloping the circle at infinity. The primitive is the locus of the nodes. 
The developable is more strictly the parallel, modulus 0, of the curve 
of contact. 


5. Because a finite length is evanescent at infinity, all the parallel 
surfaces, to finite moduli, of a given primitive have the same section at 
infinity, and its nature may now be inferred. 


* According to French nomenclature, right lines meeting the imaginary circle at 
infinity have been usefully termed “ lines of no length.” 
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In the first place, the corresponding section of the primitive is a 
double curve on the surface. 

The developable of which I have been treating is one which circum- 
scribes a surface and a plane curve. Consider, then, the section by the 
plane of the curve. This section consists of (1) the plane curve which 
is multiple in the degree n, if ” is the class of the surface; for through 
a tangent of the curve can be drawn n tangent planes to the surface ; 
(2) the common tangents of the curve and the section of the surface 
by the plane of the curve. These are generators of the torse. Thus, 
for the general surface, the section is 
2 (section of primitive) + m(m—1)’ (circle at infinity) + 2m(m— ay lines. 
We may also consider the section at infinity as a line of curvature on 
any surface (in so far that the normals along the section form an en- 
velope which lies on the surface of centres); and a finite modulus at 
infinity being evanescent, the section will consist of the parallel, mo- 
dulus 0, of the corresponding section of the primitive together with the 
locus of points corresponding to the curve of contact of the focal torse, 
d.e., the multiple circle. 


5. Probably the most symmetrical as it is the most obvious form of 
the equation of a parallel surface, is the tangential one 
p (u+k, D+k, y+k, o+k) =0, 
where the coordinates are the perpendiculars from four fixed points of 
reference to the tangent planes, and 
¢(aBy 6) =0 
is the corresponding tangential equation of the primitive. If II is the 
expression in these coordinates for the imaginary circle at infinity, we 
must make the above equation homogeneous by writing k./I for k, 
and the result, when rationalised, is of the form 
& — 7-711? = 0. 
It is easy to see that the point polar of the plane at infinity is the same 
for the parallel and the primitive. 
For more detailed statement, however, I prefer correlatives of Car- 
tesian coordinates, which I have hitherto employed; that is to say, if 


pea ie () Oe ete, wot ee ee 

represents a plane in 2, y, 2 -uT take X, Y, Z, —1 as the coordinates of 
the plane. Let then (x, Nee AY kh, 
be the reciprocal of the equation of the primitive, so that the plane (/) 
touches the primitive. 

A plane which is parallel at a distance & to the tangent plane of the 
parallel touches the primitive. Such a plane is represented by 

Xe+Yy+Zz2-1+kR’=0, 

where RY is written for © /X?+Y?4+A% 
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The reciprocal of the parallel-(or the parallel itself tangentially) is 
represented by 6 (X,Y, 4; —lL£éR) =0; 
which may be written Dat Vie mn) 0. See acta eae ens (9), 
accents being omitted. 

In other words, the reciprocal of the parallel is obtained by writing 


* + k for a in the reciprocal of the primitive expressed in polar co- 


ordinates. 


6. We are now able to see that the spinode torse of the parallel is 
of twice the class of the spinode torse of the primitive, and that the 
node-couple torse consists of a surface of twice the class of the node- 
couple torse of the primitive together with another surface of the class 

m (m—1)? }m(m—1)’—1}. 

In fact, let us suppose that (X,, Y,, Z,) isa stationary plane or a dou- 
ble tangent plane of the primitive. Then for the corresponding planes, 
which are stationary or doubly tangential with respect to the parallel, 

» Cae SG Ie y 7, 
1=kR ~” 14kR ~” 1=kR 
and we are to take all the k’s positive or all negative. 

Hence to such planes of the primitive passing through the point 

AX+BY+CZ = 0, 
correspond twice the number of such planes of the parallel passing 
through the same point, or the class of the torse of the parallel is twice 
the class of the corresponding torse of the primitive. 

But we have also, from the form of the equation, a node-couple torse 
of the order m (m—1)? im (m—1)?—1}. 

It appears further that if the prinutive has a spinode torse of the 
class c’, and a node-couple torse of the class 6’, the parallel will have 
in general a spinode torse of the class 2c’, and a node-couple torse of 
the class 2b’, together with one of the class n(n—1), where n is the 
class of the primitive.* ; 





we have 


me Zy, 


The equation of the pth parallel of the primitive, the parallels being 

taken to successive moduli k,, k,, ... ky, will be of the form 
9 (X, Y, Z,—1ltA REAR... £4,R) = 0. 
It breaks up accordingly when rationalized. 

It will be observed that if we make Z=0O in the reciprocal of the 
parallel, the result is in the form of the (reciprocal of the parallel) of the 
(reciprocal of a plane section) of the (reciprocal of the primitive). The 
characteristics are therefore known. But this amounts to the same 
thing as taking the parallel of the enveloping cylinder as ante, and is 


* See note, p. 222. 
VOL. IV.—NO. 955. Q 
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_ better expressed by saying that the equations (g) and Z=0 tangentially 
represent a corresponding enveloping cylinder. 


7. When the primitive is general in its class , we can proceed 
further in determining the characteristics of the parallel. or in this 
case there is no spinode torse, and the node-couple torse envelopes a 
surface of the class n and another of the class n—1l. The primitive 
being still without special relation to the plane at infinity, the charac- 
teristics of the tangent cone can be obtained directly from those of the 
parallel of a curve in plane space. 

We can determine a sufficient number of characteristics to enable us 
to tabulate the general characteristics of the family of surfaces to 
which the parallels belong. The results will, however, indicate rather 
the equivalents of the singularities than the singularities themselves. 
It must. be borne in mind that the case of quadrics, to which it is 
natural to refer, is specialized in three particulars; viz., a quadric is 
(1) aruled surface, (2) symmetrical about three planes, and (3) general 
in class and order. 


8. Referring to the list of characteristics given in my paper “On the 
Parallels of Conicoids and Conics” (Proc., Jan. 1872), I obtain the 
following results: 


m | 2(n'—n?+n),* 


a 20”, 

Oo | 2a(n—1)(?+n—4), 

K 6n(n—1), 

b | n(n—1) (2n*—2n? + 4n?—18n2+7) = 2 [2,(n,—1) —8ce—a], 


2k | n(n—1) (4n"—12n° 4 28n°—96n7 
+180n°—260n? + 487n'—577n? + 395n?—514n +440) 
= b'—(2n,—3) b+ $B +3y +p, 
3t | 2n(m—1) (2n'—4n°+ 8n°—45n* + 600? — 60n? + 274n — 294) 
= b(n —2)—p—26 — 3y, 
q n(n—1) (4n®'—18n+9), 
p | 2n(m—1) (2n'+2n—11), 
ue Ral 
c An(nm—1)(2n—1), 
h | 2n(n—1) (16n*—32n? + 20n?—42n 449), 
7 6n(n—1) (2n—1), 
o 8n(n—1), 
fe 2n(n—1)(22n—31), 
Y 8n (2 —1) (1 —2) (2n? + n?—5n—80), 
ee LO eee eo 


* For a general centre of reciprocation, the orders of the parallels of a surface 
and its reciprocal are therefore the same. The centre may, however, be so taken as 
to alter this, by introducing special relations to the plane at infinity. 
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nm, | Qn, 

a 2n’, 

O 2n(n—1) (n?—n—1), 

x 2n(n*— 1), 

b’ n(n—1), 

i n(n—1)* (n—2) 
2 ? 

4 0, 

gq n(n—1)(2n—3), 

o 2n (n —1)?, 

af 2n(n—L1), 

res 0, 


The form of equation (g) shows that there are 2 (n—1) pinch- 
points on the nodal curve of the reciprocal. They le on the point- 
sphere X’+Y°+Z’?=0, and are independent of the modulus. We 
know also the values of /’ and q’ for a curve forming the complete in- 
tersection of two surfaces. The value of p’ is also easily obtained from 
the equation. 

In fact, treating (g) as a point-equation, we have for the first polar 
of a point 20D6 — 27? RY DP?! DR? = 0, 

d d d d 
where D stands for dG a +Y, ay + ZL IZ, +W, dW” 
(7) is supposed to be made homogeneous by the introduction of W for 
negative unity. 

By substitution, and dividing by ®, we get 

2D®—2;kRD¥—®DR’? = 0; 
and the intersections of the curve of contact of the tangent cone from 
(X,, Y,, Z;, —1) with the nodal curve are given by 


®=0, ¥=0, (De)’?—?R’ (DY) =0. 


and the equation 


9. If two surfaces touch, their reciprocals with regard to the same 
quadric surface also touch. Since a parallel is the locus of the centres 
of spheres of constant radius touching the primitive, its equation can 
be obtained by forming the condition that 

p(X, ¥,Z,—-1)=0 | ‘ Bie. (9) 
ke? (X?+ Y?+ Z’) —(Xe+ Yy+Zz—1)? = 0 
may touch. The first equation is the reciprocal of the primitive, the 
second is that of the system of spheres. 

This mode of proceeding is not, in fact, usually the most convenient ; 
but it suggests some important inferences. 

We may interpret the system (g’) thus: 

If a surface ts touched by a series of quadrics of revolution with a 

Q 2 
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common focus, the eccentricity of each being proportional to the distance 
from the focus of the pole of the directrix with respect to a sphere about the 
focus as centre, the locus of the poles is a parallel of the reciprocal of the 
surface with reference to the same sphere. 
To bring the subject under a more general point of view, we may 
consider the envelope 
iO. GS GY AM sO Rat R peri e ts Ch reve De 
ke? (aX? + bY? +cZ?+ dW*)— (Xa+ Yy+Zz+ Wwy =0...... (k). 
This seems to be the general class of envelopes to which parallels 
naturally belong. 
Taking the reciprocal of the second equation, we get 
(4404240 i?) (40424) (Ary ty fa 5 Ne" 
Pm ete Cc MO" er od ess c d 








When we combine with this 


G (ae as th) aD) ee eee tee eee (m), 


the envelope bears the same relation to ¢ that the envelope [(/), (/)] 
bears to the reciprocal of ¢, and we see that in general the order of the 
one envelope is the same as that of the other; in fact the one can be 
derived from the other by obvious substitutions which do not affect 
the order. 

For a parallel surface, it will be observed we can make d=0, W=1 
at once in (#), but in (/) d enters as a factor, and must first be divided 
out, and then equated to zero in the residuum. 

According to a remark by Mr. W. Roberts, the equation of a parallel 
surface will give the first negative pedal of the primitive by writing 
a +y’+2 for i’, the values x, y, z being each one half of the corres- 
ponding coordinate of the pedal. The form (g’) becomes, in this case, 
remarkably symmetrical, and we have 

p (X, xs Z, —1) — 0, 
(a? +y?+2°)(X?+ Y?4 Z’)—(Xa+Yy+Zz-1)=0; 

the second equation represents a system of paraboloids with a common 
focus. The surface in (a, y,z) is such that one of the normal distances, 
from a point on it to the primitive, is equal to its distance froma fixed 
point. In other words, the surface is the locus of the centre of spheres 
passing through a fixed point, and touching the primitive. And it is 
therefore the reciprocal of the inverse of the primitive in accordance 
with known results. The order of the surface is, however, reduced by 
the special substitution for %’. 

10. It becomes evident, on looking at the system (g’), that if the 
tangential equation of the primitive is of the form 


b?— (X?-+ V2 Z7) G2 = 0... ssvercdtesyeranen ey 
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the parallels will break up. Eliminating X?+Y?°+Z? by means of the 
equation hk? (XP + Y?+ Z?)— (Xe+Yy+Zz—-1)?= 0, 
we get an equation 

k°®?— (Xa+Yy+Zz—1)? = 0, 
which represents two surfaces having the same general characteristics. 
The two surfaces forming the compound parallel will therefore also 
possess in general the same characteristics. 

The equation (7) may be interpreted in general thus. If a surface of 
the class 2n has the imaginary circle for a multiple curve in the degree n 
and a node-couple torse of the cluss n (n—1), and Uf the node-couple torse 
and the developable generated by the tangent planes at points on the ima- 
ginary circle, envelope the same surfuce of the class n, the node-couple 
torse also enveloping a surface of the class n—1, then the parallel of such 
a primitive will break up. | 

But the result may be materially modified by special singularities 
arising from particular relations of ®, VW, and X°+Y?+Z?. The parallel 
will, however, still break up, but the nature of the primitive will be 
altered so that the general conditions will cease to apply.* It is plain 
that when the parallel surface breaks up, so must also the enveloping 
cylinder, and vice versd. 

11. Further, considering that the system (y’) gives the corres- 
ponding system for plane space by simply removing Z and z, we see 
at once that the torse tangentially represented by 

» (X, Y, Z) =0, 

X?+ Y*+Z? = 0, 
will have for its sections, by any series of parallel planes, the parallels 
to imaginary moduli of curves in plane space.t 

For, in taking the reciprocal by means of the condition that 

Xa+Yy+Zz—1=0 | 
may touch the curve which is represented when X, Y, Z are point 
coordinates, we may first eliminate Z, obtaining 


GUO YE AS NN) i A. weer ae (p), 

2 (X?+ Y*)+(Xv+ Yy—1)’?=0; 
and the further process is precisely that of obtaining the parallel of the 
reciprocal curve to (p), the modulus being / at So thas planes 


* As an example, take the tangential equation R = @ + ~ , or the surface of 
ay 


revolution, of which an axial section is the first negative focal pedal of a conic; 
t.e., the reciprocal of a Limagon of Pascal. 

+ Hence, if we take two parallels of a curve in plane space, and place them in 
parallel planes, joining at the same time corresponding points by threads, we get a 
homographic transformation of a torse of the kind mentioned in the text. 
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parallel to the plane z=0 cut the torse in sections which are parallels 
of the sections by z=0. 

In general, however, it is necessary, on account of the radical, to 
associate with (p) the equation 

@ (&, Y¥; —a/ —X?— Y") = 0, 
so that the rationalised form is 
o?— (X’?+ Y’) ¥? = 0, 
a form which, according to what has been stated with reference to 
space of three dimensions, gives rise to a broken parallel. 

If a surface is symmetrical about a plane, its reciprocal with respect 
to any point in the plane will be also symmetrical about the plane. 
Or, as it may be stated, the tangential equation may be taken so as to 
be symmetrical with respect to a point. . 

We have then an equation of the form 

OURS AX, 2) 0, 
and the parallels in plane space forming the corresponding sections of 
the torse, when Z is eliminated, will not break up. 

This will be made more clear by taking a simple case. 


2 2 2 
If we are given gpl TG Mw i) ith 
a b C 


then the system, representing the focal torse 
aX?+bY?+cZ’?—1 = 0, 

X?+Y?+Z? = 0, 
gives a series of parallel curves which do not break up, and the cor- 
responding torse does not break up. But if, instead of taking the 
centre of the given surface as the centre of reciprocation, we take 
another point, the corresponding system is, say, 

(AX+ BY + CZ—1)?— (aX’+ bY’ +cZ’) = 0, 

X°+Y°+Z? = 0, 
and we get, by the process indicated, two developables. These surfaces 
belong to distinct conicoids, but have of course the same characteristics. 
The present case, however, applies to a species of surface which is 
necessarily symmetrical about a plane. When this is not so, we can- 
not infer that a plane section of either of the developables is a complete 
parallel in itself.* 


12. With regard now to the sections of the focal torse, let 
O( 2X4 Zea 


* T have lately seen that M. Darboux has shown that the sections are parallels. 
His proof is elegant and simple, depending on the fact that the generators of the 
torse in question are normal to any curve on the surface. (Mém. de la Soc. des Sciences 
de Bordeaux, t. viii., p. 803. 1872.) The present point of view is altogether different. 
See also ‘“‘Note on the Parallel Curves of Conics,” Quarterly Journal of Mathe- 
matics, March, 1872, pp. 64, 65. 
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be of the class n with a node-couple torse of the class 6, and a cuspidal 
torse of the class c, then the result of eliminating Z from the above 
equation by means of X?+ Y?+Z? = 0 wili take in X, Y the form of 
the tangential equation of a plane curve, having 2b double tangents 
and 2c inflexional tangents, arising from the singular developables, and 
n(n—1) double tangents due to the effect of rationalising the equation. 
The class of the curve is 2, and we can get its other characteristics. 
For instance, if the surface  (X, Y, Z) = 0 possesses point generality, 
and is of the order m, the curve in question, which is in fact the en- 
velope of projections on its plane of the tangent planes of the develop- 
able, is tangentially represented by 
b°— (X?+ Y”) ¥? = 0, 

and has the circular points at infinity for multiple points in the degree 
m(m—1)*, the class is 2m (m—1)’, and the order 2m’? (m—1) is ob- 
tained by making use of the known values of b, c for a general surface. 
The order of the parailel of such a curve is 4m’(m—1), the class is 
4m (m—1)’; and if d and « are the double points of the primitive curve, 
26 +4m* (m—1)? and 2« are the corresponding numbers for the paral- 
lel. Of the double points 4m*(m—1)? are due to the intersections 
of the two curves into which the parallel breaks up. The character- 
istics of each distinct curve of the parallel are those of the primitive. 

It will be noticed moreover that the characteristics of the primitive 
are those of a plane section of the tangent cone to a parallel of the 
general surface with which we set out. 

A great deal of what has been said will apply to hyper-space. Thus, 
if we take the hyper-torse 

: Pil Rae cn VV aa), 
X?+ Y?+Z’+ W? = 0, 
and eliminate W, while taking the condition that these equations and 
Xa+Yy+Z24 Ww—1=0 
shali have a double solution, it appears that parallel sections of 
the hyper-torse will be parallels of surfaces in three dimensions to 1ma- 
ginary moduli, and so forth. 


13. When there are singularities in the primitive, the order of the 
parallel is still twice the number of normals which can be drawn to the 
suriace from an arbitrary point.* Suppose, for instance, that the sur- 
face is still not specially related to the plane at infinity, and is of the 
order m and class x. Then, considering the seciion of the parallel at 





~~ 


* ‘The number of normals from an arbitrary point to a general surface has long 
been known, and was first determined, I believe, by M. Terquem. I do not know 
how far the result may have been generalised. In determining the order of the 
parallel for surfaces with singularities, we also obtain the corresponding number of 
* normals. 
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infinity, we have seen that it consists of the corresponding section of 
the primitive taken twice, of the common tangents of that section and 
the imaginary circle at infinity, and of the circle at infinity which is 
multiple in the degree n. Hence the order of the parallel is 
2(m+a+n), 
where a is the order of the tangent cone, or class of the general section of the 
reciprocal of the primitive. 
The characteristics of the tangent cone are obtained in the manner 
already mentioned, by considering a cylinder enveloping the surface. 
The class of the parallel is twice the class of the primitive in every case. 


A cnicnode diminishes the order by 4, and a binode by 6. 


14. Ifthe primitive has p contacts with the plane at infinity, the 
order of the focal developable, and therefore the order of the parallel, is 
reduced by 2p. Obviously the order of the parallel cannot be less than 
2m, m being the order of the primitive. 

The order of the tangent cone is not, however, reduced by contact at 
infinity, and its characteristics cannot now be directly obtained from 
the consideration of an enveloping cylinder, since the plane at infinity 
is specially related to the primitive. The contacts at infinity give 
rise to a singular point at the origin on the reciprocal surface of the 
parallel, but do not affect the orders of the nodal and cuspidal curves 
on that surface. Hence we may obtain the characteristics of the tan- 
gent cone, which are in fact the same as when there are no contacts at 
infinity. Considering, again, the section of the parallel at infinity, we 
can see that in fact the circle at infinity is multiple in the degree 
n—p when there are p contacts with the plane at infinity, and the ge- 
nerators at infinity of the focal torse which pass through the p points 
of contact count twice over. 

When, however, the primitive is specially related to the plane at in- 
finity and the imaginary circle on that plane, it is best to consider how 
many normals can be drawn from an arbitrary point. 

For the form of the equation (g’) shows that the coordinates and i 
enter the equation in the same degree, but i’ necessarily enters in a 
power equal to the number of normals from an arbitrary point. Thus, 
if the primitive is a surface of revolution, the number of normals is the 
number that can be drawn to an axial plane section from a point in its 
plane, and the order of the parallel is twice this number. The number 
of normals which can be drawn to Dupin’s cyclide from an arbitrary 
point is 4, and the order of the parallel (which breaks up) is 8.* 


15. With reference to skew surfaces, it is of importance to deter- 








* I shall perhaps mention this subject again with reference to the number of nor- 
mals which can be drawn to a surface with singularities. 
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mine the effect of a straight line contained in the primitive and meet- 
ing the imaginary circle at infinity. For such a line all the normals lie 
in one plane, namely, the plane which contains the line and touches 
the circle. This being so, it appears at once that, in general, to the 
line in question correspond two lines on the parallel also in the same 
plane and meeting the circle at infinity in the same point. But from 
the peculiarity of this imaginary plane, it is necessary to consider the 
multiplicity of these lines on the parallel. To determine this, we may 
refer to the case of quadrics, on the parallels of which such lines are 
double. Hence, in the case of a general skew surface, for every generator 
which meets the circle at infinity there are on the parallels two nodul lines 
meeting the circle im the same powt.* 

The circle being already multiple, we have on it points of higher 
multipheity by two. If, however, there are several such straight 
lines on the primitive intersecting in the same point of the circle, the 
points are of still higher multiplicity. This is the case in quadrics in 
which pairs of generators so intersect. 

M. Darboux has found that the imaginary planes in question triply 
touch the surface of centres along certain curves, and correspond in 
this respect to the eight planes of Prof. Clebsch, containing cuspidal 
conics of the surface of centres of a quadric. 

As a further analogy, it may be mentioned that, if the primitive is 
symmetrical about a plane, the section of the parallel by the plane will 
contain the parallel in plane space of the corresponding section of the 
primitive, together with a double curve, the order of which can be 
derived from that of the parallel. 


16. A parallel of a primitive surface of revolution is plainly also a 
surface of revolution, and a section by a plane through the axis is a 
parallel of the corresponding section of the primitive to the same 
modulus. Thus the determination of the nodal and cuspidal curves 
depends on the general theory of surfaces of revolution. 

If a section of a surface of revolution by a plane through the axis 
has 6 double points and « cusps, of which 0’ double points and «’ cusps 
are on the axis, there will be 


6-0 








, 
Saas . . 
cuspidal circles, 
2 


& cnicnodes, x binodes. 


nodal circles, 


The degree of the tangent cone will be 
n+ 20° +2, 
where 1 is the class of the section in question. 





* When the tangent planes at points on a line of no length contained in a surface 
touch at p points, the corresponding lines are generally p +1 fold. 


\ 
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If, then, we reciprocate with respect to a point on the axis, we shall 
have a surface whose axial section is of the degree n, with 3(n—m)+« 


ie ae ote 
cusps, and (n—m) Mie ) 
a 





+¢é double points; but of these — 


n — (m— 206 — 3x’) 

“) 7 

plane contact on the original surface. These will be generated by the 
Oe Se ; 

Pols. ot oe double tangents necessarily perpendicular to the 


ol 


axis. These results will have to be modified if inflexional tangents are 


will be nodes on the axis corresponding to circles of 





perpendicular to the axis. 


Two points of the imaginary circle at infinity are singular points 
upon any surface of revolution of a higher order than the second. The 
focal torse of a surface of revolution consists of the point-spheres at 
the axial foci of a section by a plane through the axis. The number of 
these foci is equal to the class of the section. We must remember that 
the parallel of any such section will have multiple points at infinity. 
It is useful to regard the singularities of a surface of revolution in 
connection with established formule for general surfaces; but the 
subject is only incidentally connected with that of this paper, and 
cannot now be dwelt on. ; 


17. A developable of the order 7 may be regarded as an extreme 
case of an ordinary surface. The order of the tangent cone will be n, 
the number of tangent planes which can be drawn through an arbitrary 
point. The class of the surface is 0, and the order and class of the 
parallel surfaces are 2(7+) and 0; or it is also a developable, as is 
otherwise evident. It is easy to show that the differential condition is 
satisfied. 

The theory of developables is usually associated with that of curves 
of double curvature. 


18. A curve of double curvature may also be regarded as an extreme 
case of a surface. The surface order in this view is 0, the class is 1, 
the degree of the reciprocal torse, or what is the same thing, the degree 
of the torse generated by the tangents of the curve (rank of the sys- 
tem); the order of the tangent cone is m, the order of a cone enveloping 
the curve, that is to say, the order is the degree of the curve. The 
order of the parallel tubular surface is therefore 2 (7+), and the class 
is 2r. 

Although the general parallels of developables and curves are in 
point of fact surfaces, the specialities of the primitives are so great 
that it is desirable perhaps to treat them apart, and I do not therefore 
develope more fully this branch of the subject in the present paper. 
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19. If X, Y, Zare the coordinates of a point on a parallel corres- 
ponding to the point whose coordinates are x, y, z on the primitive, and 
ps 7 7, 8, t signify as usual the first and second differentials of z with 
respect to « and y; P, Q, R, 8, T being the corresponding expressions 
for Z, X, Y; the following relations hold :— 

pag =k), 
(Se. _. a (2. ey -&. &) na 
ie tena Woe AN ON) Wai aY 10 Xin Oy 
aX dY dX dY 


dw d y dy dz 


— Prime) thr +g id+g r+ tp )t—2pgs| +A tpt a)" 
Cau seit 





(1+ P*) S—PQR 


= 511 +p") s—paqr}, 


(1+Q*) S—PQT = ee ece esate 


Ole 


(14+ Q’) R-(1+ P”) T 


I Q 9 
5 i+e)r—C +p) 4, 


dX ctype (1+ q°)r—pgqs 








dea Gare) | 
LV ae eae Clipp Micpge 
dy (l+p°+q°)' 
SY Sees Maal Nes as 
dy ape: 
dY Ba ae OS hee Te 
in (+p'+¢°)? 


The immediate conclusions from these formule are, however, geome- 
trically obvious. Thus an umbilicus on the primitive corresponds to 
two umbilici on the parallel. To a plane line of curvature corresponds 
a plane line of curvature; the differential equation determining the di- 
rections in which a given normal is intersected by successive normals 
is the same for the system, and so forth. 
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February 18th, 1873. 
Dr. HIRST, F.R.S., President, in the Chair. 


Prof. R. Stawell Ball and Dr. J. Hopkinson were elected Members ; 
and Prof. A. G. Greenhill, of Cooper’s Hill College, was proposed for 
election. 

The following papers were read :— 

Prof. H.J.S. Smith “On the Higher Singularities of Plane Curves,” 
and “On Systems of Linear Congruences.”’ 

Mr. J. Macleod “On the Application of the Hodograph to the 
Solution of Problems on Projectiles.” 

The President, Mr. Roberts, and Mr. Cotterill, made remarks on the 
communications. 

, The following presents were received :— 

“Annual of the Royal School of Naval Architecture,” No. 3, Jan. 
1873: from Mr. C. W. Merrifield, F.R.S. 

“Bulletin des Sciences Mathématiques,” table des rtd Vol. i., 
and No. 1, Vol. iv., Jan. 1873. 

v Crelle,” 70 ey t 3° Heft. 

“* Monatsbericht,” Sept. and Oct. 1872. 

“ Journal of the London Institution,” No. 18, Jan. 27, 1873 


AritHMmeticaL Notss.* 


By Hunry J. SrepHen Smiry, Savilian Professor of Geometry in 
the University of Oxford. 


I.—On the Arithmetical Invariants of a Rectangular Matrix, of 
which the Constituents are Inteyral Numbers. 


1. Let ||a,|| represent a rectangular matrix of the type » X (n+m), 
ITn 


{Is. If (#—s) 


minor determinants of order s which appertain to 


and let V, be the greatest common divisor of the 


Be ane 
IIs. 11 (1+m—s) 





* Being three Papers read at the January and February (1873) Meetings of the 
Society. 
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it; so that, in particular, V,, is the greatest common divisor of the 


Il (m+n) determinants of the matrix; the numbers V,, V,-1, ... Vi 


IIn . Im 

are the arithmetical invariants of the matrix. We suppose that the 

matrix is asyzygetic; ¢.e., that the ncn) determinants are not all 
n. Im 


equal to zero. We then have the theorem (Memoir, p. 318 sqq.*) : 


Theorem (a). ‘The quotient Vs ig the greatest common divisor 
s-l1 
of the quotients obtained by dividing each minor determinant of order s 
by the greatest common divisor of its own first minors.” 
Let p be a prime dividing V;, and let I; be the exponent of the 
Iighest power of p which divides V;; any minor of order 7 which is 





divisible by pee may be said to be divisible im excess by p’. Using 
this abbreviated mode of expression, we may enunciate the two follow- 
ing corollaries : 

Corollary (b). “Any minor determinant, which is not divisible in 
excess by p, contains at least one first minor which is not divisible in 
excess by p.”’ 

Corollary (c). “Any minor determinant, which is not divisible in 
excess by p’, contains at least one first minor which is not divisible in 
excess by p’.” 

Or, which is the same thing, 

“Tf all the first minors of a given minor are divisible in excess by 
p’, the given minor is itself divisible in excess by p’.” 

Of these corollaries, the first is a particular case of the second; and 
the second is only a re-statement, in other words, of the theorem (a). 


2. It is the object of this note to establish a theorem, which may be 
regarded as reciprocal to the theorem (a). 


Theorem (A). “The fraction Vs-1 ig the greatest common divisor 


of the fractions obtained by dividing each minor of order s—1 by the 
greatest common divisor of its first majors; or, which is the same 





Ss 


is the least common denominator of 





thing, the integral number = 
these fractions.” u 

Any square matrix which contains a given square matrix is here 
called, for brevity, a major of that matrix ; if the given square matrix 
be of order s—1, its first majors are the square matrices of order s 
which contain it. 


* The references in this and the two following notes are to a Memoir “On Sys- 
tems of Linear Indeterminate Equations and Congruences” (Phil, Trans., vol. cli., 
pp. 293—8 26). 
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The theorem (A) admits of two corollaries, corresponding to the 
corollaries (b) and (c): 

Corollary (B). ‘Any minor determinant, which is not divisible in 
excess by p, 1s contained in at least one first major which is not 
divisible in excess by p.” 

Corollary (C). ‘‘ Any minor determinant, which is not divisible in 
eXCeSs by p’, 18 contained in at least one first major which is not 
divisible in excess by p’.” 

Or, which is the same thing, 

“ Tf all the first majors of a given minor are divisible in excess by 
p’, the given minor is itself divisible in excess by p’.” 


3. To prove the theorem (A), we consider, in the first aes a square 
matrix ||a,|| of the type nxn, so that V, = Say) dy ... Ar»; and we 
av 
represent the minor determinant ae: by A,, so that the reciprocal 

d wy 
. . ° . . . n-1 
matrix is ||Aj,||.. The determinant of this matrix is V, , and the 
greatest common divisor of its minor determinants of order 7 is 
i-1 


(yh ie ca Bane 
Let M= Vac HE 5 ail =n—s+1; let k, [p=1,2,3 
I(s—1) . M(n—s+1)’ - re 
.. M’] represent any one of the M’ minors of order s—1 which ap- 
pertain to the matrix ||a,||; let &,, [vy = 1, 2,3, ... N’] represent any 
one of the first majors of &,; let d, be the greatest common divisor of 
these N* numbers; lastly, let K, and K, , represent the minors which, 
in the reciprocal matrix ||Aj,||, are reciprocal to the minors i, and k,,, 
||; So that, for example, if &, = D+ ay de... M-1,5-15 
Boe soeeck A, Asst ast + Ana GOO Me, =) Soe ee ee 


By¥ 


K, = 2+ Ayii6:1--- Anne Thus the N?’ first minors of K, are pre- 
Pecle the determinants K,,,; we also have the equations K,=V, xk, 
Ly cea a nse k,,,3; so that, applying the theorem (a) to the matrix 
 Ayll, we find that the greatest common divisor of the M? integral 


xd] = Vx 7, 


; that is to say, the greatest 





n-s-l 


mombers, [V, xX &,]+[V, is the quotient 


Bey ox My hi ei xV,J= Vex 1 


common divisor of the M? fractions ui is the fraction Ses in accord- 
ance with the theorem (A). The corollaries (B) and (C) may be im- 
mediately verified by observing that, if either of them were supposed 


; an ee 
untrue for any given minor &,, the corresponding fraction —* would 


" 





acquire a denominator which could not be a sub-multiple of 


6 : s-l1 
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4. To extend the demonstration to the case of an oblong matrix 
of the type 1X (m+n), we retain the preceding notations, so far as 
Il (n+m) 
O(s—1).0(n+m—s+1)’ 
N, =n+m—s+1; so that the values of « and » are now 
[1, 2, ...MxM,] and [1, 2,...NxN,] respectively. Let Q be a 
common multiple of the MxM, numbers d,, and let us complete the 
given rectangular matrix into a square one by adding rows of consti- 
tuents each of which is divisible by Q. In the resulting square matrix, 
any given minor k, (appertaining to the given rectangular matrix) will 
have Nj; first majors; but it is evident that the greatest common 
divisor of these N, first majors will be the same as that of the N x N, 
first majors which appertain to the given rectangular matrix. Hence 


they are applicable; and we put M, = 





the M x M, fractions Hs, obtained by dividing each minor of order s—1 
. dh, 
in the given matrix by the greatest common divisor of its first majors, 


occurs among the M; fractions similarly derived from the completed 
square matrix; also the numbers V, and V,_, are evidently the same ~ 
for both matrices. Applying, therefore, the theorem (A) to the square 


. Vv 
matrix, we see that —%-! 


73 that it is the greatest common divisor of these fractions, may be 
a 

& 

proved by considering a minor determinant of order s in the given 
matrix, which is not divisible in excess by p; this minor determinant 
contains [by the corollary (b)] a first minor which is itself not divisible 
in excess by p; if &, be this first minor, the denominator of the corre- 


is a common divisor of the MxM, fractions 


s 


sponding fraction ae necessarily contains the prime p raised to the 
power I,—I,_:. 

It will be observed that, whether we consider a rectangular or a 
square matrix, the corollary (C) is an immediate consequence from 
the theorem (A); but the theorem (A) does not follow conversely 





from the corollary (C). For the absence of factors prime to Vs from 
s-1 


the least common denominator of the fractions ms is asserted in the 
be 
theorem, but is not asserted in the corollary. 


5, Every common divisor of the first minors of a given minor is evi- 
dently a common divisor of the first majors of that minor; and, if the 
matrix be square, a consideration of the reciprocal matrix shows that, 
conversely, every common divisor, prime to the determinant of the 
matrix, of the first majors of any given minor, divides the first minors 
of that minor. We thus obtain the self-reciprocal theorem : 
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Theorem (dD). “In any square matrix, the greatest common divisor 
of the first minors of any given minor is identical with the greatest 
common divisor of its first majors, so far as factors prime to the deter- 
minant of the matrix are concerned.”’ 

This theorem is not universally true in the case of oblong matrices, 
at least if we suppose that, in its enunciation, the words “‘ determinant 
of the matrix” are replaced by the words “‘ greatest common divisor of 


the determinants of the matrix.” If, for example, ||a|| 1s a square 
matrix of order n+1, and ||0|| is a matrix of the type nx (n+m), of 
which the determinants are relatively prime, the symbol E b|| may 











serve to represent a matrix of the type nX (2n+m—1), in which the 
first n—1 constituents of the uppermost row are zeros. In this matrix 
the greatest common divisor of the first majors of |a| is evidently |a| 
itself; and this greatest common divisor is prime to the greatest 
common divisor of the determinants of the matrix, because these deter- 
minants are relatively prime; but unless ||/a|| is an unit matrix, its 
determinant cannot be equal to the greatest common divisor of its 
own first minors. 


6. It may be added, that the properties to which this note refers 
admit of being stated in a generalized form. Thus, we may replace the 
enunciations of the theorems (a), (A), and (dD) by the following : 


s 


, : Sarthe a 
Theorem (a). “The quotient ——*~ is the greatest common divisor 
8-4 


of the quotients obtained by dividing each minor determinant of order 
s by the greatest common divisor of its own first minors of order s—i.” 





1 ° Ve. ie 
Theorem (A‘). “The fraction —*-* is the greatest common divisor 
8 


of the fractions obtained by dividing each minor of order s—i by the 
greatest common divisor of its own majors of order s.”’ 

Theorem (dD’). ‘In any square matrix, the greatest common 
divisor of the minors of order s—7 appertaining to a given minor of 
order s is identical with the greatest common divisor of the majors of 
order s+7 appertaining to the given minor, so far as factors prime to 
the determinant of the matrix are concerned.” 

A very slight modification of the proof of the theorem (a), (Memoir, 
pp. 318—320,) supplies a proof of the theorem (a’), and from it the 
theorems (A’) and (dD’) may be inferred by means of the methods em- 
ployed in this note to establish the theorems (A) and (dD). 
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IIl.—On Systems of Linear Congruences. 
1. Let 
(1) aia 5 Avi m+A; > V2 + sieve +A; a Ly — Aang (mod. M), 
Ny tree ee ys ah a Vy 

represent a system of x linear congruences ; let 

LD ee ares oh D,, 

Vas Mincty pis aiioeis Vi, 
respectively denote the arithmetical invariants of the augmented and 
unaugmented matrices of the system; ¢.e., of the matrices 


2 vs = ie 2, coe Wy 
Stas, iy pa Lape np, 
and (3) eh HONE a peerage 


Ue RPA 


let d, and 0, be the greatest common divisors of M with at , and of M 


s~l1 
ee 
Vs-1 
We then have the two theorems (Memoir, p. 320) : 

“‘The necessary and sufficient condition for the resolubility of the 
system (1) is d=0.” 

“When this condition is satisfied, the number of its incongruous 
solutions is d=0.” 

There are similar theorems (Memoir, p. 323) relating to defective 
and redundant systems of congruences. Some observations which may 
serve in certain cases to facilitate the applications of the theory are 
contained in the present note. 


with respectively ; lastly, let d=d,xd,X...d,, 06=0,X 0,X...0,. 


2. Consider separately the powers of the different prime numbers 
dividing the modulus M. Let p be one of these primes; and let yp, a,, 
a, be the exponents of the highest powers of p which divide M, D,, V. 

$ Ly wy Wi 





respectively. Then, because V.~ D,, and 





Ne Ds. are all integral (Memoir, pp. 317—820), we have the 
Wiens s-l 


inequalities 
(4) Races de Ge aly — On 9 Ea a see's & A— A 5 
Gye G,— Ayn) 7 Any — Ay re a za ay— Ay; 
Coyne, Gee cas 
CH) isapeceeeae es a,— Gy.) 7 As— My} 
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Let a,—a,_, be the first term in the series (4) which is less than p; 
so that, if a,—ad,.1< p, we have o=n, and in every other case 


Cap acteed is te 441-4, 7 Bp > a,—A,_1. 


We may then replace the two theorems of the Memoir by the two 
following : 

“The necessary and sufficient condition for the resolubility of the 
congruences (1), considered with regard to the modulus p*, is 


ON EE nein 3 oe ee 
“When this condition is satisfied, the number of incongruous 
solutions is p**®"9#,” 
For the condition of resolubility is Sines p. 321) that the greatest 
common divisor of the numbers 


LOE cere: pt, pm-itH, pm-a+ 2m... ple, 
should be the same as the greatest common divisor of the numbers 
i) Bee ao pm, pm-ith, pan-2t2u, wer, 


The greatest common divisor of the numbers (10) is p%*-?*; for 
it follows from the inequalities (8) and (4) that, in the series (10), the 
exponent a,+(n—c)m is less than any exponent which follows it, 
and not greater than any which precedes it. Again, if a,=4a,, 
p**™-*)» is also the greatest common divisor of the numbers (11); for 
it is equal to one of them, and it certainly divides all of them, because 
it divides all the numbers (10), each of which, by virtue of the in- 
equalities (6), divides one of the numbers (11). But if a, >a,, the 
greatest common divisor of the numbers (11) is a power of p having 
an exponent higher than a,+(n—o)p. For the inequality a,><a,, 
combined with the inequality (7), implies the successive imequalities 
A541 >A) G42 >Ae42) +++ Gn >A,3 SO that every exponent in the series 
(11), which precedes a,+(n—c) p, surpasses the corresponding ex- 
ponent in (10), and therefore certainly surpasses a,+(n—oc)p. And 
again, the exponents following a,+(n—c)j, in the series (11) also 
surpass a,+(n—c) pw, for these exponents are not less than the corre- 
sponding exponents in (10), each of which is greater than a,+(n—o)p. 
Thus the condition for the equality of the two greatest common divi- 
sors, ?.é., for the resolubility of the congruences (1), is a,=a,. And, 
by emetoringie the proposed system (Memoir, p. 822) into an equi- 
valent system of the type 


LEAR cyoscenee ees Vast b,=c,. (mod. p*), 
n-s 
it is immediately ascertained that, when this condition is satisfied, the 
number of incongruous solutions is equal to p**™-”*, 7. e. to the 
common value of the two greatest common divisors. 
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3. The criterion of resolubility just established differs in form only 
from that given in the Memoir; and the coincidence of the two may be 
shown by observing that the equation a,=a,, combined with the in- 
equalities (7), implies the equations a,_) = @,_), @,_2 = @,_2 ... 4; =. 
As here stated, the criterion of resolubility, and the expression for the 
number of solutions, depend only on the numbers o, V,, D,, and do not 
involve explicitly the consideration of the two complete series of in- 
variants. When p surpasses a,—d,_1, the condition of resolubility is 
a,=«a,, and the number of solutions is yee In this case we only need 
to determine the invariants V, and D,, or rather the exponents of the 
highest powers of p dividing those numbers. But when p < a,—a,_1, 
it is necessary to calculate successively the invariants D,, {6Poe Doe 
in order to ascertain the index o for which the inequalities (8) are 
satisfied. It will be observed, however, that since every minor of 
order s, which is not divisible in excess by p, contains a minor of 
order s—1 which is itself not divisible in excess by p, it is always 
possible to restrict the examination of the minors of order s—1 (which 
is required in order to obtain the value of D,.,) to those which are 
contained in a single minor of order s. 

We may also notice that if, in the series of differences 

Oy Osh By 2 ye yiiee es oe a,—, 


a,—a, is the first which is equal to zero, p“**!~™ is the highest power 


of p for which the proposed congruences are resoluble. 


4. In the case of a redundant or defective system, as well as in the 
case of a system such as (1), which is neither defective nor redundant, 
it will be found that the equation of condition d=06 may be replaced 
by the equation a,=a,. And in all these cases alike, whenever the 
system admits of any solution at all, the number of incongruous solu- 
tions is p***-"*, » denoting the number of the indeterminates. 


5. In the case of a redundant system, the condition d=0, or a,=a,, 
although necessary, is not sufficient (Memoir, p. 524). The complete 
condition of resolubility in this case is that the greatest common divisor 
of the numbers 


39 hear gra Rant Hc Pnat Sa pete 
should be the same as the greatest common divisor of the numbers 
(14) soe cee reeees pine pont ed lee ge pte. 


And the identity of these two greatest common divisors implies not 
only (as in art. 2) the equation a,=a,, but also the inequality 


(15) seererseesecvesvessos fl < On+1— Gn 5 
R 2 
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since, if this condition be not satisfied, a,,,, will be less than any of the 
exponents following it in the series (15), and therefore less than any 
exponent in the series (14). 

The two conditions expressed by the equation a,=a,, and the in- 
equality (15), are sufficient as well as necessary. But it is remarkable 
that the exponent s not only satisfies the inequality (15), but also the 
inequality 

(16) soesceterccssedseces ft An+1— Any 
which is, in general, closer than (15), because a, 2 7,. To prove this, 


consider, in the given redundant system, any set of n+1 congruences 
such that the determinant of their augmented matrix is not divisible in 
excess by p; and multiply these ~+1 congruences, taken in order, by 
the determinants of their unangmented matrix. The sum of the pro- 
ducts is the determinant of the augmented matrix; we infer that this 


be 


determinant is divisible by p**", i.e. that dy.) 7 a,+p. 


Since (as has been said) the two conditions of resolubility, taken 
together, are suflicient, they must involve the inequality (16). To 
deduce it from them, we may employ the following lemma : 

. coll Rar 2) 

6 I et ay a est) ] 
I Qell oti Bepte AP  w/8 
represent any square or oblong matrix of integral numbers, and let || q]|| 
be a partial matrix consisting of any s of the ” horizontal rows of ||Q|| ; 
also let Q,, Qn-1 ---3 Ys Ys-1) --» be the arithmetical invariants of ||Q|| 
and ||q|| respectively ; then, if * is any number not surpassing s, 
is divisible by -2..” 

n-r Ys-r 

To establish this lemina, let us suppose that ||q|| consists of the last 
s rows of ||Qj||, and let us replace ||Q|| by a compound matrix of the 
form || Q’|| x || Q”||, in which ||Q”|| is a prime matrix of the same type 
as ||Q/||, and || Q’|| is a square matrix of the form 








| hy, ky 2, hy 3, 1 0 0.8.00 hyn 
: Le itd Me leivens ees k,n | 
I 0, 0, hs, seeres Ln | 
| 

ete tale parc paMataete'e S Rosen ul 
Rivero rib 4 An jee 


Then the greatest common divisor of any horizontal row of minors in 
||Q|| 1s the same as the greatest common divisor of the corresponding 
row of minors in ||Q’|| (Memoir, p. 311); it is sufficient, therefore, to 
verify the lemma in the case of this last matrix. In it we have 


pte Os ees x h,, —= Le, 
hy Xs I S42 % coe X lin a Ys 3 
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and if we multiply hj xh,.x ...h,., = Qn by any minor of order s—r 
Ys 


contained in the last s rows of ||Q‘||, we obtain a product which is 
either a minor of ||Q’|| of the order 7—7, or else is equal to zero; this 


Qn x fee: is 


s 


- product is therefore in every case divisible by Qn_,; @.¢., 


divisible by Q,.,, or oa is divisible by 2. 
n-f7 Us-r 
To apply this lemma to the case which we are considering here, we 
change 7 into n+1, and we put s=n, r=n—c. Attending only to 
the powers of p, we thus find 


An+1— An os A,+1— 4,- 


But a,=a,, and a,,,—2, 7 ; therefore a,,,;—a, 7 b. 


6. When the determinants of the augmented or unaugmented matrix 
of a proposed system of congruences vanish, we may add multiples of 
the modulus to the constituents of these matrices, so as to obtain de- 
terminants which do not vanish. We proceed, however, to show that 
this preliminary operation is unnecessary, and that the preceding 
theory is immediately applicable, notwithstanding the evanescence of 
the determinants. . 

If, in any matrix of which the arithmetical invariants are Vz, Vn-1, -- 
V,, the minor determinants of order s+1 are all equal to zero, we must 
attribute the same value to the invariant V,.,;; and vice versa, if 
V,+1 = 0, the minor determinants of order s+1 must themselves be all 
equal to zero. Let V,,,;=0, V,>0, so that V,,,=0 *#=1,2, ...n—s), 

ip Avie v1 


V..->0 (r=0,1, 2,...s—1). The quotients y 22} us late 
Vest Vs-2 Vo 





+1 


determinate positive integers, and the quotient Vs is zero; but the 


quotients Vse3 ey Woy assume the indeterminate form To these 
Vert Veet 

quotients we attribute the value zero: this may be regarded as an 
arbitrary definition of the value of these indeterminate numbers ; it is, 
however, suggested by the observation that if the constituents of the 
matrix, instead of being integral numbers, were rational and integral 
functions of an indeterminate quantity, every factor of V; would also be 
a factor of V;,,;, and would be contained in V;,, oftener than in V,; 7.e., 
—** would vanish with V;. 

7. Let us first suppose that the proposed system of congruences, 


(17) er Aji %+Ai2%+ seeees +A; m+m 


pe ee . 
im yee ara me 


Ss 


nem = Ny ae (mod. p*), 
0, 


lV 


246 Prof EEN Grmth ae [Feb. 13, 


is not redundant; and let the invariants V,, Vn-1, -.. of its unaug- 
mented matrix vanish as far as V,,; inclusively, but let V, not vanish. 
The integers, 


Any An ly soveee Assy 

(1 Di paee L0 Me Pay Aa Dye A541 — As, 
Any Qn-15 eek aac 3495 

On —An ly seseee Os42—-As419 


may then be regarded as greater than any assigned number; and if, in 
the inequalities (8), which determine the index o, we adopt this inter- 
pretation of these symbols, the criterion of resolubility, and the ex- 
pression for the number of solutions, will continue applicable to the 
system (17) without any modification whatever. For the criterion of 
resolubility this is evident, because the demonstration of art. 2 subsists 
unchanged. ‘To prove the same thing for the formula which expresses 
the number of solutions, we employ the following lemma : 
“The matrix fr Aan ieeaeely arth: 
4 == 1, 2, .., m-+M, 

(in which V,,; vanishes, but V, does not vanish,) satisfies an equation 
of the form 


ONNeee IIx Avsll Xl = || we mle 


in which ||(|| is an unit matrix of the type nxn, ||y|| an unit matrix 


of the type (n+m) xX (n+™m), ; 


Tis 
0, 
which has all its constituents equal to zero, except those compcsing the 
partial matrix ||q||; this partial matrix being of the type s xs, and 
having for its arithmetical invariants V,, Vs-1) --» Vo.” — 

Consider the system, 


(18) cevcee Aj +A; 5 %+ seeves +A: nam Cnem = 0, 


a — i 2, 3, eee Ns, 














a matrix of the type n X (n+), 


which is equivalent to s independent equations ; and take for ||y|| any 
unit matrix of the type (n+m) xX (n+), in which the last n+m—s 
columns are the n+m-—s rows of a fundamental set of solutions of the 
system (18). The compound matrix ||A|| x ||y|| will be of the form 
|| cj, ||, where ||c,|| is a partial matrix of the type n Xs, and ||0|| is a 
partial matrix, composed entirely of zeros, of the type » x (n+m-—s) ; 
so that ||¢;, 0|| is of the same type as ||A||._ Again, consider the system 


C19) vcccoeses 01,70) Cy, j at seer ee 10,3 fe = 0, 
ee 
of which the equations are independent; and take for ||/3|| any unit 
matrix of the type n Xn, in which the n—s lowest rows are the n—s 
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rows of a fundamental set of solutions of the system (19). The com- 
=" 


If therefore, in the system (17), we transform the indeterminates hy 
the substitution 
(21; %2, 0 Laem) = ll yl x (Wy Yor soe Ynem)s 
and at the same time replace the congruences themselves by others 
linearly derived from them by multiplication with the constituents of 
the rows of ||3||, we obtain an equivalent system of the form 








pound matrix || (|| x ||A]| x || y|| is then of the form 


(20) ...... D5 Yi TF G25 Yat vere. qs,5 Ys =h; (mod. p*), 
dba de, 
in which the indeterminates 7,1, ... Ynim Go not appear explicitly. 


By the theorem of art. 2, the number of solutions of ae is pret@-ee 
and to each of these solutions there correspond p”*”~*)* solutions ot 
(17), because each of the indeterminates ¥,,1, ..+ Ynsm may have any 
one of p* values. Thus the number of solutions of (17) is p*t™*™-9)*, 


8. Next, let the proposed system of congruences be redundant; and, 
as before, let V,,; vanish, but not V,. In this case also the demonstra- 
tion relating to the criteria of resolubility subsists unchanged; to de- 
termine the number of solutions, we select from the proposed system a 
partial system of s equations such that the determinants of its unaug- 
mented matrix are not divisible in excess by p. Every solution of this 
partial system satisfies the remaining congruences of the proposed 
Lae ; te. the number of solutions of the proposed system is 
pot", if m be the number of indeterminates. 


9. It is worth while to observe that, in the equation (A), we may at- 
Vi Va ae | 


igen Wan, 








tribute to the partial matrix || q;|| the simple form Fe 


For if ||u|| and ||v|| are reducing units of ||q,||, so that 
Pa Nea “i 
Ae wie Vo 


we may replace ||x|| and ||v||, which are both of the type ss, by unit 
matrices of the types nXn and (n+m)xX(n+m) respectively; and 
may then compound these substituted units with the unit matrices ||A]| 
and ||y||. The unit matrices thus substituted for ||u|| and ||v|| contain 
||z|| and ||v|| as partial matrices ; their forms are sufficiently indicated 
orf [sl 

0, ; J 
types 2X (n—s) and (n+m—s) xX (n+m) respectively, and are subject: 
to no restriction other than that implied by the equations 


tHe 








l}ell X [gall x [ell = 


9 





; where I and J are matrices of the 











by the symbols 








Oi Ws 
x paee ol be 





t 
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Another transformation of a matrix, in which the first »—s invariants 
vanish, is sometimes useful ; viz., we may write 


he aye v 
0,0, ... 05 pears Meine 


s-l Viiis 0 





|All = llell x x ||Q|, 














where |||| is an unit matrix of the type xn, and ||Q|| is a matrix of 
the same type as ||A||, of which the s lowest rows form a prime matrix, 
while the others are arbitrary. The proof of this transformation pre- 
sents no difficulty, and may be omitted here. 


10. When the absolute terms in a linear system of congruences are 
all congruous to zero, the criteria of resolubility are always satisfied, as 
they ought to be, because the system is satisfied by attributing to the 
indeterminates values congruous to zero, and therefore certainly admits 
of one solution at least. In this case, however, it is usually of import- 
ance to determine, not the whole number of solutions, but the number 
of solutions prime to the modulus (v.e., the number of solutions in 
which one at least of the indeterminates is prime to the modulus). 
Reducing the proposed congruences to an equivalent system of the form 
(12), which can always be done by the transformations indicated in the 
Memoir (p. 822), and in art. 7 of the present note, we find that if N is 
the whole number of solutions, N-+p”"~’ is the number of solutions 
in which every indeterminate has a value divisible by p, so that 
N (1— 


) is the number of solutions prime to the modulus. And, 


me 


d 
in general, if k; is the number of terms in the series (5) which satisfy 
the inequality a,,:—a@, 7 —t, so that, in particular, k, = n—o, the 
number of solutions in which every indeterminate has a value divisible 


by p’ will be found to be N + prot ht {dari fist 


11. The transformation of a given square matrix indicated by the 
equation 


Mic Vas Vi Vi Vv 4 
(21) oeee Aull = Hall |] Pe, Sas, Baa, 2. 2H) yy 


b ’ b Nee Mahe 3 


Via Ve oe Vn-3 Vi Vo 








forms the basis of many of the demonstrations in this and the preced- 
ing note. It has been already pomted out (Memoir, p. 314) that this 
equation always admits of an infinite number of solutions: this obser- 
vation may be verified as follows. If ||~,|| 1s any unit matrix of which 
the constituents are defined by the equations 


een 


tj t,)) a d, 


AS Ue vas yt 
a I ae b 
Vad V i 





Ui,5 = Ni; 


n-y 


1873. ] Theorem in the Integral Oulculus. 249. 


the matrix ||v,;||, of which the constituents are defined by the equations 
Vii = Ay, v 1G le 

Wieas . Vaud: . c 
Evie ta fear mat MN Rak 

Vises Vee? Fe 


will also be an unit matrix; and, if |la||, ||G|| be two given unit 
matrices satisfying the equation (21), that equation will also be 
satisfied by the unit matrices comprehended in the formule 


lel x tell, [ell x TIL 


ov cae 


and by them only. 


Til.—On an Arithmetical Demonstration of a Theorem in the 
Integral Calculus. 


L Deb tate FT Oe (AD 
Caen LR eer ak hai 

represent a system of linear equations, in which the numbers a,; and 5; 
are integral, the determinant V = |a;;| being different from zero and 
positive. If, considering the numbers 0; with regard to the modulus V, 
we attribute to them in succession the V” systems of values of which 
they are susceptible with regard to that modulus, we have the arith- 
metical theorem (Memoir, p. 520): 

G.) “The system (A) is resoluble in integral numbers y for precisely 
V"~' of the V” systems 0b.” 


2. Let 3 represent a complex, or multiplicity, of order n, of which the 
indeterminates 7%, Yo, .-. Y, are independent. Any system of values 
assigned to the indeterminates is called a point of 2; and if the values 
are integral, the point is an integer point. Let 


[wi1, Via, Vis, -e+00+ Vin 
Gea Leo uo the 
represent n given integer points of 2; we shall suppose these » points 
to be asyzygetic, so that the determinant V = |a;,| is different from 
zero, and may be assumed to be positive. We then obtain the theorem : 
(ii.) “The number of integer points [X,, X,, ... X,] which satisfy 
the inequalities 
rey 5c Pre eV 
dx ;, dat; ROHS Fe 
hy oe Riedy 








is precisely V.” 
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For, by the theorem (i.), the equations 


x +X 5 oY. + bye ite "4, dv Bi 
bi 5 se aoa 





da; Ax: n 
ee) 2, Oct 


...(B), 


of which the determinant is V”~!, and in which each of the numbers B; 
is supposed to receive in succession every value from 1 to V"~* inclu- 
sive, are resoluble in integral numbers X for V~” of these V"""~) 
systems of values. But the solution of the equations (B) is given by 
the system 
VX; = B,a,+B,2;+...... +B, Gj; 
paw eA iene 


If therefore the equations (B) are resoluble in integral numbers for 
any particular system of values of the numbers B;, considered with 
regard to the modulus V, they are resoluble for the V"~” systems of 
values congruous to that particular system for the modulus V, but 
incongruous to one another for the modulus V""'. Hence, if & be the 
number of systems of values, taken with regard to the modulus V, for 
which the equations (B) are resoluble in integral numbers, we have 
kxv7@-2) = V"-" or k = V3; a result which establishes the theorem 
(ii.). 

3. Another proof of the same theorem may be obtained as follows: 
The number of systems of values for which the equations (B) are re- 
soluble in integral .numbers is equal to the number of solutions of the 
congruences 

B, %;+B,a;+...... +B, 2,; = 0, (mod. V), 
j=1,2,3,..2, 
in which B,, B,, ... B, are the indeterminates. And the number of 


solutions of this system of congruences is V. (Memoir, p. 320, or 
arts. 1—3 of the preceding note.) 


4. Let [Yr Yiry veecee Yin] 
Reet Dit, askew 


represent any ” asyzygetic points of 2; and let A; be a positive common 
measure of the n quantities 4, ;, Yo, j, --- Yn,j) 80 that we have n’ equations 
of the form y,; =; ,;, In which the numbers 2, are integral, and 
|x,;| = V is different from zero and positive. 


Let D=|y,|=V x Il A;; the number of points of 2, which are of 
j=l 


the type [X,\,, XA. ... X,A,], Xi, Xy, ... denoting integral numbers, 
and which satisfy the ny sae 


0 < (XA Ne iD. P+ 0% ‘ee ean 2) a IDL ae (C), 


? 
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is, by the theorem (ii.), equal to D+IIA =V; that is to say, the pro- 
duct IIA, taken as many times as there are points (X,A,, X»Aq, ... XpAn) 
satisfying the conditions (C), is equal to D. Let Ay, As, ... A, be in- 


finitesimal, and let U represent the integral Ie Sf GLY | Ge eee 
extended to all values of Y,, Y,, ... Y, which satisfy the inequalities 


Nene ari see ey CRM eNO ig CARTE a 
da . dy; » AY in aa 3 
es pray Se 


we have, by the definition of a definite integral, U=D. 


5. This well-known result (which may be described as a general- 
ization of the expression for the volume of a parallelepiped in space 
referred to three rectangular axes) may of course be otherwise obtained 
by employing the formula for the transformation of a multiple integral ; 
viz., if we put sig as an 

Assy an ie HV Recaes +Y,, ae 
Gaevle 2 elt, 


the limits of «; are 0 and D, and the functional determinant is D*"”!; 


hence fe SOP dade PR Al a) Oe, OF mae 
0 0 0 


But as we have obtained the value of the definite integral U by a 
direct process, we may employ the result to demonstrate the formula 
for the transformation of a multiple integral; and this it may be worth 
while to do, because some of the demonstrations which have been given 
of that formula are not free from obscurity. 


6. For convenience of expression, we may regard the indeterminates 
Xj, X., X;, ... X, aS rectangular coordinates of a homogeneous and 
isotropic space of x dimensions. On this supposition we may define 
the volume unit of 2 to be that portion of 2 which is comprised 
between the limits 

Ca < 1 
Qe 2, 3 seal 1h 


so that dX,dX,... dX, represents an element of & having the form (in 
n dimensions) of a rectangular parallelepiped. In any multiple integral 


fi Vd, of order n, we must regard the integration as extending over 
a certain “integral space,” or portion of 2; this integral space is to be 
resolved into infinitesimal elements, which may be of any form what- 
ever, but which must exhaust the whole of it; each element is to be 
multiplied by the function V of its coordinates; and the definite in- 
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tegral is the sum obtained by adding the results. When the indeter- 
minates are transformed by the equations 


X; = Gj (Ly, Loy Wy eo. Zr) Q 
gieel) OO Ala ith ) 
we have to consider a new space o, in which the new indeterminates 
@1, Ly ... ®, May be regarded as rectangular coordinates ; to each ele- 
ment of the first space corresponds an element of the second space, and 
vice versi; the equations (D), whether by their own nature or by 
restrictions imposed on their interpretation, being supposed to establish 
a ‘fone-to-one”’ correspondence between the two integral spaces. The 
problem of the transformation of a multiple integral then reduces itself 
to the determination of the ratio of corresponding elementary spaces 
d= and ds. By the nature of infinitesimal magnitudes, this ratio is 
independent of the particular form assigned to either element (the 
form of one of course determines the form of the other). Let us take 
for the element do the parallelepiped (in ~ dimensions) of which one 
vertex is at the point [a, %, ... &,], and of which the adjacent 1 
vertices are 
BAe; Wy, at Oj ey .000. Beton » 
Rees, wets, 

the quantities 6;x; being infinitesimal and asyzygetic ; so that, by the 
theorem of art. 4, the volume of the parallelepiped (which is an infini- 
tesimal of order w) is |d;2,;|. If 





6; X,; = (= an + (=) 6; + reeves + (Ss) 0; Lp y 
dx, day daz 
A Br a a Pima! Gaye Beal 5 
the element d=, corresponding to the element do = |6;2,|, is evidently 


|o;X,|. But |a;X,| + |é2,| = 





a ; ve. the ratio of correspond- 
ws 


ing spaces is the functional determinant; a conclusion which esta- 
blishes the theorem of transformation, 


7. If we decompose the spaces 2 and o into elementary parallel- 
epipeds of the type dX,dX,... dX,, dx, da, ... de,, we may write the 


fas = {0x 
in the form 
if: ff UdX.aX, AX, = f ffx at] x doy dy aa 
e e da; 


In this equation dX,dX,...dX, and da,dz,...dx, are not corres- 
ponding elements; but the substitution of elements which do not 


equation 





gx] xX do 
Ue; { 
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correspond for elements which do correspond is admissible, because the 
value of a definite integral is not altered by substituting one mode of 
decomposition into elements for another. It may be added that the 


symbol if U d%, which involves no hypothesis as to the form of the 


element d=, supplies the most general and abstract expression of the 


definite integral; while the symbol Bi ; ij ff UdX aX)... dXo. owtien 


indicates a particular mode of decomposition into elements, suggests at 
the same time a particular method of obtaining its value by successive 
integration. 


8. It will be seen that, when a definite order is established among 
the indeterminates (X) and (a), the ratio of corresponding elements in 
the two spaces is determined in sign as well as in magnitude; but that 
if two indeterminates in either set be interchanged, the sign of this 


ratio is also changed. The Jacobian loci a =0 and |2% 
. a“: 


J J 
(which for our present purpose we take together) may be regarded, in 


general, as dividing the space = into two regions A and B, in the first 





= © 






































of which sf ‘| is positive, and in the second negative. Similarly, o 
og 
-1 
is divided by the corresponding loci oe » a Ser dib siiis 


two regions a and b respectively corresponding to A and B, in sucha 
manner that corresponding elements have the same sign in the regions 
A, a, and opposite signs in the regions B, b. But in using the formula 
for the transformation of a multiple integral, it is in general convenient 
to give to the functional determinant its absolute value, thus consider- 
ing the elements of both spaces as positive throughout. And when the 
space over which the integration extends is traversed or bounded by 
the Jacobian loci, 1t 1s always necessary to examine the circumstances 
which present themselves at those loci. 


Investigation of the Disturbance produced by a Spherical Obstacle on 
the Waves of Sound. By the Hon. J. W. Srrurt, M.A. 


[Read November 14th, 1872.] 


Introduction. 


When a train of plane waves otherwise unimpeded impinge on a 
space occupied by matter, whose mechanical properties differ from those 
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of the surrounding fluid, secondary waves are thrown off, which may 
be regarded as a disturbance due to the change in the nature of the 
medium—a point of view more especially appropriate, when the region 
of disturbance, as well as the alteration of mechanical properties, is 
small. If the obstacle be fluid, the mechanical properties spoken of are 
two—the compressibility and the density: no account is taken in the 
present paper of any friction or viscosity. 

The problem to which the most attention has been given is that of a 
rigid spherical obstacle, which is either fixed, or (more generally) so 
supported that, when disturbed from the position of equilibrium, it is 
urged back by a force proportional to the displacement. The mathe- 
matical solution is worked out without any limitation as to the size of 
the sphere; but in drawing conclusions from it, I have confined myself 
for the most part to the case when the diameter of the sphere is small 
compared to the length of the sound waves. In the course of the work 
it became necessary to expand a“ in a series of La Place’s (or rather, I 
believe, Legendre’s) functions,—giving a result which has probably 
other important applications.* 

I next consider the problem of a fluid spherical obstacle, working it 
out in full for a very small sphere; and afterwards investigate anew 
the same problem by a very different analysis, not restricted to the case 
of a sphere or an abrupt variation of mechanical properties on the one 
hand, but on the other, less general, in requiring the variation, and the 
region over which it occurs, to be small. 

Finally, I have indicated the solution of the problem when the source 
of sound is at a finite distance from the obstacle, the primary waves 
being accordingly spherical instead of plane. 


Expansion of the Velocity-potential in a Harmonic Series. 
If W denote the velocity-potential of the motion in a gas, and a the 
velocity of transmission of sound, the differential equation satisfied by 


ee fps “(ay by e) ee (1), 





ap Md ae gh 
while the variable part of the pressure is given by 
di 
P % dt (2), 


o being the undisturbed density. 
If we suppose that the motion corresponds to a simple tone of wave- 





* Jn the theory of the vibrations of a solid body, the dilatation, and the three 
component distortions, are subject to a differential equation identical in form with 
that satisfied by the velocity-potential with which we have to deal in treating of 
fluid motions. The results of the present paper are at once applicable to the more 
general problem, so far as they go; but, as the boundary conditions are not com- 
pletely expressible in terms of the four above mentioned quantities, further compli- 
cation is introduced in deriving the values of the boundary displacements and their 
differentials. 
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length A, ~ may be taken to be proportional to e””, where k = 2x + AX, 
andi=~/—I1. The exponential factor will run through all the ex- 
pressions containing ~, and will sometimes be omitted for brevity. 


Thus (1) and (2) become 


a’ ae a res 
(= aa =) WP IED =O vcgesaen laos 
. (4). 


Of) ee ANCOR a... Se Sebscd ven Cov ceed 
With any arbitrary point O for pole, ~ may be expanded m a series of 
surface harmonics Dr Wy i ET tae ace cosas dan den gee CO) 


Considered, however, as a function of r (the radius vector), w, is dif- 
ferent from a solid harmonic of order 7 :* it satisfies the equation 





ay, . 2db, _ a (n+1) a itn 
dr’ ar re dr i Ytk Wn — 0 cer eceerercerecs (6), 


differing from that belonging to solid harmonics by the presence of the 
term k*yp,,. 
In order to solve this equation, we may observe that when r is very 


great it passes into & (ripe Fe is Cru toa Uh pance ean ses be paaeenet (7). 
r 


otwhich:the solution is rW,— Ae + Be ....0...:csesseuestccacas (Sy 
We may assume the same form for the solution of the complete 

equation (6), if we look upon A and B no longer as constants, but as 

functions of 7 to be determined. Substituting im (6), we find for B 


Bere woe 
ok ie = — AN BO csesessseessteeeeeen (9). 
Now assume B= BotByr'+Byr?t.. Ber tie esses (10), 


s-2 


and substitute. Hquating to zero the coefficient of r~*-*, we obtain 


Boa = p, 2(et+1)—s (stl) — B (#—s8)(nts+]1) (11). 


2ik (s +1) SNe Diferta 1) as ie 
Thus B, = nGt) B, 
aha: Sar as Fae wr Bas 
so that . 


ya TRB SOUR oe ; 


* Stokes, Phil. Mag., Dec. 1868; or Phil. Trans., 1868. 
t Equation (6) may be advantageously put into the form 


d* (rp) _ n(m+1)_,, Lives: 
d (kr)? 3 (ery? (rp) + (ry) = 0. 
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- Denoting, with Prof. Stokes, the series within brackets by f, (ckr), 


bs Sl 3h Pol Woh Whe Ua ideo gi (18). 
A can be derived from B by changing the sign of 7; thus, 
ANS As Te eT ee agers ee (14). 


Ay and By, though independent of r, are functions of the angular co- 
ordinates : in the most general case, any two spherical harmonics of 
order n. Hquation (8) may therefore be written 


rw, — ST dees (ikr) ele Si, had je (—ikr) re icteetia shecete te (15). 
On differentiation of (15), there results 


i Dee Ti) REN oar) ee (16), 
dr ie Tr 
where By, (thr) = (1 -+thr) f, (thr) — thr f, Ger) 2.0.1.2... (17). 


The functions f and F may be expressed by means of the zonal har- 
monic functions Q, defined by the equation 


f1—Qep +e} $= 14+ Qe+ Qeett .. + Qee + ne eee (18): 
It is known* that 
Q.(u) =1-F. m+ lap, n(n) (n41)(n+2) es: 


bo 
— 
we 





ral 2s 1.2 
Fe eg: (19) ; 
or, changing p into 1—p, 
iy n+l p , n(n—1) (n+1)(n+2) iE 
eae Ty At! Wak ahi alee, Sy reo eee ele 
Stee (20). 


Consider now the symbolic operator Q,, (1- <), and let it operate 
7 


1 aN ee 
on. Since (ay 7, (HD(-2)(-8)... (9 
ee, sek ae ner) y? mo) tS) cs 
Q (1 ae y orn ey J 
A comparison with (12) now shows that 
1 
era yQ (1-5). ek aL 21). 
iQ =y ee (21) 


Again, from (17) we see that 
as Ae = = (1- =) : fn ( ) (22) . 


ee i ec 








* Thomson and Tait’s Natural Philosophy, § 782 (quoted from Murphy). 
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ad 1 os 
—— 2 wet are — Cas lee stated, ale teth one 23 ° 
Whence F(y) = y Q, (1 oa (1 ci j (23) 


The equations (21), (23) originally presented themselves by an indirect 
process, which will be indicated in the proper place; but I have pre- 
ferred to give here an analytical proof, in order to introduce them at 
once, without anticipation of future results. 


Motion at the pole finite. 


If it be part of the conditions of the question that the motion be con- 
tinuous through the pole itself, equation (15) assumes a special form. 
Reversing igh series for f,, we have 


ri aces Sur alanis Lytg 


e~ thr a Wh 
Ger)" gd Meare 


+(—1)"Siet’™1—ihkr+...)} 
showing that, as r diminishes without limit, rw, approximates to 


ee eae 1) 





ca pal ay iene 
(ikr ib 1S, +( ) Sn} 
In order therefore that w,, may be finite at the pole, 
Sted toni ds apace a Oi a os aaa eeen eee (24) 


1s a necessary condition ; that it is sufficient will be seen a little further 
on. Accordingly (15) becomes 


rp, = S, je" f, (kr) —(—1)" ef, (—tkr) | ...... (25). 
If by a separation of real and imaginary parts we put 
Pare ie UT ee Ca Sa, ree (26), 


(25) becomes 


rb, = — 218, { a’ sin (ir+n=) — (' cos (ir+nF] ‘ yeaae (27). 
Another form of (25) may be derived by means of (21). If tkr=y, 





HIS, TePQ(L— IF) *_(- Ie 7Q, (1+ says a 
~(-iran fa(d)- 2-08) 23 
BED (e- 1)"$,Q, (- <-) ne hee ce eects (28). 


A comparison of (28) and (27) shows that 
Q, ( d ) _sinke_ 0" ‘sin (Ier-tn 5)— — 2’ cos (irt+n2 ; ae (ods 





d.ikr kr kr ¢ 
Again, introducing (24) into (16), the latter becomes 
Ss : 
os =— + je" BE (kr) —(—1)" ee?" BF, (—tkr)} ...... (30). 
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If F=a+t+ifp, this may be written 

; O,n+1 
dy, _ 2% =} asin (lirtn® )- [ cos (irt+n® } eye (31), 





dr 
By differentiating (28) we obtain a third form for te 


dw d d sin kr 
avn — _ 911? (—1)"S, (=<). HPs RC Rie, He 2). 
dr DinG Se d.ikr/ d.kr kr 2) 

From a comparison between (32) and (31), we infer 
d d  sinkr te ; ) 
a’ ee 1S Ne SE ee S11 k U 

®(7) d.kr kr kr? “ sin ( Paige she Bee: (ir+n5 5 
years (33). 


These equations constitute the solution of the problem of determining 
the proper tones of any spherical cavity bounded by rigid walls. Ina 
paper published in the Proceedings of the Society for 1872, I have ta- 
bulated the roots of the equation 
d Ee Ook ga ae 
ae (3 i) d.ker ker 


which gives the values of & or \ for any assigned value of r. 








: : dw : ; 
When x is considerable, w,, and ” are of high order in 7; we shall 
di 


presently see how to find the leading terms. 


Eepansion in Spherical Harmonies of the Velocity-potential of 
Plane Waves. 
This necessarily comes under the head already considered; so that 
we might assume as the expression for the oe 
b, = const. Q, (u).Q, (— -) soe eats (35). 
The plane waves are supposed to be normal to the axis from which pu 
is measured; the symmetry then requires that the general harmonic 
S, reduce to a simple multiple of Q,(«). But it will be more in- 
structive to work this case out independently. 
If @ be the velocity-potential, we have 
p= Ne bled We a ced ah Ade iS ea Roe (36). 
It is required to expand e””” in spherical harmonics. 
Taking then 
en = ASA Ort AO oct ALO 4 lee een (37), 
multiplying by Q,, and integrating with respect to u between the lhmuits 
—land +1, we find 


a4] oe : 7 
fw mea f Qig=s 


=] -] 








tens Fo 38 
Bo cesses (88), 
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by a known theorem. Accordingly 





Putting » equal to zero, and remembering that Q,=1, we see that 


+1 
=e off (cos kr +7 sin krp) dp 
-1 





1 7 . 
=f cos kru dp = oe Me taken ite ye e (40). 
4 ha 
+1. > ‘ = Ie. 
Now since Hf erode =Snit ) 
e or 


-1 


] m +1 ie +1 a 
and ( “ if eo di aff NTE 
d.ikr/ 4, dg 


d )’ sin kr 








+1 o 
it follows that dh pee egy. 2 ( i 
c 
al 











. Ukr kr ’ 
: d : d 
and therefore, if Q, ( denote the same function of — that 
d.tkr d.ikr 
Q, CH) 1s of p, , 
in kr 
. (w).e™ du = 2 (4 ). sae ere | Al 
fe “Q Ce ae: an ier kr Co 
so that from (39) 
kr 
A,= 1 (- SUL a ae ae 42). 
aa d.ikr kr Co 


Q,, (4) being a rational and integral function of p, A, is satisfactorily 
given by (42), and we obtain for ¢, from (386), 





etka = kr 
p= "3 (2n+1) Q,(H) Q, (“> 7. es SAD Hite (43), 
dd — Ietkat 31 (9 ( __ ds sinkr 
dr aay (2 na -|- 1) Q:, (4) Q,, hs an d : le iT ere pera (44). 


It was from these equations so obtained that I first perceived the re- 
lations expressed in (22) and (23). From the nature of the case it was 
evident that by a proper determination of §,, the expression for w, in 
(27) must be capable of being identified with that for 9, in (43). By 
d ) _ sin kr Ro 
d.ikr rie 


| isin (irta3) JQ (1+ 7) 7 +@(1-2). a i 
Pars, (tr+n7 | | Q. (1 + a -—— (), (1 = oy ag 


oly 
gs 2 





trigonometrical transformation we may reduce Q), ( 


_— 


Oy, jn 


ape 
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where ikr=y. A comparison with (27) now proves that 


= mfaleeg)ab-$)h4] 


p=—Hr{ Q,(14 a —Q, (1 a ie a 


where H is some constant independent of 7, but possibly dependent 
on n. 

myemeddes y= a 10 = EO: (1 i i By 

dy! sy 
H is now easily determined by considering in this equation the term of 
highest order in r and y. On the left-hand side we have, from (12), 
Vet eee : 

on the right the term of highest order will be obtained by leaving out 
the symbol of differentiation. Remembering that Q,(1)=1, we have 


Hr. +28, 
y k 
H therefore equals +4; whence 
l 1 
nm ‘ = n i. = <). 6 £16 0.00.6 ON cee ween ee am * 21 . 
f(y) =9Q (1-7) +3 (21) 


Hepansion in powers of r. 


Expanding the exponential in (39), we get 


eo du Qu(y) § Like p+ fae 
-] 


2n+1 

case (ikr)"*} eee Chrys ee ; 

aah, | ah gBetes Ta) te fiw .. (+2) Mays) 

Now any lage integral power of u, such as p”, can be expanded 

in a terminating series of the functions Q, the function of highest order 
being Q,. It follows that if p<n, 


+1 
J Qu) du = 0, 





by known properties of these functions. And further, whether p be 
less than 7 or not, if they be such that one is odd while the other is 
even, we still have the same integral equal to zero. We therefore write 


9» oe PPO a4 : 
2A, a ae du, (n) i ae pata puis prt -; ; 
-1 . : 














On+1 .. (n+2) 
ee cooke (45) 
The Sa for Q, (4) in powers of p is 
Aer) { n__ 1 Cat Bley 
Qn CH) = a - a ENCE Y 
a Bet py 
4. Ce eae i oe (46), 


2.4. (Qn—1) (2n—3) 
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so that p hin ee | re one 1) Q,+ terms in p of lower order than 
pe”; and therefore 
aa es een 9 
ii nu d = . hi cove ecces AV . 
J HON Ete eae ar (7,1) > SALT oO) 


Again, from (46), changing n into n+2, 


_ 1.3.5... Qn+3) { pg (rte Ed ; 
Qua = 1.2.3... (n+2) - 2(Qn+3) ” Mar Av) 


Multiplying by Q,, and integrating between —1 and +1, there results 

















We (0 i (n+2)(n+1) “ 
0 =f et da ee Ue iQ de ae (48). 
Thus : 
2n+1 mC i nO. d (ikr)° i 
Om yi a BQn ra ES i 3) 0 
a2 pane {4 (iki)? ) 49 
Tse ee ED SB) Tass) 1s ao re St 


Comparing with (42), 


d sin kr (ikr)” ( oe ce : 
Oley Fa) ARG Ae. FORT) F(Qn+3) 0” ...(00). 


The expansion of ,, when the motion at the pole is finite, is therefore, 
from (28), 
. her)” Is 2 
Bere (rs {1-5 1 
eee ie a eine 1) 2 (Qn+8) > yee Cols 
showing that, when 7 vanishes, wy, is not only not infinite, but an infini- 
tesimal quantity of order 7”. 

Another method, which is especially to be preferred if more terms in 
the series be desired, leads to an expression for W, in terms of a Bessel’s 
function of fractional order. Consider the differential equation satisfied 
by Bessel’s functions 

















ay , 1 dy oe Ms) / 
Ya 2 i= OPIN eee (a), 
and write it in the form 
a (yz) ( a an) ne 
hae +(1 ins (Biya ON ter co 1 en ee (Dd). 
It is known that the solution of (a), subject to the condition of finite- 
ness, when z=0, is i) = a (2) 5 : 
where 
ym §, ? yf 
sate) = 2” l(m+ 1) ae 2 (2m+ ay Tt 4 (2+ 2) (2in +4) =O 
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is the Bessel’s function of order m. When i is integral, 
T(m+1) =|m; 
but here we shall have to do with m fractional and of the form +4, 


n being integral. In this case, 


WER hye eee ee Neal hy 7 


wnt 





Referring now to (6), we see that the solution of 


ca (1- s4a =) 6 ek Ofte eRe ee (a), 
dz Ay? 


under the above-mentioned condition, is 
6 = A#J,, (2). 


Now the function w,,, with which we are here concerned, satisfies 


d* (1p) n(n n(n+1) . 
d (kr)? + (1- (kr)? nine | fa pe — () S Bro eine ss lager Rin hace Ce (e), 


which is of the same form as (d), if m=n++4; so that 
rh, & (kr)? Ini, (kr), 
or wy, = A (lor) Jn,, (er) 
_) CRRLCT# Salk GRRE cals GME errs | 
d...(2n+1) f/x 2(2n4+3) 2.4 (2n+4+38) (2n+5) 5 


Determining the constant by a comparison with (51), we find 
4 
= —2(—1)0" 148, (= ) Tuy (kr) 


fe) aol ep Pat be Se as n (ikr)” 
Ce GPT oh 




















- Diegiea cts 4 (2 43) On 5) | Af). 


It may be remarked that the function J,,(z) can be expanded in an 
always convergent ascending series, and also in descending series 
multiplied by exponential (or circular) factors, which belong to the 
semi-convergent class. The ascending series are always infinite; but 
when, as here, m—+ is integral, the other series terminate, and may 
then, of course, be inverted, so as to proceed by ascending powers. In 
the general case, 


pee 2 _ (?—4m*) (8°— 4m”) ; _ ere 
Jm(z) = V(z) i 1 BiSeel peek cos (2 4 m5) 


—4m? _ (1?—4in*) (8’—4m*) (5°—4m*) ; 
AG bier 1.2.3 (82) Bp 


> Tv T 
Xx sin («4 —m— ), 
a 
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dy, 


Similar modes of expression exist for i We have 
dr 





oe = Ak { (kr) J,,., (kr —2 (hr) *S,.,, (kr) ; 


a5 


Now Jeet — io As ae Abetic 
kr 
by a property of these functions, so that 


Wn — AR (kr) te Jn sa (ir) — Snag (Ar) . 


dr kr 
But, if the Lathe is required, the simplest plan is to differentiate (/). 
It may be noticed that if n=0, the expression for oe is of the same 
form as w,,,; but that this relation does not obtain in any other case, 


except for very large values of kr. A comparison of the different 
expressions for W, shows that : 


d sinkr . pe ) 
z , 5 lA Womens J, + iY)» 
Q (s : ie) kr : er , (hr) 








Differentiation of (5.) gives 


dp, _ 2n(—1)"25, (ikr)** ( ue: n+2 ee us 
ree tL Oo (On Tye Qn (Qn+3 e+... & ...(02). 


In calculating the roots of the equation 











tan (tru = | 2 Oi -fndn 0, ee oe (53) 


bond 


for my former paper, I noticed, without then seeing the reason, that 
the fractions {+a were, for small values of 7, nearer and nearer ap- 


proximations to tan (iru) as 2 increased. After what precedes, 
the explanation is obvious. From (33) and (50), 


aCe 
11303 2s Qo ee 
2am: (54), 





a §, (kr+n =) — (> cos (Jr-+n =) = —(—1)" 


in which both sides are real. Dividing by a cos (irtn=), 


n aN test 
ve a cos (ker-+n =) aoc tant) 


When n is even, (55) becomes 


a (Ci n (kr)"*} 1 
pat ee a a (2n+1) te 





a COS 2 — 
2 
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cos 2 ~ = i" (n even); and, as we shall see a little later (61), the 





2 
leading term ina is 1.3.5... (2n—1)(m+1)(ckr)~", 80 that 
Calas nm Cae 56 
Mien en) COMET wba camry 


For instance, if n= 2, 
Op5 5 
tan kr — (*) apn Ae 
a/2 





The values of 2 
When n is odd, we have from (55) 


will be given presently. 





—cot kr— 2. = — PLE e ee 
i 1.3... (Qa+])asinn~.. kr 
where a=1.3.5... (2n—1)(m4+]1) (thr)-"*14.... 
Therefore 


es n (kr) -1 4 ; 
~ (wt1)(Qn41) $1.8.5... Qn—1) 5 7’ 


from which it follows that 


cot Ar + i 
a 





; »\22+1 
tan her + ne ee Ea (57), 


B (m+1)(Qa+1) 41.378... Qa—1)P Ti 


for the leading term in a+ is —Ar. For example, if »=8, 


BOA dees UE. 
tan r+ (5) = 31007" 


Vibrations propagated outwards. 


This case has been treated by Prof. Stokes. . When ¢ is sufficiently 
great, f, (ikr) reduces to unity, and then (15) becomes, on intro- 
duction of the time factor, 


TW —_ S, Fag at B Si, ek Sopher 


the second term of which represents a disturbance travelling inwards 
from infinity towards the pole. When such a component is excluded, 
S,=0, and we have simply 


pe ee =e eds at, ) ee emma (08), 
dw, areas Sn -tkr lane 
met me — BP a BA (alot) bing asian hasten (59). 


‘With regard to the values of F, (¢kr), the following table (in which I 
have added the two last equations) is given by Stokes: 
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Fy (tkr) = ikr+ 1, 








B (ier) = ihr +242, 
ikr 
De alr 2 
FY, (tkr) = tkr+ 4 ay Fr pa Gkry® 
27 60 60 


BF; (¢kr) = tkr+ 7 + — ye + (ik)? (ikr)® 


65, 240 5 O25, 025 
ir) = ik ; 
eee OO Le La ch Pi cays Cory Gaen)© 


ath?) ts HDi N30 UU nas 
By (kr) = thi Ta ap Male (kr)? a (ikr)* 7 (ikr)* — (ikr)®” 

sth a 1890 , 9765 | 34020 , 72765 , 72765 
eae iiss ti geet (ihr)? " (ier)? "(ihr)" (ikr)* ~ (ékr)* 


























In order to find the leading terms in F,,(ik7) when kr is small, we 
may proceed thus. Reversing the series in (12), 





f,(ikr) = 1.8.5... 2n—1) (ier) {1+ ihr = x (ikr)+ el 


whence, from (17), we find 
P,CGkr) =1.3,5...(22—1) (n+1) (kr) 


ae n° (ikr)? 
NRE ie See fi a (61). 





The way is now clear for the consideration of the special problem of 
this paper: the disturbance produced when a train of plane waves falls 
on an obstructing sphere. The whole motion external to the sphere 
may be divided into two parts; that belonging to the plane waves sup- 
posed to be undisturbed, and secondly a motion due to the presence of 
the sphere and radiating outwards from it. The first has a velocity- 
potential ¢, which we have already investigated (43), (44). The 
second, with velocity-potential Y, is included under the forms given in 
(58), (59). In order to adapt them to our present purpose, we have 
only to replace 8, by @,Q,(#); for a spherical surface harmonic of 
order n, which is symmetrical round the axis of “, can only be of the 
form a,Q,(). Thus 


alle a A GTO TAS Ml ie he Peete ee oe eve (60), 
dn ny Cy) - B (Gbp : 
ae (da (feat Bg Cee) cae me reer (61). 
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The velocity-potential of the whole motion (p+) is expressed by (43) 
and (60); the constants a, depend on the character of the obstruction 
presented by the sphere. The simplest case which we can consider is 
that of 
A rigid and fixed Sphere. 

The condition to be satisfied is simply that at the sur face of the sphere 
(r=c) for each harmonic element separately 

do , db 











CAVES RNs o's.) Pea rg 2 
dr dr ius (62), 
which for the element of order 7 ie 
ke’ e™ { a d  sinke bs 
= —— 6 eee 63). 
gare AT Nea 6 aes Qn The )i ke ke eed 


The Pea er due to the presence of the sphere is therefore 


ke? _ikcat-r+e) 2n+1 ( d d sin ke 
Sie ee ot aa X = n “Jn Ts é 
Y r ¥, (tke) Qn d. ey) d.ke ke Qu (H) - Jn (thr) 








corresponding to the plane waves 

Yee, Cee Oe car earn sale ee oe eect (36), 
which, it will be observed, is true without any restriction as to the 
magnitude of the sphere in relation to A. Ata sufficient distance from 
the source of disturbance, we may take 

igen 

In order to pass to the solution of a real problem, we have to separate 
the real and imaginary parts, and throw away the one or the other. If 
we elect to retain the real parts, we have the plane waves represented by 


| o ==\co8 Ih (apm) aye cee (65). 
Confining ourselves, for simplicity’s sake, to parts of space at a great 
distance from the sphere, where f, (ikr) = unity, we proceed to extract 
the real part of (64). Since the functions Q are either wholly even or 
wholly odd, @ ( d d sin ke 


d.ikc/ d.ke ke 


is wholly real, or wholly imaginary; so that this factor presents no 
difficulty. {F, (ikc)}~’, however, is complex; we have 








I, ic) HS ete a rane haces oS La 
18a RO) = TB Sapp aka Bi aro 
if tany = —8. Thus 





NE _ s (2n-+1) “© Cc et Lk( at-r+c)+y) 


$f. A l 1 he ye 
x ae iQ, (5 <-) ie sme Ost ieee (66). 
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When therefore » is even, 
Fpl (on 4-1) ne cos $k(ai—r-teo) ty} 


Paes Aree | “) d sin ke . 67 
x 1 aa j AR (= cope ae els (4) BMA Sold Ls, ( ie 





while if x be odd, 
[w] = (2n+1) ae isin {k (at—r+c)+y} 
in |: 
fa! ae 1Q, ( COASTING) eee (68). 
i ike ad:ke ke 
As examples I will write down the terms in [i] involving harmonics of 
orders 0,1, 2. The following table of the functions Q is required for 
the purpose :— 


From (46), Opa le 











Oe fer 
Q: = 5 (1 #4): 
Q: = > (n° 2x), 
a 3) 
ag 8) (ea a, ee | 
> eae (4 7 35)? 
Go" (rieeen lu we re 
=a (hope tae) 
We have— 
n=(, | av’+ 7? = 14%’, 
tan y = —ke, 
ke 22} d sinkc is 4 
in = 7, the gs SL is le °° lk (at—r+c)+y}...(69) ; 
oC 
ie 1, a+ P= Wet 
pee 
oe 


4 0°o -sin ke 


[va] =i Siggy 4 jo. sin {k (at—r-+o)-+y}...(70) 5 











f ke Ce d (ike)? ke 
Ee ‘ 9) 81 
jaa 2, fo Kc! — 2 oot aaa 
9 
hie — To 
tan y = — a3 ) 
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Ah? bs 9. /81)4 


ieee T ict) 
: (w— =) cos {k(at—r+c)+y}...(71). 


[4] = ea —2+ 


{ ad’ Tht Set) een oo: 
d(kc)® 8d(kc)) ke 
In applications where kc is a small quantity, we shall require to 


expand these expressions in rising powers of kc. It will be found 
without drfficulty that 











[Yo] = 22 (1-2 eS Mel — het...) 
Bk ee r+c)+y7o} ---(72), 
-= 2 Ae a4 ce oly 6,6 
IWl=— re (1-3 eo — Ke + 55k...) 
x p.sin {k (at—r+c)+y} ...(73), 
25 13 
ee eal] eee ah eee ae 
[Ys] Or = 1960 URE 


x (We— =) oon bahar 0) ys eee 


It appears that while [Y] and [¥,] are of the same order in the 
small quantity ke, [W,| is two orders higher. We shall find presently 
that the higher harmonic components in [Wf] contain still more elevated 
powers of kc. For a first approximation, then, we may confine our- 
selves to the elements of orders 0 and 1. 

Although [| contains a cosine and [¥,] a sine, they nevertheless 
differ in phase by a small quantity only. For, when 7 is even, we have 
from (56) hae 

ae pA, n (ke)”"* 

CUS Agere rag eee EW OTH SE IBRT TAI (SBT 
so that y is approximately (when is great, very approximately) equal 
to —ke. On the other hand, when 7 is odd, 


(he) 





Ak seats 





t = cot ke— Sana er Ee 
Sos Pekar) one 1) lu 8 ee eneegns Be) 
giving y= 3 —ke approx. 


The velocity-potential of the disturbance due to a small rigid and 
fixed sphere is therefore approximately 


[YoJ+ lh] = 





2 nod 
wk - < (1+ = 1) cos k (at—r) 


3 
== aN = (1 + — 5 1) cos k (at—r)..........4. (77), 
if T be the volume of the obstacle. 
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It appears from (48) that, when the sphere is small compared with 
the wave-length, the disturbance is in general nearly proportional to 
the volume, and to the inverse square of the wave-length, as might 
have been anticipated ;* but that in a certain direction, namely, when 


a 5, this law fails, the leading term vanishing through the op- 


position of its two parts. In this case the disturbance will ultimately 
vary as k*, or the inverse fourth power of the wave-length. 

I now proceed to investigate the leading terms in the value of w,, in 
(66), when ke is small. 

From (49), 


1 d sinke dA 
2n+1 : = — 
Cis (se edi dae ee 


ies ne" (he yees (1 ie (n+2) Ie 1 } 
Wels 3 (2n—1} 2.n(2nu+3) 


Again, from (61), 
a’+ 3? = ¥, (ike) x F,,(—tke) 
= {1.3.5... (2n—1) (n4+1) (kc) -"}? 


a n* (ike)? payee ve ke), ane 
. | 1+ the + (n+ 1)(2n—1) i ga (n+1)(2n—1) 5 


Berle 05). (One ie 1) hey {4 n on +..} 














weet (78). 

















wae biohy C7933 
so that ' ab ee 
2 21-4 — Coe eee {1 a EA MS Soo ; 
tates 1.3... (2Qn—1) (+1) earn (Oneal 
(yao reee (80) 
(66) now gives 
es C (ke) ni" Qn (1) e? [k(at—r+e)+y, ] 
© r$1.3.1. (Qn—1)f? (n+1) 
422 n—1l n+2 ‘ 8] 
: i ne na (2n—1) 7" Qn (Q2n+3)/ J he 
When v is even, y, =— kc approx., and then 





_ ec (te)™ Qn) cosh (at—r 
Pe Maem iG ae 


22 n—1 n+2 ) ; 99 
- {1—ie (Green aoe (Qn-43)/) aie ( ) 


while if 2 be odd, we have merely to replace 7” by 7”*', the result being 
in this case also real. 











* See a paper “On the Light from the Sky,” Phil. Mag., Feb. 1871. 
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By means of (82) we may verify the two first terms in the expressions 
for [v,], [v2], in (73), (74). To the case of n=0, (82) does not apply. 
Calculating from (81), 





kc? ree 3 ; 
[v3] = ae sae me} ja! — Sy} sin {k (at—r+c)+y;! | 
it Shas (83), 
3 


8.9 . 
iw] = si | a! _ > + 35 ; cos {k (at—r+s)+y,4} ...... (84). 
Combining (73), (74), (83), (84), we have the value of [W] complete 
so far as the terms which are of the order k°c° compared with the two 
leading terms given in (77). In compounding the partial expressions, 
it is as necessary to be exact with the phases of the components as with 
their, amplitudes ; but for purposes requiring only one harmonic ele- 
ment at a time, the phase is often of subordinate importance. In such 
cases the values of y given by (75), (76) may be used, 


(n even) y=—ke 


(n odd) goes - — ke 








From (81) or (82) it appears that the leading term in wv, rises two 
orders in (kc) with each step in the order of the harmonic; and that 
i, is itself expressed by a series containing only even powers of (kc). 
But besides being of higher order in kc, the leading term becomes 
rapidly smaller, as 7 increases on account of the other factors which it 
contains. This is evident, because for all values of » and p, Q,, (u) is 
less than unity; the same is true of n + (1+1); while «” affects only 
the phase. 

In particular cases any one of the harmonic elements of [] may 
vanish. From (67), (68), since a?+/° cannot vanish, we have in such 
a case 


= 0, 





d ad sinke 
Q E .tke/ d. ke ke 


the same equation as gives the periods of the vibrations of order n in a 
closed sphere of radius c. A little consideration shows that this result 
might have been anticipated. The table given in my former paper 
apples to this question, and shows, among other things, that when 
ke is small, no harmonic element in [wW] can vanish. 

If preferred, the value of / can be expressed in terms of the functions 
a and /: 


9 
1 ent ie sin (te-+n =| — [cos (Tien = | ‘ 


Fe ler vere if t 
eee (Gt > ier eee cC) (2h), eo ae see eee (86). 
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From this equation it would probably not be impracticable to calculate 
the complete value of ~, when kc has some moderate value (such as 3 
or 4). After a few terms, the components ~, would rapidly diminish ; 
the faster, the smaller is the value of ke. For the more important di- 
rections, represented by ~=0 or w=+1, the calculation would be 
simpler still. 

Hor any specified value of n, it is easy to find the limiting value of 
w,, when ke is very large. We may put 


Cie eye eee == tice * 
Qn + 
Ukr 


of which the real part is 


so that Vn = e (kat-r+c)-n.dn] cos (e-+n = | : Q, (+) Weisel o eae (87), 





bel = ant! sin {i (ct—r +e) —n— = cos (en = ‘0 Q, (uw)... (88). 


The values used for a and ( are legitimate for any value of , when 
ke is sufficiently large. But it is at the same time true that, whatever 
may be the value of kc, however large, a value of 2 can be found 
beyond which the substitution fails to be permissible. For instance, in 
the expression for F,(ikc), the last term, 1.3.5... (2a—1) (n+1) (tke)~", 
may always be made greater than the first ihc, however large ke may 
be, by merely taking 2 sufficiently large. We cannot therefore, by 
means of (87), (88), write down a complete expression for W, even for 
the limit ke = 00. We may indeed, when 7 is very great, form an ap- 
proximate expression for y,, by taking the last terms, instead of the 
first, in the expressions for F',, a, 8; but there would necessarily be a 
gap, where neither method of approximation would be applicable. 

It does not seem very easy to deduce the consequences of (64) when 
ke is large, even when they are known beforehand. We know, for 
example, that immediately in the rear of a sufficiently large sphere 
there will be a sound shadow, where almost all motion ceases. Putting 
y=c, the expressions for @ and | become 

) sin hie 


ge (2n-F 1) Oy (4) < Qa (." ! 2 


ike 
d sinke f,, (tke) 
d.ie ke  ¥ (tke) 

















b ere en (ar tL) Gil at Gy, ( 2 a) 


Now we know that 
sin /re Ze 
3 (2n-+1) Qu() -Q, (= ) ABA = ete 
and therefore 


‘6 / d sin ko 
D 4 1 hee Cy we), ( eT - rer ar ry — he tke. om 
(2n+1) ke a i Q, LNT ey GE TSR, ik) =e eee 
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If we were to take the ratio f, (kc): F,, (ike) as equal to 1: tke for 
all values of 2, provided only ke be large enough, we should have 


o+wy — eikat ef" (1 +p) : 
so that, when p=—l1, ¢+Y~=0. It is probable that ¢+W would 
vanish approximately for a considerable range of » in the neighbour- 
hood of —1, if the exact value of f,(ikce):F,(ckc) could be used. 
When »= +1, that is, on the side facing the waves, 


o+W = 26 approximately, 


the sound being reflected nearly as from a plane wall. 


Sphere rigid, but not fixed. 


Instead of supposing the sphere fixed, let us consider what modifi- 
cation will be introduced if the manner of suspension be such as to 
permit of oscillations being produced under the influence of the train 
of waves. We may conceive the sphere to preserve its rigidity, so that 
no deformation of its surface is possible; while the centre is no 
longer absolutely fixed, but merely urged by a spring towards a posi- 
tion of equilibrium. Under these circumstances, the effect of the train 
of waves and the accompanying variable pressure on the sphere’s sur- 
face, will be to set it in vibration parallel to the axis of 7 Now such 
a motion is equivalent to a normal velocity at any point of the surface 
expressed simply by the harmonic term of order one. For every other 
harmonic element, the condition (62) remains as true as if the sphere 
were fixed. The components of are therefore exactly the same as 

before, with the simple exception of yj. 

Let X denote the displacement of the centre of the sphere, reckoned 
negative in the direction along which the waves advance. Then, if we 
consider only motions produced by the waves, we may put 

Dee Koen aa heel eee (89), 
where X, is a constant (complex). 

The first condition to be satisfied relating to the normal motion is 


dp, , Wh _¥ 9 
ip + 7 Pilea aie eee (90). 
If « denote the undisturbed density, the variable part of the pressure 
° pe alla do, a) g . 
18 op = —oa ( + 77a) ee (iy 


hence the force impelling the sphere along a is 
is . *l /do dw 
a ¢ 2 aoe 2 1 2 
if 2c’ dp pdp = 27e of ( 7 = =) pedu, 


and the equation of motion 


ee +1 
MX +HX = 2ncte f (= a a) didn aon (92). 
I a 
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Now from (43) and (44), 
ia 3 eikat d (= ) A 





a d.kr \ kr 
ft a ae (Ge =) 
oka € hog Aah ed Beclag 


: — 8h inat 0 ee ey 
dr ¢ d(kr)’ \ kr ¢ 


and from (58) and (59), 


pata (141) 


Y tkr 


on = OH Ck ( 1 ) 
rl — i e’ (at-7) é 
i gl T Lt a Py 


Aid pe Hy eh ( (at-r) (itir+24 = =) 4 : 
dr Ca ; 


so that (90) and (92) become 


i d(kc)? ke 


Are’oka On SID Cm 1 
i q H ae Peay e 7 ihe 
Xe \- pa gat: t= 3 ‘a ke ay Cc (1+z-)} 








two simple equations giving X, and a. 
If, in order to see whether it is possible that the sphere may remain 
at rest, we put X,=0, and eliminate a, we find 


@ sinke, d sinke 2+#e?+i28° | 


"ad (ey "hee Fake Ake 1+he ? 











which cannot be satisfied, since the second side is essentially imaginary. 


d /sin @ d@ /sin « 
It may readily be shown, too, that = ( s and = ( . ) 








cannot vanish together. The first 


_ cos#%. sinz 


cca ? 








» 


% oy 
and does not (after <=0) vanish at the same time with either sin # or 








cosa. The second = sin@# (— i + =) bat os = 
e 2 Me 
Hence, if there be a common root, 
MEL se tee 
fon oo ee o_o 


which cannot be true. 


WORT: ——-NO, OO. T 
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We conclude therefore that, whatever may be its size, the sphere 
will be set into vibration. 

If there be a complete synchronism, so that the period of the waves 
is the same as that of the free vibration of the sphere (supposed in 











vacuo), _ Mite +H = 0; 
and. 

ee i ga BN ee | 2+hc'+ive? d_ sinke (95) 

Bie Ve eddkey \ wee Tiel Gn aikes tae ee ; 


showing that X, remains finite. It might perhaps have been expected 
that in this case, as In some others bearing a resemblance to it, the 
motion would have increased without limit. But it must be remem- 
bered that, although we have introduced no special frictional force to 
retard the sphere’s motion, yet the reaction of the surrounding air 
produces an effect of the same nature ; for it is obvious that, indepen- 
dently of any viscosity (of which no account is here taken), a body set 
to vibrate in an infinite fluid medium otherwise undisturbed, and then 
left to itself, must finally come to rest, having used up its energy in 
the production of waves propagated outwards to an infinite distance. 

If ke be very small, we obtain from (95) aX,)= 3, so that at the 
time t the velocity of the sphere is 3ike"“. At the same moment the . 
velocity of the air at the point occupied by the centre, if the sphere 
were away, would be ike”. The former is therefore three times the 
latter. ) 

In the general case, if ke be sufficiently small, we find 





oy hee'aX, = —h’c? 
c 
i Geode aM ee 3 ote (96) 
mH 3 —Mie't+tHy _ pe : 
c 4, TCoU 
from which ' 
ato Blk 3 —Mk’a aa es 2.2 
aX, { Ie BRO cece (07). 
If there be no force urging the sphere to a position of equilibrium, 
Hee eerat aX, (142 =) = he eee (98), 


M’ denoting the mass of the air displaced by the sphere. 


Fluid Spherical Obstacle. 


Having now considered at some length the case of a rigid sphere, 
whether fixed or moveable, I pass on to that of a gaseous disturbing 
sphere, whose density and compressibility may be different from those 
of the surrounding medium through which the plane waves advance. 
The problem proposed has a less direct physical bearing than the pre- 
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ceding, because, in the first place, all gases have the same compressi- 
bility, and, in the second, two gases cannot be prevented from mixing 
by diffusion, unless separated by a membrane of some kind, whose 
presence would alter the mechanical conditions of the question. 
Nevertheless the solution is in several ways instructive. 

Exterior to the sphere, we have ¢ the same exactly, and W the same 
in form, as before; so that equations (43), (44), (58), and (59) still 
apply. For the motion within the sphere, we have, from equations 


(25), (381), 
—— { ef (ifr) —(—1)* e*** f,(—ther) ‘ eae (99), 


oe = Ponte ee igs ja sin (i'r+ “) — 2 cos (iir+ =m) ; ...(100), 
S,, being replaced by a,Q,; # stands for 2¢+)’,.X’ being the new 
wave-length. 
If o, o be the normal densities, m, m’ the compressibilities, 
nr Oy He (101) 
2 BT Qh I trees cne cas 3 
and the conditions, to be satisfied separately for each harmonic element, 


, do , db ete QU eile 
a aah aie (outside) = 7, (insid@)'\ 5. 2e eeu (102), 
oig+w (outside)} = o'}y (inside)} ............(103), 


expressing respectively the equality of the normal motion and pressure 
on the two sides of the bounding surface. From these equations the 
complete solution may be worked out; but I shall confine myself to 
finding the value of the leading terms when fe and k’c are very small. 
In this case we have, when r=c, 


Wp (inside) = — 2ik’ay 
bah RTT) Sane 104 
on (inside) = = ikon See 
Go Pri vc 
acc GE (105), 
deen Wid 
; vy (outside) = i ) 
shisha dustin eee (106) 
thas (outside) = — 
dr c 


Using these in (102), (103), and eliminating a, retaining only the 
principal term, 


he? m’—m 
» 


~ 
o 0) 








= 
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In like manner, for the term of the first order, 
Se Guside ee < OK op \ 


7 ds Va ee! 
ah Bek AE 
aK (inside) A km J 


ke 

go, = — ae | 
d,. PARRA ARR. See Ae (109), 
a 


a | 


dr 


Y, (outside) = oe pt 1 


dw ; ‘Top ae 
aa (outside) = — ie J 





_ ke (o—o’) 


which give finally uo at 


At a distance from the sphere the disturbance is given by 


1 ik (at-r 
y= et ) tag t+ m% p} 


kee” raters {uu C0 ‘ 
reap eee RT ae! 7h en emma TS BS eee ae a 112). 
3r i m an o+20° re 





If we introduce the relations 





3 
cael and en oe 


pre 
and throw away the imaginary part, we obtain 











~=— a \™ mine +8 can n .cos k (at—r) ... (118) 
as the expression for the most important part of the disturbance, cor- 
responding to (77) for a fixed rigid sphere. It appears, as might have 
been expected, that the term of zero order is due to the variation of 
compressibility, and that of order one to the variation of density. 
With regard to the latter, we have virtually the same problem as that 
already solved, when the sphere, supposed to preserve the shape of its 
surface, was allowed to move under the influence of the variable pres- 
sures due to the waves. ‘Thus the value of a in (111) is identical 
with that given by (98) and the first of the two equations numbered 

(96). 

From (113) we may fall back on the case of a rigid and fixed sphere 
by putting o’ and m’ both infinite. It is not sufficient to make o’ by 
itself infinite, apparently because, if m’ at the same time remain finite, 
kc would not be small, as has been assumed. 

In actual gases m’=m, and the term of zero order disappears. If 
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the gas occupying the spherical space be incomparably lighter than 
the other, o = 0, and 


reas TH ROSH CAE Sor) h. Dane ee want Le 
Pie 


so that in the term of order one, the effect of a vacuum is twice that of 
a rigid body, and has the reverse sign. 


Investigation by another method. 

In two papers, “On the Light from the Sky,” Phil. Mag., Feb. 
1871, and “ On the Scattering of Light by small Particles,” Phil. Mag., 
June 1871, I have solved the problem of the disturbance of a train of 
plane waves of light by a transparent particle, small in all its di- 
mensions compared with the wave length, using a method essentially - 
different from that of the present paper. As a check upon its correct- 
ness, I worked out the corresponding problem for sound in a similar 
manner, in order to compare it with the results of the straightforward 
process that we have here adopted, and arrived at identical conclusions. 
The method in question, besides being (in the present state of mathe- ' 
matics) the only one available for Light, has an interest of its own,, 
which induces me to lay it before the Society, being indeed in one re- 
spect more general than that we have hitherto followed. | 

If a, 8, y denote the displacements parallel to the axes of the particle 
whose equilibrium position is x, y,z; andif 6= “ + = + o denote 
the dilatation, o the density, and m the constant of compressibility, the 
general equations for a simple vibration (e"“) are 


¢. (110) oda — 0 sees re ete (115), 


and. two similar equations. 

For the system of undisturbed waves advancing along —a, 6 and y 
vanish; and if a, dy be the values of a and 6, while m, and a, refer to 
the undisturbed medium, we have 


¢ Cited) Ogle ly = Oy a. eae (116); 


but a, and 0, do not satisfy (115) at the region of disturbance, on ac- 
count of the variation in m and o, which there occurs. Let, however, 
ay+a@, 3, y, %+06 be the complete values, and substitute in (115). 
Then Boa being taken of ae 

-- (md) +o}ata+ (m=) 4 -=" Co Oo “ + (o—o) h’a?.a,= 0; 
or, as it may be written, 


‘ (mdy4 oPata + ‘ (Am .3,)+ Ao. Ma?ag = 0 ...... (117), 
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if Am, Ao stand respectively for m—m, o—o,. The two other equa- 
tions are 


7 om) + oh?a? +. — 7 (OP &) = — HN 
enw a? ee A a 
ae ima +ok’ay + ty 2 (am Oo) 0 


It is to be observed that Am, Ac vanish, except through a small space, 
which is considered as the region of disturbance; a, (, y, 6, being the 
result of the disturbance, are to be considered as small quantities; so 
that, in our approximate treatment of the question, the variation of m 
and o in the first two terms of equations (117), (118) is to be ne- 
glected, being there multiplied by the small quantities. We may 
therefore deduce 


V? (mo) + 0k'a?. 6+ V? (Am. 6) +a ‘4 £ (Ac. &) = 0, 





Pane V8 oe a Cre pny ae wa (Ag oa,) = 0... (110% 
Accordingly, 

—tkr 
Ammo =f ff — Nh (Am .6.)}+ha@? £ (Ac . ap) ; du = P+Q (say) 


the integration going over a volume S which completely includes the 
region of disturbance. 
Now, by Green’s theorem, 


Pa=f[f — vv (am.d)dv 
=f{fis — © (am.d,)—Am. 8, 2 4 (<) has 
Aff am. (=) dv 


But on S, Am and “ (Am...) vanish; so that both the surface in- 








tegrals disappear. Moreover, 


-tkr 1 dl? 4 e7 hr 
vi (¢ j=-5 city 4 7a 
r r dr * yr” 





and thus 
-tkr —tkr 
P= —# ff} Ai . 6) — dv = —hAm.6,T = See abshy 


if T be the volume of a space throughout which Am has a constant 
value. 
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Also, integrating by parts, 


gaa fff — © (a0 .«) dv 


Ciel eae het Nara me 
Ss yen 2 A f ( ) pet 0 .- tkr Ae 
= a ffj less dy = —————— ee“... (122), 


ip t 





the distance r+ being so great in relation to the linear dimension of T 
that ny can be neglected. 
r 
Putting these values of P and Q in (120), we find 
5 ae The? @ er 


Aarmr 





{ Am. opt thaPAc aap} vice. neces (128). 


Tn order to compare (123) with our previous results, 6) and a) must be 
expressed in terms of ¢, and 6 in terms of ~. We have 


Dea Cte) De ae Pre eae ctet eee (124), 
“ os “ = as eik(at+ a) 
a, = i gik(at+x) 
a , 
Ks da i ze Pepaneh aleant ie (125), 
which, substituted in (123), give 
pa inte (126). 


Anrmar 


From 6 we may pass to W by means of ee as which gives 
J2'T @ik (at-r) 
Soe meng erect oreo AN LN + Nai. 
¥ 4armr | iar n} 
a a T ek (at-r) Am Ao ; 
a ee ae { Wh of 2 Oy ae ee ee (127) 


Thus, for a train of plane waves ¢ = cos k (at+a), we have a disturb- 


ance y= — = {on + a pt COS fk (GE—T). savcoeree (128), 
a result identical with (113) so far as the first powers of Am, Ac. 

In obtaining (128), we have neglected the effect of the variable 
nature of the medium on the disturbance. We might, when the dis- 
turbance on this supposition is thoroughly known, approximate again 
in the same manner. The additional terms so found are necessarily of 
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the second order in Am, Ac, so that our expression must be correct as 
far as the first powers, as we see to be the case. 

It must be remarked that in our last investigation we are not limited 
to a sphere; T is a small space of any shape, all that is required of it 
being that in ell its dimensions it be small compared to A. It is not 
even necessary that the changes of mechanical properties of the medium 
should be abrupt, or the properties themselves constant through T; 


only in such a case we must substitute for TAm, TAs, Sh Am dv, 
Shi Aodv respectively, or (which means the same thing) understand 


by Am, Ac their average values over the space T, where they differ 
from zero. Although, therefore, the first method has the advantage of 
giving the leading term correct to all powers of Am, Ac, and of allow- 
ing the approximation depending on the smallness of the sphere to be 
more easily pushed further, yet in two other respects the second method 
of investigation is the more general.* 


Comparison of Intensities. 


It is sometimes important to institute a comparison between the in- 
tensities of the secondary sound emanating from an obstacle, and that 
of the primary sound itself. For this purpose we may suppose the 
primary sound to originate in a point, provided that it be sufficiently 
distant (R) from T. Thus, for a rigid and fixed sphere, 


op SOL CED 
R p] 
A fpad dekh 3 Ny Pic 
f= ay (1+5 ) cos & (at—r), 


so that at equal distances from their sources the secondary and primary 
waves are in the ratio 


all 3 9 
= (1+5 ) wharf fh de. o.. (129). 


The intensities of the sounds are therefore in the ratio 
aT? o 2 
Syl Uarsa oe 
* 


* An analytical expression for the'case of a sphere not very small may be best 
obtained by the first method; but for the not less important purpose of forming a 
clear mental image of what goes on, the advantage seems to le with the second, 
For if the squares of the variations of mechanical properties can be neglected, the 
effect of a large obstructing. body can be calculated by simple integration from those 
of its parts. By means of this idea the transition from the case of a small particle, 
whose surface does not come into consideration, to that of a thin plate a few ora 
great many square wave-lengths in area, may be followed in imagination, and is 
very instructive. 





a * 
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which in the case of » = +1 becomes approximately 
Gl 4acle 
ak ys Ce Pee: 


In order that this may apply, it must be well understood that ’ must 
be great compared with the linear dimension of T, and that R must be 
great compared with X. 


APPENDIX. 


Source of Primary Waves at a Finite Distance. 


It may be well to add here that the analytical solution of the problem 
of the disturbance caused by an obstructing sphere can be obtained, 
even when the source of the primary waves be not infinitely distant. 
If b be the distance between the centre of the sphere and the source, 
the velocity-potential may be expressed by 


ek (at—R) 





o= 77 (131), 

where semis Dis Babes Heath eine gion. eau: (182), 
Let ¢ be expanded in a series of harmonics 

oa ATA Qt ..- 2 AG Q abe. bee (183), 


the coefficients being functions of b andr. But, as we have seen, the 
motion through any space not including the source is expressible by 


es cltat SAO), (. <) see mL A on Ga (184), 


where the coefficients A” are independent of r. They are functions of b 
which have to be found. 


From (i383) and (184), 
+1 eR 
A, = Quip = AQ, (54 




















sin kr _.. (138). 


ad .ikr kr 


We may determine A by a-comparison of the leading terms on the 
two sides of equation (135), when 7 is made infinitely small. On the 
second side we have already seen (50) that the leading term is 


; (ikr)” 
Speen RT Sa OnE ee (136). 


On the first side we have to evaluate 
— tkb (1 oe —- 25 # 4 
antl ( ) 


Js oy Prem TAK hema Ser | 
aes ok 
ie syle 
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so far as the leading term (containing +"). If b were indefinitely 
great, the integral would become 





Qn+1 d €- 2 ikrp peak (ikr)” € rr 
men atc ECE ve vst eee 
Comparing this with (186), we find 
2n+1) 
jo nto ic ae area (137), 


whence ¢ is given by (134). 
But, if b be not infinitely great, a different process is required. 
We have 








eat (—ikR)? = (—ik)’R’"! 
= 41-—7kR+ ...... + ~——— t+ nn... +R = y+ 
R ee y |p. a 1 Os p 
” 7 eS 
and Betsy {145 —20yt 2, 
Now if ——— be expanded in integral powers of p, every term below 


pe” will nae when multiplied by Q, and ueeraed while the terms 
above p”, though not vanishing, will contribute nothing to the leading 
term, which alone we require. Let us put for the present 


~ ikb (1-25 4)3 
€ 
Te Sa aA Ea H no coerce 3 

ee te ee : 
b (1 — =H) 


then we may take 


+1 e 7 AR 9 1 be 
ae —— Qn dp = F ifs Hy" Q,.dp 








‘by i Sep on+1) H | 
A, = Hes rine wn. (138). 


It remains to determine H, or the coefficient of px” in 
3 (tk Re 
Le 2 


Now, in the expansion of 


(—7ik)’ RP ! 
VS -NN 


the term sought is 


Dr \t 
, where R= 0 (1-7), 
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Ct. th atime a (_ ee 
1e3ee ep imoeesr a gf 
pantie) ® 2 (tel) pe ee (p— ait ae 1)" 
ree ne p th ei n _s 

so that 

: 7 =2 1 a, | 
8 = (SU ag arm 2a ap eee 


and from (104) 


eg nob li Po (p—l)Cp—3).....- (p—2n+1) , 
A, =(- aE EEE A aed SSL eeiCBeaeh Fie ie 
‘alee Paracas i Peraen ee 





cP ae (139). 
The value of ¢ due to a source at a distance b from the pole is thus 
determined by (134), (139). The remainder of the investigation pro- 
ceeds as before.* 


On the Summation of Certain Series. By Prof. WoLsteENHOLME. 
(Read January 9th, 1873.) 


Suppose a person to draw successively from a number n of different 
vessels, each contaiming white and black balls, and let p, be the chance 
that a drawing from the rth vessel gives a white ball, then his whole 
expectation of drawing a white ball is 


1—(1—p,)(1—p.) 1 —py) «..... (1—p,) ; 
for he must either draw a white ball sometime or other, or fail in every 


attempt. But the sum of his several expectations at the first, second, 
aepee nth drawings, is 


pit (1—pi) pat 1—p)(l—pa) pat -.. + A—pi) ps)... pn) Dn 
whence we have the algebraical identity 


pit (1 —pi) pot d—pi)(1—pe) pst -.. +1 —p;)(1—pe) ... L—pa-1) Pn 
= 1—-(—p:)A—p:) -... (L—pn)- 

This method of proof assumes that p,, p.,... are all less than 1, but 
it is obvious that such a restriction is altogether unnecessary. In fact, 
this identity, when obtained, is obviously true, but it is one which in- 
cludes several series of interest, some examples of which are appended. 

ayes 5D n 4 m(m—1)n 

come mtnm+n—1  (m+n)(m+n— DeeeRRETD) 
.. to (m+1) terms=1, 





* This Paper appears as it was originally read before the Society, without altera- 
tions other than purely verbal. ” 
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or 
1 
n 


ul m m (m—1) = 
m+n (m+n)(m+n—1) A (m+n)(m+n—1)(m+n—2) sae 




















(2.) n m n m (m+1) n ad 
; mtn mtnmtntl (m+n)(m+n4+1) m4+n+2 
| ae m(m+1)... (m+r—1) 
VCS Scan oat (m+n)(m+n+]) ... (m+n+r—1) i 
mm m(m+1) | 
° ———_— 4—__ 4, to rt 
S a m+tn+1 ai (m+n+1)(m+n+2) T OE ENE ag 
—_ m+n {4 os m(m+1)...(m+r—1) ; j 
Ran: (m+n)(m+n4+1)...(m+n+r—1) )’ 
m m(m+1) 
—— +} ——____——_ + ...... to rt 
fe a m+n (m+n)(m+n+1) " PE Eines 
—_m+n—-1 {1 — m(m+1)... (m+r—1) ; 
~ m—l (m+n—1)(m+n) ... (m+n+r—2) )- 


(oye rn q(g+r) p= 4 g(at+r)(q+2r) pg 

MANS IS Tuan ge ROO dance AW Ral Yanna) se: 
Ig +r) 2r) ... qtn=1r) 
Pp (ptr) (pt2r) ... (ptn—Ir) 





BS Peasy to n terms = 1 — 














9 
hoe ra Mer ea AW aa Gg Rae) ee 
ptr (pt+r)(pt+2r)  (pt+r)(pt+2r)(pt+3r) 
eh {1 — CEG +). Gen) } 
d sheds p(ptr)... (pta—Ir) 
re el 2 Ca ee oe) a apes 


Pp plptr) p(ptr)(p+2r) 
sey heads jl q(q+r) ... (q+n—lIr) ; . 
Do deat (p—r) p (ptr)...(p+n—2r) 9” 
whence we see that this well known series is convergent when p>q+7, 
and divergent when p<q+v7; also when p= ¢+, it becomes the com- 
mon harmonical series, and is divergent. 
In the case when this series is convergent, we get 








CAB CON AN fa LAS heh Leet th 
p  p(ptr) p-q-r 
Cg ig uh Si Bis Lead 2s By SBN YORAI I He 
Pp ( Dt (One pt ay ) 7 
gt) (1 ie lel GREY 2 ACh i pee Zaks 
Pp (ptr) ptr P(pt+r) p—q-r 
&e. <2 &e. ; 
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2r) 
therefore 1492432947) , 4g¢(9tr) (G42) A TONCO 
p ptr) p(ptr)(p+2r) 


= sare je-rtg (ray mage 


eel * Dome eke) (p29) 
p-q-r lp nape (p—9—1) (p—q—2ry’ 


provided that p >qg+2r. These results suggest the general law. 











Assuming that, when m is an integer, and p >q+mr, 


g . m(mtl) q(qtr) , mm+1 (mt2) (qtr) G+2) 
Lt m= + : eases 3 Srerrny enna 
Sues to oo 
Le (n=) p= 2n) 2s (pam) 
(p—G—1) (pag met)y-& (pda er) 


we shall then have 


gq qtr, m(m+1) (q+) (¢+2r) 
i (Lt mda + 2 raat 2%) 
De el AG eae) Ce bee U8 


— p  (p—9q—r) ... (p—qamry’ 


g(q+r) 1 q+2r t 
peer) ( ub, BE a 0 «| 





q(qt+r) (ptr)p ...p—(m—2)r 
piptr) @og-r) -. (pag—m), 





&e. oe &e. ; 
or adding, 
1 1) 2 4 (m@tD (m+?) ¢(9+7) 
yA > " |2 P(ptr) 
4 (m1) (m+2) (m+3) 9 Gtr) (G+2r) 
[3 Pipe) (oe ore 


Br (p—1r)(p—2r) ... (p—mr) 
(p—q-17) (p—g—2r) ... (p—q—mr) 


Re feta) Leake 
cee Guam aap oe 


or if p—mr >q+r, and therefore p > ¢+(m+1)r, 











— (p=) (p= 2) (pomr) pm mr—r 
(p—q—1) (p—q—2r) ... (p—q—mr) p-—mr—gq—r 
= (p—r)(p—2r) ... {p—(m+]1)r} 


 (p—9q—") (p—q—2r) ... |p—g—(m+1) r} 
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Hence, when p > g+m*r, and m is a whole number, we have the limit 
of the sum of the series 


Nees t 4 m(m+t) g(qtr) m (m+1)(m+2) g(qtr)(qter) 


2 p@tr) [3 p(pt+r) (p+2r) 
... to © 
equalite (p—r)(p—2r) ... (p—mr) 


(p—9—-*) (p—q—2r) ... (p—g—mr) 
Hence, putting r=1, we get the result 
LQ) 4g mE Gt) , m(m+l) P42), 
Tip) Pptth) [2 P(pt+2) 
St OY) ey EAE acd Sad 
ae Tr) Dip 1) op tipo Jie 
and putting —m for m in this result, and striking out corresponding 
factors, we have, when m is a whole number, 


ae . 4 m(m=l) g (gt) , m(m=1) (m—2) g (gt1) Gt2) 
Eger [3 p(p+1) (p+2) 


Liebe Gt) elprgtm—1) 
Pipa lye. “(ptm—I) 


son eta ars (eae, Ss (Uh 


Strictly this is not a proof of S the result; but, as used to be con- 
tinually said of the use of /—1, only serves to suggest a result which 
should be proved independently. 

This equality may in this case be very readily proved, either by the 
method of so-called ‘‘ induction,” or by proving that g—p, g—p—l., ... 
are factors of the sinister, since the coefficients of g” are manifestly the 
same. 

It has, however, been pointed out to me that the simplest proof is by 
equating coefficients of #” in the identity 


1 ee @ oe See 
(1+2) (1+2) (1 ms ;, 


It may of course be written equally in the form 


to 0 














g 1 mm) g(g—1) : 
l—m 4+ + ——— Tees yesh pe (where m is a whole number) 
moe i pede ah eben? SAS ages Bes ) 
(1 -) (1 ar i) (1 ras i) ... to m factors, 


in which it appeared as a-Senate House Problem in 1869. It is really 
only another form of Vandermonde’s Theorem, which is that, if a, 
denote a(a—1)...(a—n+1), then 

n (n— 1), 


2 


(¢+b), = — a,+NA,,. 1 a 1 





Ay» De FF 3 
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whence, dividing by a,, 


(it oN hte a ner 











= b n (n—1) b(b—1) 
df —_—_—_________. +... 
Berar az e [2 Garner aee 
or putting a—n+1=—c, and reversing the order of the factors, 








(1— a) Ble pat (1- 9) pie (lterarer) 


n n (n—1) b{b—T)i ¢ 
ayfonb c(c—1) 

I believe I was the first to discover that my question was really only 

a very well-known theorem, slightly disguised ; and I did penance ac- 


cordingly by appending the proper title to the cacayen when reprinted 
in the Calendar. 


The series which can be brought under the general formula may be 
written as follows : 
{fy Sen xe (ata) w (x+a) (a+b) 
yta  (yta)(yt+o) (yta)(yt+4) (te) 
the sum of which is 
y {1- a(a+a)(a+b)... tor peers} 
y—x y (y+a) (y+) ... to r factors ) ” 


They are all included in the formule given by Gauss in his Memoir 
* Disquisitiones generales circa seriem infinitam 


2B, a(a+1) 8(8-+1) F 
fae sad i a ee eel De Be a yd ee 
Sinn Tay SSL INS 


Gottingen Comm. ipa and Werke, Band ili. See Todhunter’s “Al- 


gebra,” fifth edition, p. 511. The above reference was kindly supplied 
by Mr. J. W. L. Glaisher. 


=]-— pea 
c 


+... to r terms, 





March 13th, 1873. 
Dr. HIRST, F.R.S., President, in the Chair. 


Prof. A. G. Greenhill, M.A., ei Cooper’s Hall College, was elected a 
Member. 

The following papers were read :— 

Mr. R. B. Hayward, M.A., “On an extension of the term Area to 
any closed circuit in space.” 
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Mr. J. W. L. Glaisher “On the Evaluation of a class of Definite In- 
tegrals involving circular functions in the NI aSE and powers of the 
variable only in the Denominator.” 

Mr. S. Roberts, Vice-President, ‘‘ Note on Normals and the Surface 
of Centres of an Algebraical Surface.” 

Mr. M. Jenkins (Hon. Sec.), ‘ Proof of the proposition that a number 
which divides the product of two numbers, and is prime to one of them, 
will divide the others.” 

In the course of a discussion on Mr. Hayward’s paper, Mr. Merrifield 
remarked that if a cone of revolution has its vertex on the surface of a 
sphere, and passes through the centre of a sphere, one of the projec- 
tions of the intersection is a common parabola; and that the projection 
by lines parallel to the axis of the cone on a plane at right angles to it 
is Pascal’s Limacon, reducing to the cardioid when the angle at the 
vertex of the cone is a right angle. 

The following presents were received :— 

“On the Contact of Surfaces” (read before the Royal Society, Feb. 
22nd, 1872); and “‘On some Recent Generalizations of Algebra,” by 
Mr. W. Spottiswoode, F'.R.S., Vice-President : from the Author. 

‘““A Complete Practical Treatise on the Nature and Use of Logar- 
ithms, and on Plane Trigonometry, with Logarithmic and Trigono- 
metrical Tables,” by James Elliot (5th edition), with Key (rd edition) : 
from the Publishers. 

“¢ Monatsbericht,”’ Nov. and Dec. 1872. 

“‘ Annali di Matematica,” serie ii”., tom. v., fase. 3°., Nov. 1872. 

“Bulletin de la Société Mathématique de France,” publié par les 
Sécrétaires, No. 1: from the Society. 

“‘ Journal of London Institution,’ No. 19. 

“ Bulletin des Sciences Mathématiques et Astronomiques,” Feb. 1873. 

‘“‘Papers relating to the Transit of Venus in 1874, prepared under 
the direction of the Commission authorised by Congress, and published 
by authority of the Hon. Sec. of the Navy ;’’ Part ii.; New York, 1872. 
In duplicate. 

“Reports on Observations of Encke’s Comet during its return in 
1871,” by Asaph Hall and Wm. Harkness ; Washington, 1872. 

“On the Right Ascensions of the Equatorial Fundamental Stars, and 
the corrections necessary to reduce the Right Ascensions of different 
Catalogues to a mean homogeneous system,” by Simon Newcomb: 
from U.S. Royal Observatory, Washington. 

“Bulletins de l’Académie Royale des Sciences, des Lettres et des 
Beaux Arts de Belgique,” 2° série, tomes 31—34. 

Ditto, Annuaires de 1872 et 1873: Centiéme Anniversaire de 
Fondation, tomes i°. and ii°®.; also, Tables de Mortalité, Notices ex- 
traites de Annuaire de l’Observatoire pour 1873 ; Notice sur Babbage : 
from M. A. Quetelet. 


e 
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Salmon’s “ Higher Plane Curves” (2nd edition): from the Author. 

*“Crelle,” 75 Band, 4° Heft, Feb. 1873. 

“Journal of the Institute of Actuaries and Assurance Magazine,” 
No. xc., Jan. 1878. 

“ Bulletin des Sciences Mathématiques et Astronomiques,”’ tome 
troisiéme, Dec. 1872 ; tome quatriéme, Mars 1873. 

“ Extrait du Bulletin des Sciences Mathématiques et Astronomiques” 
(from tom. iv. 18738). 


Prof. J. Clerk Maxwell on “ Electricity and Magnetism” PE 


from the Author. 4 


. > 
" " 


On an Extension of the term “ Area” to any closed.Circtit in Space. 
By R. B. Haywarp, M.A. 
[Read March 13th, 1873.] 


De Morgan has shown (Cam. and Dub. Math. Journ., vol. v.) that the 
term ‘‘ Area”’ may be applied in a perfectly definite sense to any closed 
circuit in one plane, however awtotomic its character ; and that it may be 
regarded as having an algebraical sign determined by the direction in 
which the circuit is supposed to be described. 

I propose to show that there is, for any closed circuit in space, a 
plane area determined by the circuit itself without any extrinsic ele- 
ments, which is definite as well in the aspect of its plane as in magni- 
tude; and which, since it reduces to the area of the circuit in De 
Morgan’s sense when the circuit is plane, may properly be termed the 
area of the circuit in the general case. 

In this sense, area is no longer a mere magnitude, or a magnitude 
affected only with the positive or negative sign, but a magnitude 
affected with direction; in other words, it is a vector, not simply a 
scalar. 

Conceive a point to describe continuously a given closed circuit in 
space of three dimensions. Then its projection on any given plane will 
describe a closed circuit in that plane, the area of which will have a 
definite sign depending on the convention which is made as to the 
positive direction of revolution on the positive aspect ofthe plane. Let 
the positive aspects of the rectangular coordinate planes of yz, za, vy be 
those which are turned towards the positive sides of the axes of w, y, z 
respectively, then the projections of the given circuit on the coordinate 
planes will have areas determinate in sign as well as in magnitude. 
Let them be denoted by A,, A,, A, respectively. Then, ifthe direction- 
cosines of a given plane, that is, the cosines of the angles between its 
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positive aspect and the positive aspects of the coordinate planes respec- 
tively, be denoted by lJ, m, n, the area of the projection of the given 
circuit on that plane will be given, both in sign and magnitude, by the 
expression 1A, +mA,+nA,,. 

This expression is well known for a plane circuit, and it will be 
easily seen to be true for any circuit whatever. For, if PQ be an 
element of the circuit, and O any fixed point, the expression will be 
true for the projections of the plane element POQ; and therefore, for 
the algebraical sums of the projections of all such elements, and these 
determine the areas of the projections of the complete circuit. 

Now, if A= J PAT AY + At , the expression IA, +mA,+nA, is 
a@ maximum, and is equal to A, when J/= *, =, a ~ 
Hence, on a plane, whose aspect is determined by these values of 
l,m, n, the area of the projection (A) of the given circuit will be a 
maximum ; and if 6 be the angle between the positive aspect of a given 
plane and that of the plane of A, it will be readily seen that A cos @ is 
the area of the projection of the circuit on that plane. Thus the pro- 
jection of the area A* on any plane has an area equal to that of the 
projection of the circuit itself. Farther, it is obvious that, if the cireuit 
be plane, A is the area of the circuit itself in the ordinary sense. It is 
therefore a natural extension of the term to speak of this maximum 
area A as the area of the circuit, in the general case of any circuit 
whatever in space. 

Adopting this more general sense of the term area, it is plain that 
areas are vector magnitudes subject to the laws of vector addition and 
resolution, like finite lines, forces, couples, velocities, &c. 

It is worth noting that on any plane perpendicular to that of the 
area of a circuit, the area of its projection will be zero, so that on all 
such planes the projection of the circuit must be either a finite arc of a 
curve, or an autotomic circuit, in which the positive and negative 
“primary parts”’ of the area are equal.. Conversely, if two planes can 
be found on which the areas of the projections of a closed circuit are 
zero, on every plane parallel to their common ‘section, the area of its 
projection will also be zero, and the plane perpendicular to both of 
them will be the plane of the area of the circuit. 

Let me conclude with a few illustrations of the use of this extension 
of the term area. 

It is well known that if a set of forces, acting along the sides ofa 
plane polygon, taken in order, be represented in magnitude by those 


(<= 





* It is to be observed that the projections of the area A and of the circuit are not 
in general identical or identically equal, but only equal in area. 
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sides, their resultant will be a couple represented in sign and magni- 
tude by double the area of the polygon. With the extended sense of 
the term area, it is easily seen that the same proposition is true for any 
polygon in space, the aspect of the area defining that of the couple. 

Again, if a homogeneous incompressible fluid move in a tubular 
channel of small section, whose axis is a closed curve, and which it 
completely fills, it is plain that, as the centre of inertia of the fluid is 
at rest, the total momentum of the fluid is reducible to an angular 
momentum, which may easily be shown to be in the plane of ‘ the area 
of the curve,” and proportional to that area in intensity. 

Lastly, to take an example from pure geometry, the area of a skew 
quadrilateral is the area of its projection on a plane parallel to both its 
diagonals. For, on any plane perpendicular to this, its diagonals will 
be projected into two parallel lines as 
AC, BD, and the quadrilateral into the A fs 
plane autotomic quadrilateral ABCD fee ee 
whose area is evidently zero, so that on a 
plane parallel to both diagonals the pro- 
jection is a maximum. Hence the area of 
a skew quadrilateral is the same as that of a plane quadrilateral with 
diagonals equal to those of the former, and inclined to one another at 
the same angle; and we may state generally that the area of any 
quadrilateral, skew or plane, is half that of the parallelogram con- 
tained by its diagonals. The same result might have been obtained by 
the vector-addition of the areas of the two triangles, into which the 
quadrilateral is divided by one of its diagonals. 


B 


On the Evaluation of a Class of Definite Integrals involving Cir- 
cular Functions in the Numerator, and Powers of the Variable 
only in the Denominator. By J. W. li. Guaisuer, B.A, 
F.R.A.S., Fellow of Trinity College, Cambridge. 


[Read March 13th, 18738. ] 


The main purpose of the present paper will be best understood by 
commencing with an example. Suppose it were required to find the 


value of te SUL ee —————"" dz, which is clearly finite, then the most 


obvious mode of Pee. would be to replace sin aw sin ba by 
u2 
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the equivalent expression 1{cos(a—b)x—cos(a+b) #}, so as to 


obtain 
1 ° cos(a—b) @ 4 1 ” cos (a+b) x 
a —.—— da— =: Ee | ee (1). 
2 i x 2 J x 
Substituting, then, from the known formula 
2 n—-l 
f son te da ee (2), 


. nS cos “= 


we should obtain as the result 


/t 
ws { (a+b)—(a—1)'} Ys gtk ee (3) 


(a being supposed >b). 

The value (3) is correct, although the manner in which it has been 
obtained is not sound ; as, both the integrals in (1) being really infinite 
in value, we have no justification for replacing them by the evaluations 
in (8), which are derived from (2), a formula only true when the in- 
tegral involved is finite. 

It will be proved that the mode that has been pursued does, however, 
always give correct results; and a corresponding rule will be investi- 
gated for the case when the right-hand side of (2) becomes infinite 
(viz., when 7 is an odd integer), and for other similar cases of failure. 
For the sake both of convenience and greater generality, an expo- 
nential factor will be introduced under the integral sign throughout, 


and the integrals considered will be of the form af e-ez LC) dx, 
a 


jf («) being composed of sines and cosines of z. 


Before proceeding to the necessary developments, it is worth noticing, 
in the above simple example, how the accuracy of the result can be 
verified. This can be done in two ways: (i.) by integration by parts, 


pba : 
sin aw sin ba 
——_—— dx 
ry 


f w 





to = aw sin ba 


at it —f {(a—6) sin (a— b) «— (a+b) sin(a+h) 2} @ 
0 





= 75 | ata, 


as follows at once from the formula 


Ue sin be feels (ae ne 
a” aseT7 (n) _. nr ‘ 
sl Ry 





0 
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the application of which is free from uncertainty, as both the integrals 
are finite. 
sin aw sin be 


Or (ii.) we may find the value of f e* ~~~ dz as follows, 
0 


2? 


and then put c=0: 


Ua eee ay be de = i Bl & -* tcos (a—b)# — cos (abyaue 


0 07 








Ss 
x? 














nandiAieg tof Bx? Brat 
af &. Fi ta os —14 68 Fe 4... Ke 
writing a and ( for (a—b) and (a+b) for brevity, and m! for 1.2...” 
mp eee a i) va ee 
5 ge epee at 41 at rae 


wfe0 { (1488) (1 2)+ (044 (1-99 


=< { B Cs 1 Uieity +5 )—« at ( “Fy i ae) ‘ Sinn equal 


Ee { CEN a ; 
The general cases can usually be treated in the same way; but it is 
clearly advantageous to be able to replace the long and tedious calcu- 
lations that would then be necessary by a direct rule. 
To resume, then, the general investigation, it is to be noticed that, for 


ff Gare ue) dx 
fe x 


to be of finite value, f(a), when expanded in ascending powers of 2, 


must contain no power of « less than z""'; this is evident, for 

















f ase dx is infinite, if r lie between 1 and © inclusive: 
, a 
First, suppose 7 fractional, and let m be the integer next below n. 


Let f(x), a function of sin # and cos a, be expressed as a series of 
Sines and cosines of multiple arcs, thus : 


f(@) =A, cos b,a+ A, cos b.a+... +A; sin b}%+ A; sin boa+... ; 


then we must have TAb=0, SAL?=0, SAD?=0, ... ZDAD™-'=0; but 
2Ab”, and terms involving higher powers of 6 need not vanish [of 
course if f(a) consists of cosines alone, there are no terms involving 
odd powers of b, and if f(x) consists of sines alone, there are no terms 
involving even powers of 6, so that in these cases some of the con- 
ditions are superfluous |. 
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If r be intermediate to 0 and 1, it is known that 


f e-@ Coe da = T (1—r) (a? +0")}"-» cos { (r—1) tan"! =} 


0 wv a 


(a? +07) °-) cos | (r—1) tant . 
a 


caeT? OF sin 17 


A an be b 
ax d 2 4(r—- 1) -l 
oh F as rie) dare + 6°)! ‘sin } (r= 1) tan ae 


0 





Suppose n=m-+r, and let m be an integer, and 7 as above, then since 





w 2 2\ 3 (r- 10 
fe oe LO) da = aS Fetecayes EEE a[A (a? + b?)a-D) cos | (71) tan am 
A’ (a 4B) gin | (r—1)tan2 “} | Tevet ee (4), 


integrate m times with regard to a between the limits o and a, and 
it will be shown that there results 





: e7 T (2%) « a 2 L2\4(n-1) — 16 
f = da = Ti sine A (a? +0’) cos {(n 1) tan t 
— A’ (a2 B2)1O-D gin { (aot Gan -} | ae (5). 
a 


To demonstrate this, it is necessary to establish two results, viz. (1.) 
that the indefinite integral with regard to a of 


1 ao GANT pS { 3 =f 
b?)3(P-)) = an7!— 
i Gayeit Be (a* +6") cos 4 (p—1) tan Ne 
is Ae i alle aR RS (a? +b)” cos \ p tan? | 
C(p+l) sn(p+1)7 ue 


and that a similar formula is true for the corresponding expression in- 
volving the sine; (i1.) that at the limit oo the expression on the right- 
hand side of (5) always vanishes after each of the integrations. 

The truth of the first result 1s evident on differentiation, and the 
second may be proved as follows :—It will be found to be sufficient to 
show that the right-hand side of (5) vanishes as it stands when a= o, 
as this includes the cases of the inferior integrations. 

By De Moivre’s theorem, 


(a + >”) cos (n tan~ 2) =_ Vis {4 omen nm(n—1) 
a ( 2! a> 
4m (n—1) ... (n—4) Of 
aap Te oe a fate, ru te 9 


and 


(a? + 0?) sin (n tan?) mpl fae ae oe is ap ; j 


ms a Sue 
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whence the right-hand side of (5), leaving out the constant factor, is * 
seen tobe [| Aa 14 — Go De) uy foes ; 


a 
, eae a? Bet 13 

—Kart {_ 2 — CRD nw) Os leg, ‘ 
a a1 a 


but in virtue of the rélations SA=0, TAb=0, ... ZA"), &e., all the 
terms involving @ raised to a positive power vanish (or do not occur at 


all), and the first term that can remain is of the form ; 
Pe ir sy 
a a Ca 


which, with all the succeeding terms, vanishes for a= oo. 

The same reasoning clearly shows that all the expressions obtained 
by the previous integrations vanish also for a= oo. 

The case of n = an integer, presents rather more difficulty. 


In order that f Ce Ee) dz may then be finite, it is necessary 
© 
0 


that all terms up to and including #"~* in the expansion of f(#) should 
vanish, so that we have 2A =0, 2Ab= 0, ...... , LAb”-* = 0 (subject 
to the condition that if a term in 0° does not occur in f(#), the con- 
dition Ab’ = 0 need not be satisfied) ; but neither DAL”, nor terms in- 
volving higher powers, need vanish. 
We start with the well known formule 
pede lees Wie ce pa peel 1 u 
I AE Ses ora) ae a aa 


0 
fie sin bada = tata els {_t = —s} . 
J tebe welt —Dben Ge Uta 
so that, in order to perform the integrations that will be required, it is 
clearly necessary to find the nth integral of log x This can be ob- 
tained as follows: 
By a well known theorem, if w,, denote the mth integral of uw, then 


r 
: m(m—l1 
M!.Uns, = @ iff ude—ma™-} J vude + mnt) fs wu de... 
+ (—)” J av” uda, 














and fo log eda = oe { log e— peat ; 
whence the (n+1)th integral of log 
== loge} 1—n.5 + 2 cree . ae +} 
STC 
= pilese— Sp 4, 
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putting for the first series its equivalent, viz. , and denoting the 


second by p (”). 


The nth integral of y ae : a with regard to a is therefore 
a—bi a+bht 


equal to one-half the real part of 


a 
n+l 


n-1 
Ga! {cos (n —1) 6—7 sin (n—1) 0} (log p = 67) 


me ae | ¥ (n—2) {cos (n—1) 6-7 sin (n—1) 0} 
Pe ae expression with —i written for 7; 


viz. is equal to ae {log p cos (n—*1) 9— 80 sin (n—1) 0} 





_ (n= 2) oy. 
Gis 1 cos (n—1) 9, 
where p= (a’-+0*)* and 6 = tan“ 2. 
ane the nth integral of — 2 (+. is 
21 \a—bi ath 
— far \log p sin (n—1) 0+ 6 cos (n—1) 6} 
esa v(m —2) 9-1 gin (n—1) 6. 


We thus have 





fe LE) da = (—)". | on {log p cos(n—1) 6—6 sin (n—1)} 


vies a p"-* cos (n—1) 0—A’ oan Hoge an aD 


+0 cos(n—1) 8} 


irs eat pein (n—1) 8 | eaeietee (6) ; 


p being = (a°+b’)! and 6’= tan=! 2 ; it will now be demonstrated, as 
a 
before, that the right-hand side of (6) vanishes when a= o. 
2 4 
Since log p = } log (a+0*) =loga + 7-5 G+ 


agit 
it is clear that the ay 


at (1-a,2 + a -5 Bes ee ) (B log a+f,~ + 2, "+ satel ) 


x(ltn2 + ¥2 vt ees ) 


M@2..., )..., Wi¥2-.. being coefficients, any of which may be zero, 
includes all the cases that can arise by the expansion of terms in (Bye 
and in virtue of the relations XA = 0, SAD =0, ..., ZAb"*=0, the 
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b” prt} b"+2 b” 
only terms that remain are of the form —, — >, —;,..., or —loga 
One. a ori. ‘ a , 


O log a, ..., all of which vanish when a is infinite. 
= 


The formule will assume a somewhat less confused appearance if we 
write 9 (n) for nl (n—1), so that 





in 2D 1 ea) 2) 1 1, 

o(n) =n 21 5 3] 3 mista ayers ae 
b (n—2) ¢(w—-1) 
C= then becomes Cant 


We have therefore the general rule that whenever ff Cas f(z) das 
@ 


0 
is finite, its value may be obtained by expressing f(w) as a series of 
sines and cosines of multiple arcs, and substituting for the separate in- 
tegrals that occur from the formula, 





~ ae COS ba fal T oe 
f é aw da = I (n) sin nm p cos (n—1) Ae €7); 
0 

eee Bin Oe . ae OP, 
f é bs ee F (n) sin ne p 1 sin (n—1) Pape (8), 
0 


when 2 is fractional ; and 


@ ] n—] 
i ona cone de = (—)" Cat {log p cos (n —1) 0@—8@ sin (n—1) 0 
4 ae . 
an (471) cos: (#— 1). 0) a ae (9), 
(oe) wk ia n-1 . 
JS oa da = (—)r3 aT {log p sin (n—1) 0+6 cos (n—1) 8 
J ! 


—¢(n—1) sin(n—1) 6} ...... (10), 


2 being an integer, p = (a°+0’), tand= 2 
a 


and p(w T =n—1-F= DO) Fe, as above. 
The most important applications of these formule take place when 
a=0, and they then become much simpler. Thus, in the case of an 


integral of the form if te) dz, we may use, just as if they were al- 
ew 


ways true, the formule 


i n-1 
ie da (11), 


0 ¥. 21 (n) cos © 


aan n-1 
Fe do ee (12), 


- 2 21 (7) sin ae 
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when n is fractional; these follow from (7) and (8), since when a=0, 
0= of and p= b. 


When v is an integer (positive), it is necessary to separate the cases 
of 2 even or odd. 


cos bx " Er ; 13 
We an dx et i ) Soe Neh Bee aeecey lates eae aee (13), 


0 





ae ae ay flee —9 @—)}, if n be odd ... (14), 








Bf” da xen ye hr- =i | {log b—¢ (n—1)}, ifn be even...... (15), 
x 


0 


= (—)i 7 sii Petia ave if D6 O00 eatin st aeeee ees (16). 
But two of these bie admit of still further simplification, as it will 
be shown that the terms involving 9 (m—1) will always vanish, and 
may therefore be omitted. 

To prove this, we need only remark, that f(z), when expressed as a 
series of sines and cosines of multiple arcs, consists of two portions, 
viz., an even portion 


J, (#) = Ay+A, cos b,2-+ A, cos bo ... 20. +A, cos b,2, 
which does not change sign with w, and an odd portion 


fi (v) = A; sin 67+ A, sin by 2 ...... + A, sin 052, 
which does change sign with x; and it is evident that for f £@) dae 
v 


to be finite, we must have f in (@) de and fi file) dx each finite also, 
0 & 0 e 


as f,(v) contains only even powers of a, and /, (x) only odd powers. 
We may therefore, without loss of generality, consider separately the 
cases of f(x) wholly even or wholly odd (and perhaps it would have 
been better to have done so throughout). 


(i.) If f(x) be even, and 7 be even, then 2-' being an odd power 
does not occur in f(x), so that, although we must have ZAb”"~? zero, 
there is no reason why ZAb”"~’ should be zero, so that (18) needs no 
alteration; but if 2 be odd, then z”"' is an even power, and we must 
have ZAL”~* = 0, else the integral would be infinite, thus in (14) the 
term involving ¢ (n—1) may be omitted. 

(u.) If f(@) be odd, and 7 be even, x"-' is odd, and we must have 
ZA"-* = 0, so that, in (15), the term involving ¢(n—1) may be 
omitted; but if 7 be odd, there is no necessity fa the vanishing of 
2A‘U'"~', and the integral is as written in (16). 
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The formule of substitution are therefore 














dish 8 de de = (—)* Ge = 2 if 7 bei @Verienets eae Cay: 
= (— a eau aang _ log b, if m be odd ...... (18), 
ie sn ay —(—)* cE bn ia log b, if n be even |:....:... GLOys 
= (—)ia-n ex os a ifimebe’ badd. wee (20). 


For example, since sin‘ 7 = 1 (cos 4e—4:cos 2%+3), we have, from (18), 





* sin? « 1 

f 4 daa 5 iF log 4— Ae 2? log 2} = log 2, 
sin! a db 

‘ : da = — —— {4-—4.2 

and from (17), ve oe 3] | } 


These can be verified as follows :— 
By integration by parts, 


ff ba fe _ 1 cos be bsin ba _ of ee a be 4 
x a a a eg 
whence 


eo = f 9) 
f *fe=-35)4 ft do Ue OSE da} ... (22). 
oad 0 


0 





T 
aes a ee 21): 
orn (21) 

















x 
COs aye. Pisce 
Now J dx is the cosine-integral, usually written Ci, and we 
‘ a 


2) 


have the known formule 











1h gd hee 
Cia = y+4 log (a*) — * R+ae F git Barack : 
where y is Euler’s constant °5772156..., and 
: Qilare Aw! ! ! 
Cia =sine} 4S. cosa} Spt, 


the former showing (what, however, is clear from inspection of the in- 
tegral) that Cicoo=0; thus, in (22), taking the lower limit of the 
integral, an evanescent quantity e, instead of 0, we have, since 


ax 
COS N& 
ip ——' da = Cina, 
A 


wv 


fo a) ° 4 
int 7 ; : 
Sf pe da — Cide— Cire 
a 


Le 
= y + log 4e — — —— + ....1. — (y+log 2e— 9 ort Poe ) 


= log 2, when e=0. 
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The verification of (21) by integration by parts presents no diffi- 
culty, the integral being reduced to dependence on of sige dx, 


0 
which, when @ is positive, = oe I may here remark that throughout, 


in applying the formule (17)—(20), we must make b Poet berets 
for 





substituting it in b”-', e.g. in (17), we must substitute (— Te: 


cos 2a wil 2)at 

f i de and not (—) Gout 
The general formule can be proved by integration by parts by means 
of the cosine-integral exactly as in the example above; for, n being odd, 


—l,;! 





@ v . 
f BA COs be 7 — terms that vanish between the limits 


4 gy” 
ii fa =Ab"-! cos ba 
a nel rat anes panes Sata 5 
(n—1)!e x ‘ 


= = aii SAL"! Ci (be) 
1 “i (be)? 
mea ae ytlogbe— +: =o ee Ba ee 
2 
a cei BAB | y-+logb-+loge— 5 ay Coy + Beh: i 
=Ab”- Ab" log b 
(n—1)! i 


since ZAb"-' = 0 absolutely, and we take e=0 ultimately. 

There is one special case that deserves notice, viz., when n=1 and 
f (x) is an even function ; for should f(x), when expanded as a series of 
cosines, involve a constant term, the value of the integral is infinite, as 
is seen by making b)=0 in (18). The same thing appears by integra- 
tion by parts; thus, i example, 


f= sin? 2 de =3 i 1—cos 2a 4 


0 
2 
= 1 fe co —loge+y+log 2e— 5 e+ iB} 


== OO. 








O 2 m 
ieee here Hoes ; 
In the same way we see that fp ——— da is infinite whenever m is an 
© 


_ even integer, though its value is finite for m odd. The reason for this 
sin” & 





is clear, for the whole area of the curve y = (m even) between 


#w=0 and © is positive, while there are positive and negative portions, 
when w is odd, which help to cancel one another. The infinite term occurs 
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only when n=1, for b”~'logb vanishes with 6b in every other case. If 
we evaluate the integral by integration by parts, when x >1 we have 
to perform at least one differentiation upon the series of cosines before 
the integral is reduced to depend on cosine-integrals, and the constant 
term is thus removed. 

The investigations contained in this communication were suggested 
by, and are in part an extension of, a paper by Leslie Ellis, in vol. iii. 
of the Cambridge Mathematical Journal.* The formule (17) and (20) 
are there obtained and applied to several very interesting questions. Ellis 
did not, however, discuss the cases when f(«#) and 2” were not both 
even or both odd; nor did he consider (except in one special instance) 
what the formule became when » was fractional, or when the factor 
e-** was introduced under the integral sign. A desire to extend the 
investigation so as to include these cases led me to examine Ellis’s 
paper carefully, and I found that, although his results were cor- 
rect, and the principle involved was so similar to that used above as 
to suggest it at once, the method employed was not rigorous. He has, 
in fact, considered the integrals of the terms that arise by expanding 
f(#) in sines or cosines separately, and has thus obtained his results 
by the method which it is one of the main objects of this communication 
to justify. Starting with the integral 

f rhe Sine a = tan) 7 
A a a 


and integrating (7—1) series with regard to 7, there results 





2 sat TH 
of Pee ee (li tan” + aF (ra) + Cr" 24. Cir" 4+ &e. 
5 2” by ! 


the sine or cosine being taken on the left-hand side according as r is 
odd or even, and F (ra) being a function that does not become infinite 
when a=0. In virtue of the conditions 2Aa""?=0, SAa”"-*= 0, ... 
(which are equivalent to the Ab"~', &c., in the notation of this paper) 
by putting a, a, ... for 7 in (23), multiplying by Aj, Ay, ... and adding, 
there results 
es) aq". 1 
ff e-+e JF (@) de = + & Eales tan“! + aZAF (aa), 
4 a” (n—1)! a 
which, taking a=0, gives 
L(®) ay — 4 7Aa"™ oor 
J a (RT) 1223 
It thus appears that the course of the investigation requires us to 


@ @ . 
2. CORT wax SIN 1D vate 
assign a finite value to f e~* ——_~ dx and Wf e~°** —__~ dg, while in 
0 U 





0 





* Evaluation of Certain Definite Integrals, p. 185. 
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reality they are infinite, so that the method cannot be regarded as 
rigorous. 

The concluding paragraph in Ellis’s paper is,—‘‘ The method of this 
paper leads to some elegant results when applied to the definite in- 


tegral ak e~* dz, but it is enough to point out this application, which 
0 


involves no difficulty whatever.” I do not see what application is here 


referred to, unless integrals of the form f es — de or if BAe” ne 
% “ 








x" a” 
are meant; but the former is infinite for »=1, and the discussion of the 
latter is of little value, as ZAe~*’, subject to the required conditions 
for the integral to be finite, includes no functions of any interest. 

In connexion with Hllis’s paper I may refer to one by Bronwin in 
vol. xxiv., p. 491, of the Philosophical Magazine (1844), in which several 
integrals are evaluated, to which Hllis’s results, and those given in this 
communication, are at once applicable. 


Note on Normals and the Surface of Centres of an Algebraical 
Surface. By Samuzn Roperts, M.A. 
[Read March 13th, 1873.] 


I. 


There are several methods by which we can determine, in ordinary 
cases, the number of normals to a surface which can be drawn from an 
arbitrary point. We may, for instance, consider a system of concentric 
spheres, and find the number of these which touch the given surface. 

It must be assumed, however, that this has no special relation to the 
plane at infinity, or the imaginary circle there. 

Let the order of the surface, its class, and the degree of the-tangent 
cone be m,n, a. Then, since one sphere of the system can be drawn 
through any point (u=1), one sphere touches any plane (v=1), and one 
sphere touches any line (ep=1), we have, by a formula of De Jonquicres 

pn+rvm+pa=n+MN+ a. 
For a surface, order m, without singularities, 
n=m(m—1)’, a=m(m—1), m+n+a= m—m +m. 

2. If, however, the surface is specially related to the plane at infinity, 
the above formula fails. We will now endeavour to determine the 
number sought by finding how many normals can be drawn to the sur- 
face from a point in the plane at infinity. In general, the normals to a 
surface at points in the plane at infinity he altogether in that plane. 
We have therefore altogether at infinity m-+a normals, and of course 
there are 7 finite parallel normals, so that we get, as before, 

M+R+ a 
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Suppose now, as a first speciality, that the surface has in the plane 
at infinity certain nodal and cuspidal curves, these not being spe- 
cially related to the imaginary circle there, and that the surface has 
certain nodes also infinitely distant. The formula is not affected by 
such an arrangement of the singularities gud arrangement. For, having 
allowed for the effect of these singularities in estimating the class and 
therefore the number of finite normals, we must not allow for their 
effect again in estimating the number of normals at infinity. In other 
words, we must count as multiple normals the lines through singular 
points of the section at infinity. The formula therefore remains un- 
changed. 


3. Let us now suppose that the surface has p contacts with the plane 
at infinity. We can still draw from any point m+n-+a normals or 
quasi normals. The quasi normals are p lines directed towards the 
points of contact with the plane at infinity. Hvery finite line is ana- 
lytically normal to the plane at infinity, and therefore all lines directed 
towards the supposed points of contact are normal to the surface; but 
we must evidently exclude these as improper normals. Hence the 
formula now is 


m+-n+a—p. 


It will be observed that here we shall have p additional double points 
on the section at infinity. But if we reduce the number of the finite 
normals by p, it is necessary to reckon as double normals at infinity 
lines through these nodes. 


4, If the section at infinity has a double contact with the imaginary 
circle, the section is of a circular nature. Any right line meets the 
circle normally, and therefore any right line through a point of contact 
with the circle is normal to the section. But these normals have to be 
rejected. Hence, for 2¢ such separate contacts, the formula is. 


m+n-a—2¢q. 


When, however, these points of contact become singular points, as 
when the surface is one of revolution, we must proceed by finding the 
number of finite normals similarly directed, namely 2, if ” is the class 
of an axial section. The section at infinity, consisting of say m quasi 
circles for a surface of order 2m, gives us 2m normals at infinity, and the 
number of normals is n+2m. The surface may, however, be of odd 
order, 2+1, we then have at infinity only m quasi circles, but there 
is a line to which we can draw one normal, so that we get for the 
number of normals n+2m++1. 


5. We have next to consider the case in which the surface contains 
the imaginary circle. If asurface contains the circle in the order 7, this 
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in itself implies 2 (m—2r) singular points on the section, which may 
arise partly in one way, as from a multiple curve, and partly in 
another, as by points of contact at infinity. It hecomes necessary to 
regard the specialities of each case in this respect. The formula is of 
the form 

n+P, 


where P depends on the nature of the singularities of the non-circular 
part of the section, and n is the number of finite normals. 

Thus, in the case of a quartic surface on which the circle is nodal, 
the number of normals through a point is , the class of the surface. 
When a cubic surface passes through the circle, so that the plane at 
infinity contains a line of the surface, this plane is doubly tangential, 
and at infinity we can draw one normal to the line. Hence the number 
of normals through a point is 

n—2+1l=n-1. 


For Dupin’s parabolic cyclide this number is 3, and for his general 
cyclide the number is 4. 


cs 


6. The order and class of the surface of centres of a surface of the 
order m without singular points and curves have been determined by 
M. Darboux (Comptes Rendus, 1870), and M. Lothar Marcks (Math. 
Annal., Clebsch and Neumann, B. v. H. 1). The order in this case is 
2m (m—1)(2m—1), and the class 2(m*—m’?—m). 

I have sought to determine the order and class in the more general 
case where the surface possesses ordinary singularities, as nodal and 
cuspidal curves, nodes, &c. The assumption is made, however, that 
the primitive surface is not specially related to the plane at infinity, 
i.e. that it does not touch that plane or pass through the imaginary 
circle, &c. Jt is evident that such singularities materially affect the 
numbers sought, as in the analogous cases of plane space. 

In the first place, consider the series of normals to the surface parallel 
to a fixed plane. These normals will be those which can be drawn to 
the surface along the curve of contact of an enveloping cylinder whose 
axis is perpendicular to the fixed plane. The projections, therefore, of 
the normals in question in that plane form the series of normals to the 
section of the cylinder by the plane. We may say then that, to an eye 
placed at a very great distance, the axis of the cylinder being the axis of 
vision, the normals apparently envelope the evolute of the plane section. 

The apparently successive normals, drawn as mentioned, do not in 
general intersect. The apparent envelope is due to apparent intersec- 
tions. 

But it is important to remark that the points at infinity of the eyo- 
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lute correspond to actual intersections of normals, and moreover of suc- 
cessive normals, and are therefore on the surface of centres. To show 
this, consider first of all the normals at finite points of the curve of 
contact, whose projections intersect successively at infinitely distant 
points. Those normals must be coincident, or rather approximate, 
along their whole length, for normals with an apparent interval cannot 
be regarded as successive; and the projections are normal to the plane 
section of the cylinder at points of inflection which, as we know, cor- 
respond to parabolic points on the curve of contact. Hence the points 
at infinity now in question are the infinitely distant extremities of bi- 
normals of the curve of contact, which, as their name indicates, are 
normal to two successive elements of the curve, being perpendicular to 
the osculating planes. The points are therefore due to parabolic points, 
one of the principal radii of curvature being infinite at these points, 
They are simple points on the line at infinity determined as the 
intersection with the plane at infinity of the fixed plane. Their 
number is equal to the number of inflections on the plane section of the 
cylinder. 

7. Besides the points thus determined on the line at infinity determined 
by the fixed plane, we have to consider the cusps of the evolute, which 
count each three times on that line which is their common tangent. 
These cusps are due to the points at infinity of the plane section of the 
cylinder, and these correspond to the points at infinity of the curve of 
contact. 

The normals at these points are, by the doctrines of plane geometry, 
cuspidal tangents of the evolute, and their correspondents must in like 
manner be successive twice over with regard to the surface. 

Let us consider the generators of the cylinder lying at infinity. These 
will be tangents to the corresponding section of the surface at the points 
where the curve of contact meets the section, and pass through the infi- 
nitely distant points of the plane section of the cylinder. The cusps 
spoken of are harmonic conjugates to those points with regard to the 
pair of circular points lying on the same line at infinity. In other 
words, the cusps are on the polar reciprocal of the section of the surface 
at infinity taken with regard to the imaginary circle. 

We may infer, then, by shifting our fixed plane, that the locus of these 
cusps is the reciprocal of the section at infinity of the surface with re- 
spect to the imaginary circle, and that it counts three times on the 
corresponding section of the surface of centres, and is, in fact, a cus- 
pidal curve thereof, the plane at infinity being tangential all along it. 

8. Further, however, the points on the line at infinity with which we 
are dealing, which correspond to the section of the surface at infinity, 
must be reckoned. The normals to the surface along this section lie 
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altogether at infinity, and envelope a quasi-evolute. The number of 
the points in question is therefore the order of this evolute. 


9. Writing then— 
Order of plane section of the primitive... 
Class Ve 
Number of its cusps 
. of its inflexions... 
Class of tangent cone 
Number of its cuspidal edges 
7 of its stationary planes 
we have for the order of the surface of centres 


sn+K(= 38a4+1)4+8a+ce(= 3m+4+2), 
a form bearing a remarkable analogy to the corresponding one for plane 
space. 


ag Se al 


10. To determine the class of the surface of centres, I make use of a 
theorem due, I believe, to M. Klein, and employed by the before-named 
authors. 

Ifa ray system is of the order m’ and class 7’, ¢.e., m’ lines meet in 
any point and 7’ lines lie in any plane, the difference of the order and 
class of the focal surface is 

order—class = 2(m' —7’). 

For such a system consisting of normals to a surface, the focal sur- 

face is the surface of centres, and 
m=m+n+ta, v=a, and therefore m—wv = m+n. 

As regards the formula =a, observe that the points belonging 
to the normals which lie in a given plane are the intersections of the 
given plane by the curve of contact with the surface of the cylinder 
enveloped by the tangent planes which cut at right angles the given 
plane, ¢.¢e., which pass through the point at infinity on any perpendi- 
cular to the given plane; the number of normals is thus equal to the 
order of the curve of contact, viz., it is = a. 

We get, then, for the required number 

3(m+a)+e+K—2(m+n) 
= n+3a+c+K—22m 
= 6a+c++e—2m— 2n, 
which for a surface of order m without singularities is 
— 2(m>—m?—m), 
agreeing with Darboux. 


11. Using accented letters for the corresponding characteristics of 
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the reciprocal surface taken with regard to a centre of reciprocation 
not specially related to the surface, we may write 

} c—k = 3(m—a) 

¢—Kk = 3(n—a); 
whence B(nta)+eo+K = 3(m+a)+e +k, 
n+3atce+K—2m = m+3a+e+K —2n; 

that is, the order and class of the surface of centres of a surface and 
of that of its general reciprocal are the same. 

What we require, then, to enable us to determine the order and class 
of the surface of centres of a surface possessing ordinary singularities as 
a nodal and a cuspidal curve, nodes or singularities which can be esti- 
mated in terms of nodes, but not specially related to the plane at infinity, 


is to know 
Order 


Class 
Rank 3 
Order of preridate curve .., 
Class of spinode torse 
The case of singularities at infinity, orn conceive in connection with 
the imaginary eircle, requires separate discussion. 


eee 


April 10th, 1873. 


Dr. HIRST, F.R.S., President, in the Chair. 


Mr. W. D. Niven, M.A., Fellow of Trinity College, Cambridge, was 
proposed for election; and Prof. Wolstenholme was admitted into the 
Society. 

Prof. Clifford made a few remarks in correction of a statement he 
had made at the previous meeting, during the discussion on Mr. Hay- 
ward’s paper. 

Mr. J. W. L. Glaisher then proceeded to read his paper ‘On the 
calculation of the value of the Theoretical Unit-Angle to a great 
number of decimal places.” 

The following papers were discussed (in the absence of the authors) 
by Messrs. T. Cotterill, Clifford, Merrifield, and the President :— 

x 2 : 
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“On Systems of Porismatic Equations, Algebraical and Trigono- 
metrical ;” ‘“ Note on Epicycloids and Hypocycloids ;” ‘* Locus of Point 
of Concourse of Perpendicular Tangents to a Cardioid;” and ‘‘ Elliptic 
Motion under Acceleration constant in direction :”’ Prof. Wolstenholme. 

“On the Theory of a System of Electrified Conductors; ‘On the 
Focal Lines of a Refracted Pencil :” Prof. J. Clerk Maxwell. 

The following presents were received :— 

“‘ Sur les trajectoires des points d’une droite mobile dans l’espace,” 
and ‘“‘Démonstration géométrique d’une proposition due a M. Bernard,” 
by M. Mannheim: from the Author. 


On the Calculation of the Value of the Theoretical Unit-Angle to a 
Great Number of Decimal-Places. By J. W. L. Guaisuer, B.A., 
Fellow of Trinity College, Cambridge. 


[Read April 10th, 1873.] 


The number of degrees in the theoretical unit of angular measure 
(viz., the angle the length of whose arc is equal to the radius) is a 
so that merely by a division this angle can be determined to about as 
many decimals of a degree as there are decimals of 7 known. -More 
than a year ago I had need of the value of the unit-angle to a much 
greater degree of accuracy than it was given to in any place that I was 
acquainted with, and to make certain of having an abundant number of 
decimals, I had the division performed, taking as the divisor the first 
fifty-four figures of w (this being a good point to break off at, as the 
fifty-fifth figure is a cipher), and shortly afterwards I had the same 
work performed by another computer, nearly independently. Having 
in the course of the year examined a great number of tables, collections 
of constants, &c., and never having met with the angle in question given 
to even a moderate number of places, I thought it would be desirable 
to communicate the result of the calculation to the Society. I have 
accordingly examined one of the calculations myself, and have also had 
the division perfori.ed a third time, so that the present results are sub- 
mitted with confidence. 


The theoretical unit-angle to 52 decimals of a degree is 


57°* 29577 95130 82320 87679 81548 
14105 17033 24054 72466 00432 
LO ders 
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which, expressed in degrees, minutes, and seconds, is, to 47 decimals 
of a second, 


57° 17 44” + 80624 70963 55156 47335 73307 
78613 19665 97008 79631 Ova 


The same, expressed in grades or centesimal degrees (400 to the cir- 
cumference), is, to 51 decimals of a grade 


638 * 66197 72367 58134 30758 30053 
49005 744.81 37838 58296 18257 
arenes 


Although a division of 50 figures by 50 figures to 50 figures quotient 
is neither a very elaborate nor a very laborious piece of work, still it is 
sufficiently troublesome to render the publication of the result valuable, 
as the difficulty of attainment of a numerical quantity is measured, not 
by the time required for the performance of the arithmetical work, but 
by this amount plus the time required to ensure certainty that what 
has been done is free from error. 

It is a matter of surprise that the unit-angle is not more generally 
regarded as one of the mathematical constants, along with 7, e, y, &c., 
for it is one with which the mathematical computer is much concerned, 
chiefly in semi-convergent series of the form 
Sel ae RS iaeean) ) + sine (“t+ 4 

fo fo) aw ay 


x 


Bs +...). 


In tabulating a function from such a series (very frequently the only 
one available when « is large), the process is to multiply the unit-angle 
by x, reduce to degrees, minutes, and seconds, and then use the ordinary 
trigonometrical canon. It thus appears that there is some reason for 
giving the unit-angle to a fair number of decimal places, as it is likely 
in practice to be required after multiplication by large quantities ; thus 
for z=1,000,000 the angle is 57295779°'513082..., and leaving out mul- 
tiples of 360°, and reducing to minutes and seconds, sin # is equal 
to the sine of 339° 30° 47096; and the log sine of this angle (the sine 
being treated as positive) is taken out from the ordinary tables as 
9°54.4.0600. 

I had written so far, and, as I thought, completed this communi- 


cos a ( 


cation, when I remembered to have seen the value of u (from which 
T 


the unit-angle can of course be easily deduced) given (together with 
other constants) to a great many places in an early volume of Grunert’s 
“Archiv.” On examination, I found the paper in question, which is by 


Dr. G. Paucker, in vol. i., pp. 9—11 (1841), where 4 is given to 140 


decimal places. 
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Taking this value of aS we have, for the number of grades, 
Tv 


639 - 66197 72367 58184 30755 39053 
49005 74481 37838 58296 18257 
94990 66937 62355 87190 53690 
61403 60455 21106 50128 43824 
291387 09070 31882 14757 16473 
84458 314.60 apie Os 


for the number of degrees, 


Dismavold 95130 82320 87679 81548 
14105 17033 24.054: 724.66 56432 
15491 60243 86120 28471 4.38321 
55263 244.09 68995 85111 094.41 
86223 38163 28648 93281 44826 
4.6012 4.3514: che es pe 


for the number of degrees, minutes, and seconds, 


57° 17 44” « 80624: 70963 55156 4.7335 73307 
78613 19665 97008 79631 55757 
69768 77900 33024 97339 57089 
47678 74883 85063 99939 90704 
04173 87831 386158 13213 75256 
44939 2194 ae 


agreeing exactly with my own calculations, as far as the latter extend. 
But I must here point out that the last four (and perhaps the last 
fourteen) figures of the value of 7 used by Paucker are erroneous, so 
that about the last four figures of the three results last written are neces- 
sarily erroneous, and perhaps as many as the last fourteen figures. The 
cause of this uncertainty is that Paucker says that he took Vega’s value 
of r (“‘ Hier folgt diese Zahl auf 140 Stellen, nach dem Vega-schen 
Werthe von 7 berechnet’’), but gives no further information. 

Now Vega gave two values of z, both to 140 places, the one correct 
to 126 places, and the other to 186; and there is nothing to indicate 
distinctly which of the two was the value that Paucker used. 

The first was published in the ‘‘ Nova Acta Petropolitana” for 1790 
(t. ix., p. 41), and the last twenty figures (viz., those from the 121st to 
the 140th both inclusive) are 


09384 44,767 21386 117838 


There are also three more figures added, viz. 138, but these are printed 
with bars through them, to indicate that they are not to be relied upon; 
so that the value may be described as extending to 140 places. 
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Vega’s second value was published in his “Thesaurus Logarith- 
morum Completus,” fol. Leipzig, 1794 (p. 633), where the same 
twenty figtres appear as 

09384: 46095 50582 26136, 
the correct figures being 
09384 46095 50582 23172. 

It is much to be regretted that Vega, in giving his second value, did 
not call attention to the fact that he had previously published one that 
was erroneous; and this omission is very surprising, when it is re- 
membered how much Vega did for the detection of errors in the table 
of logarithms of numbers, and in the cause of accuracy generally. 

The formula he used in his first calculation was equivalent to 

wr = 4 tan +8 tans, 
while the second was derived from 
a3.) 
79” 


and in his ‘ Thesaurus” he gives the values of the series depending on 


wr = 20 tan’ = + 8 tan 


tan-! i and tan™! = to more than 140 places, while that depending 


7 


on tan" 3 is only given to 128; and he remarks that a verification 


to 126 places is thus obtained. It appears therefore that in the first 
calculation an error must have been made in the 127th place (or there- 


abouts) of tan™? iS and it isa pity he did not allude to his former 
Vv 


calculation, and state definitely that such was the case. 
It is unfortunate, too, that although Paucker has given the values of 


/x to 140 places, yet the only two quantities, viz. ar and an from 


which the value of z he used could be easily determined, are only given 
by him to 51 places. I am inclined to think, for several reasons, that 
it was the second of Vega’s values that Paucker referred to; and if so, 
only the last four figures of the quantities written above, and deduced 
from it, are necessarily erroneous. 

Paucker remarks that Euler gave the value (“Introd. in Anal. Infin.,” 
Lausanne, 1748, tom. i., § 198, p. 160) to 36 places, but that the 9 in 
the 25th place should be a 5; and this is so. In Lambert’s ‘‘ Supple- 


menta Tabularum” (Olisipone, 1798, p. 139) elt is given correctly to 
Tw : 


20 places; and on the same page the value of the unit-angle is given 
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as 57°. 173. 444, 48", 29%, 29,21", . This is not quite correct in the 
last figure, as the sixths and sevenths are 22". 22™.... 

It will have been seen that the present triple calculation of the an- 
gle, confirmed by Paucker, leaves not a shadow of a doubt of the ac- 
curacy of the values of the unit-angle here given to as many places as the 
former extends to. 


On Systems of Porismatic Hquations, Algebraical and Trigono- 
metrical. By Prof. WoLsTENHOLME. 


[Read April 10th, 1873.] 


The system of algebraical equations 


* + byzteta’ (yt+2) +0 (= ae =) ae ¢(£+ 2) = 0 

Ya yi Me 2 

4 + betota @+e)t¥ (L++)4+¢(44+2) =0 (A) 
20 Z v & 2 , 
pe (SS CLV Se (aes u) = 

sf + beyteta (ety) +b (= + 7) +c G + == (8, 


where 2, y, 2 are unequal quantities, is porismatic; that is, there is either 
no solution at all; or if a certain relation between the coefficients be 
satisfied, there is an infinite number of solutions, any one of the equa- 
tions being then deducible from the other two. 

The same proposition is true for a system of any number of such equa- 
tions, as also of course for the system of trigonometrical equations of 
which the type is 

acos 3} cosy+bsinf sin y+c 
+a’ (sin §+sin y) +0’ (cos 6+cos y) +c’ sin (B+). 


I propose to investigate these propositions directly for systems of 
three, four, and five algebraical equations, and for systems of three and 
four trigonometrical equations. 

I. Suppose we have the system (A). The second and third equa- 
tions prove that y, z are the two roots of the quadratic equation in w, 

u’ (bw? +ae+c)+u (ae+catb’)+(cve’+ba+a) =0, 
so that we have : 
1 hale e) ae ye (1); 
be t+wate av@+teatl c¢#’t+bet+a 0 SY”? 
or be’+ae+e =A, Wetceath =—A(ytz), ¢v+vata= yz. 
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If we denote the determinant ae cy De by —N, we have 
ae at treats 
Gerken C 








Na’ =X {B—A’ (yt2z)+Cyz}, Ne =r {A’—C(y+z)+Biyz}, 
N =A {C’'—B(y+z)+Ayz}, 
A, B, CO, A’, B’, C’ denoting as usual a?—be, ...... Uae =O Cy nies reci- 
procal to a, b, c, a, U’, ¢. 
We have then the equation in yz, 

{B’ye—C (y +2) +A’}? = {B—A’ (y +2) + Cyz} {CB (y +2) + Aya} 
or, 
A? —BO’ 9 , 2 v2 icy , , 

# ———— + (B®—AC’) yz+ (2C?—C?—AB) + (B’C’ + AA’—2B’C) (y +z) 
+(C’'A’+BB’—2A’C) G ++) +(C-AB)(“ + 4 = 


pane i Sia pach 
Now Be gM oe fe Pe eS Tes et er eee 


so that the above equation may be written 


a , , 1 1 “(y Zz 
Wg tinsetvonnen (be d)ae(Z4 2) 


fei Ol, 4+ Ayz+2(C—C’) +2B’ (y +z) 


2a" (7 +—) +0(£+4)t=0, 


It therefore appears that if C=C’, any one of the three equations (A) 
is deducible from the other two. Moreover, substituting from (1) in 
the first of the equations (A), we obtain, on reduction, 


(C— oy(4 + Bettot 2a'v +2 4 20') = 0, 


or, if C—C’ be not 0, we have for « exactly the equation we should 
have by putting y or =a in the equations (A). Assuming, then, 
#, y, 2 to be unequal, two of the roots of the above quartic in x will be 
y and z, and rejecting these we shall have only a quadratic for #; and 
since, by exactly the same process, we should come to the same equa- 
tion in y or @; 7. ¢., the system cannot be satisfied by unequal values of 
2, y, 2 unless C=C’. If this condition be satisfied, an infinite number 
of solutions exist, any one of the three equations being deducible from 
the other two. 
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TI. Let there be a system of four such equations in %@, WX, 3%, 
a2, respectively. We shall have as before from the first pair, 


1 (aj 4+%3) HX ; 
out, | See eee ee eens SRD ACS AS GOMER ’ 

ba + aa%+e wat cath’ cx) t+ bata 

and also from the last pair 

1 (Fe) #1 U3 ’ 
SRR reef pened Bhs VN EE 5 

ba t+ Wate Wat ath cal + Vata 
be +ae%,t¢ ae+temtb ca + ba,ta 
ba + auto aai+emtbh. cx + bata 


These give us (cc —a’'l’) ayvyt (0'¢ —aa’) (ay +a) +b?—ac = 0, 


whence 


or C’ayay— A’ (a. +44) +B = 0, 
and similarly, B’a,a,—C (a, +4) +A’ = 0, 
Aaay— B’ (a, +a) +C’ = 0, 
which lead to the determinant Nya hd BYeg Oye hae Ars eb 
Biase 
DR FNS ead 8 








The condition for the coexistence of four such equations is therefore 
aw*+bb?+cc*—abe—2a’b’c = 0. 
The relation between #,a, may by means of this condition be written in 
: +O ota ut 
the symmetrical form seo aes eS A) 
yimmetri or A’ ey 1 B ; 
each of the three equations between a, x, being equivalent to this. 
The same relation also holds between a3, so that the solutions give a 
system in involution, #,%; being conjugate, as also x2. 








III. If we have a system of five such equations between 4%, %%3, 
@z%4, C5, and #;2, we shall obtain, as in I., the equation 
+ byaya3+ e+; (a +23) +0) (= + =) + (2 + 2s) a 
CA | 


3 v3 vy 


ay 





and similar equations between 2,04, #325, 242%), and #52, where 
a, =aN+BM, b,=0N+AM, co =cN+2(C4+C)M, 
a=aN—2BM, b,=0N-—2AM, co =cN+CM, 

where M denotes C—C’. 

But if we treat this system in exactly the same way, we shall be led 
to another system of equations in #2, v2%3, ... as at first, the coefficients 
Gz, De, Co, Ao, bo, & being formed from a, bj, ¢, a, bi, c; in the same way 
as these from a, b,c, a’, b’, c. This system must coincide with the 
original system (equal values not being admitted as solutions) ; or 


Cg OP Oh No Ta Pee. 





a b c w b’ Cc 
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Of course these are all satisfied, if one condition only be satisfied; we 
will take the first Ab — ab, = 0. 
Now d, = a,N,+B,M, = a4,N,4+M, (0?—ac) 
= (aN+BM) N,+ (6? —aq¢,) M,. 
Also b?—a,c, = (hb N-—2A™M)’?—(aN+BM) {eN+2(C+C’) M} 
= N’ (6?—ac)—MN {40'A’+cB+2a(C+C’)} 


+2M? {2A"—B(C+C’)}. 
But b?—ac = B, 


2A°—B(C+C’) = 2 (A”—BC)+B(C—C’) = 2aN+ BM. 
Hence ba,—ab, = MN, (Bb—Aa) 
+ M, [N? (Bb—Aa)—MN {4 (bb’'A’—aa’B’) +c (Bb—Aa)} 
+2M’ (Bb—Aa)]. © 
But Bb—Aa=bb?’—aa’, bb’A’—adB’ = — ¢'(bb’— aa”), so that 
ba,—ab, = (bb’—aa’*) [MN,+M, {N?—MN (c—4c’) +2M?}], 
and the required condition manifestly is 
MN,+M, {N’—MN (c—4c’) +2M?} = 0, 
or, calling c—4c = L, 
MN,+M, (N?—LMN+2M?*) = 0. 
Again M, = C,—C; = ¢?—aM)j—q4,+00; 
= ((N+CM)?—(aN+BM) (6N+AM) 

—{cN+2(C+C’) Mi} (CN+CM)+ (@N—2B’M) (DN—2AM), 

in which the coefficient of N? is C—C’ or M, 


Pe i MN is 
2C0c¢’—- Aa—Bb—Cce—2 (C+ 0’) co —2A’a’ — 2B, 
or —(Aa+Bb+Cc+2A'a'+2B0' +20), 
or —3N; 


and the coefficient of M? is 
C?--AB—2C (C+ C0’) +4A’B,, 

or C’?—AB—4 (CC’—A’B’)) —(C—C’)? = cN—4cN—M’ = LN—M”’, 

Hence M, = —2MN?+ LW’N—M*. 

Finally N, = (aN+BM) (¢eN—2BM)’?+ (0N+AM) (ON—2AM)? 
+{eN+2(C+C’) M} (°N+CM)? 
—(aN+BM) (0ON+AM) [cN+4+2(C+C) M] 
—2 (a N—2B’M) (UON—2A'M) (CN+CM). 
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In this expression the coefficient of N* is N; that of N*M is 
A (U?—ac) +B (a*—be) +2 (C+ C0’) (¢?—ab) + 2C (ce’—ab') 
— 4A’ (bb — ca’) —4B’ (aa —U’c’) 
= 2AB+42C (C+C’)+2C0C0'—8A'B’ 
2 (AB—C”) +8 (CC’—A’B)) +2 (C—C’)? 
—2 (c—4c’) N+ 2M? = — 2LN + 2M’. 
The coefficient of NM? is 
a[4B?—2A (C+C’)]+b [4A°—2B (C+ C’)]+c¢(C?—AB) 
+a’ (—4BB’+4CA’) + Ul’ (—4AA’+4CB’) +c [40(C+ C’) —8A'B’] 
= 2a [2 (B?—AC)+A (C—C’)]4+ 20 [2 (A?—BC)+B(C—C’)] 
+c(C?—AB+C?—C”) +4’ [A’(C—C’) + C’A’— BB’) 
+40’ [B’(C—C’) —(B’C’— AA’) ] + 4¢° [C (C—C’) +2 (CO’—A'B))] 
= 2a (2bN+AM) +2) (2aN+BM)+c[ceN+(C+C) M] 
+40’ (—UN+AM)+40'(-dN+BM) +4¢ (2¢N+ CM) 
= N (8ab+c?—8a'b' + 8c’) 
+M [2Aqa+2Bb+(C+C’) c+4A’+4B0'+4Cc'] 
N [8ab—8¢? + 8a’b’—8ce’ + (c—4c’)”] 
+M [2 (Aa+Bbd4+Cc+2A’a + 2B0' 4+ 20'c’) — (c—4c’) (C—C’) ] 
—8MN+L°N+6MN+LMW’N 
—2MN+L’°N—LM”’. 
Lastly, the coefficient of M? is 
4BB?+4AA%+2 (C+C’) C?—2AB (C+C’)—8A'B'C 
= 4 (AA? + BB?+CC?—ABC—2A BC’) 
+2 (C—C’) (0? +200’ +AB—4A‘B’), 
and ©?+2CC’+AB—4A’‘B’ = (C—C’)?+4 (CO’— AB’) —C?+ AB 
= M’+4cN—cN = M’-NL, 
or the coefficient of M?is 4N°?—2LMN+2M?°, ~ 
The complete expression of N, is then 
N*+2MN’ (MW’—LN)—MW’N (2MN+LM’—L’N) 
+ M’(4N’?—2LMN + 2M°), 
or is N*+4M?N?+ 2M’— LMN (2N?+ 3M?) +L? M?N?; 
and the condition for the subsistence of the system of five equations is 
M {| N‘+4M*°N?+ 2N°— LMN (2N?+8M?) + L?M?N?} 
= M(2N’—LMN + M’*) (N?—LMN+ 2M’), 
or MN?*(N’+M*°—LMN) = 0, 


(Il 11] 


lif 


HH] Uh 
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of which M, N are irrelevant (though easily interpretable), the true 
condition being M?’— LMN-+N? = 0. 

The method of proceeding in such equations is now manifest, but the 
labour clearly increases fast. The geometrical interpretation of the 
equations will show us that all such conditions will involve only the 
three functions L, M, N of the coefficients, and we will afterwards 


determine the connexion of these with the invariants of a system of 
two conics. 


Now consider the system of trigonometrical equations whose type is 
a cos cosy+b sinB sin y—c+a’ V/V —1 (sin 6 +sin y) } 
+0//—1 (cos B+cos y) +e sin (B+y) =9, 
the notation being slightly altered for reasons which will be seen when 
the geometrical meaning is considered. 
First, if we have a system of three in a, B, y, we see that A, y are 
the two values of 6 which satisfy the equation 
a cosa cos6+b sina sin0—c+a’/—1 (sina +sin 6) 
+b’'/—1 (cos a+cos 0)+c' sin(a+6) = 0, 








cos PTY sine ee 
so that. —————____— = ——_____—___—— 
acosa+e sina+U/—1l ec cosa+b sin a+a'/—1 
ey 
eet Witin toee 
Fort COM a WAr ol sima—¢ 
ARR eas: (2). 
Hence eyes = PACT a+b sinata'V—1 _ p 
2 acosat+éesina+b’/—1  @ 
tae Be cos Otbsin Bea 1p 
d Fgh vate Lies ech Neil Id a ald a Til Ft St 
Serie 2 acosB+esinB+UV/—-1~ 4 
whence tan ta — PY=PY 


pares 2 rt 777 
of which the numerator 1s 


(c?—ab) sin (a—f)— / —1(bv’—a'c) (sin a—sin f) 
— /—1(aa'—U'c’) (cos B—cos a), 
and the denominator 
(c? +a’) cosa cos 3+ (c? +0") sina sin B— (a?+U") 
+ /—1(b'e +b) (sin a+sin f) + /—1(ca’ +ab’) (cos a +cos f) 
+¢ (a+b) sin (a+ f), 
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or (c*+a’) cosa cos + (c?+b’) sina sinB—(a?+b”) 
+ /—1(0'¢ +a’b)(sina+sin 8) + /—1(ca’ +.ab’)(cos.at cos B) 
+c(a+b) sin (a+) 
= (¢?—ab) {1+cos (a—6)}|— /—1 (bb’—a’) (cos a+ cos f) 
— /—1 (aa —0’c) (sina+sin f), 


or (a+b) fa cosa cosB+b sina snB—c+ V—1a(sina+sin B) 
+ /—10'(cos a+cos B) +e’ sin(a+/)} 
= a’—be+b?—ca+c?—ab. 
Hence the condition required is 
a+ b°+c¢?—be—ca—ab = 0. 

Unless this condition be satisfied, the system cannot be satisfied 
except by two of the three a, 6, y being equal; while if this condition 
be satisfied, any one equation is deducible from the other two. 

If by means of equations (2) we eliminate a, we obtain an equation 
between (3, y, which coincides with the given equation when, and only 
when, be+ca+ab = a*+b?+c"; also, if we substitute from (2) in the 
given equation between /, y, the resulting equation is (as in the 
algebraic case) 

(be+ca+ab—a?—b?—¢”) 
x (a cos?a +b sin?'a—c+2a'/—1 cosa+2b'/—1 sina+c’ sin 2a) = 0, 


and the same reasoning applies. 
Next, if there be a system of four such equations between a/3, Dy, yd, 
and da respectively, we shall have, as before, 
a+y¥y 
ES RoR FNS Fie NE ke WV oe Oca eee es 
acosP+c snf+b'/¥ —1 or, cos B+b snB+a/—1 


cos sin 








eR Fe 
2 


B—y 
cos —— 
2 


Ae ea cosB+a/—1 AEs 








cos SY ee cog ae 
and also |= ————— = ——__——_ = — 
@ COS O+... c cos é+... Yay —1 Gos Ore 


a cos B+e' sin B+0'/—1 _ ¢cosP+b sinbt+av—1 
acosé-+.., ae ce’ cos o+... 
_ UV —leosB+a' /—1 sin B—c . 
bw Loose { 


whence 
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and taking the first pair, we get, on dividing out the extraneous factor 


Sige 

ph one 
(c?—ab) cos BHF _ I (b' —c'a’ cos Pe 
—V/¥—1 (aa —J'c) sin Bt: = (0); 


— V1 B eos P+? /—1 A’ si note = =a 

















or C cos B 


and meer ee from the others, 


Neel —V — 1 C’ cos P+? SG 1B sin Pt! — 0, 


te VA hen Ot —/—] C’ sin B+? — 0, 














bo 


for which to exist simultaneously, we must have 

C, BY, A’ | =0, or (aa?+bb?+cc?—abe—2a'd'c’)’ = 0. 
Aves 
ASC, BG 
If this condition be satisfied, of the three equations in (3, 6 each becomes 


ab ee 1. b+8 Vie 
+, cos fe ae Bor eG cos 5 


and the same relation holds between a, y. 








= 0, 











Now consider the conics U, V, whose equations are 
ety+2=0, and la’+my’?+n2+2lyz+2m'2en+2n'ey = 0; 
any point on U is cosa, sina, / —1, and the intersection of the tan- 
gents at two such points /, y is Eee tay oY, sin pty, /—1 cos eo, 





and the condition that this may lie on V is, on reduction, 
(I—m—n) cos B cos y+(—l+m—n) sin B sin y+l+m—n 
+ 21 /—1 (sin 6 +sin y) + 2m’ /—1 (cos B+ cos y) 
+2n' sin (B+y) = 0. 
This also expresses that the two points are conjugate to each other 
with respect to a third conic (W) whose equation is 
(l—m—n) + (—l+m—n) y+ (—l—m-+n) 2 
+4l'y2+4n'20e +4n’ay = 0, 
or 0U—2AV =0, if A, 0, 0’, A’ be the fundamental invariants of 
the system U, V. 


Hence any system of such equations can be geometrically interpreted, 
with reference to any two of the three covariant conics U, V, W. 
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Also, putting 2 cosa = a+ +, &c., the trigonometrical equation 
1 
between a, ( leads to the algebraical equation 
l—m+2n'/ —1 
2 Xe 


1 2 2 


vy 


+ (l—m—2n' / —1) a,%—2(1+m—n) 


and if we make this coincide with our algebraic equation, 
a= l—m+2n'/—1, b=I—m—2n'/—1, ¢c=—2(14+m—n), 
a= 2(+m/—1), = 2(n/—1-2), ¢o=+0; 
also the invariants of the two conics are 
A=1, O9=l+m4+n, C=mntnl4+ln—?—m?—n’, 
A’ = Imn4+ 2l'm'‘n' — ll? —mm? — nn”. 
Now L = c—4¢ = — 2(l+m+n) = — 20, 
M = c?—ab—ce' +a'l' = v?— (l—m)?—4n? + 2n (lL4+m—n) —4(1? +m") 
= —(l+-m+n)?+4(mn+nl4+ln—l?—m?—n") = —0?+4A0,, 
and N = aa?®+bb?+cc?—abe—2a'l’'c 
= A(1— m+ 2n'/ 1) (0 +m’ / 1) +4(1—m — 2 J 1) (Ut — mn’ J 1p 
+2n(l+m—n)?—2(l+m—n) [(l—m)?+4n?]—8n (1? +m”) 
= 8(l—m) (l?—m”) — 32 mn’ —8n (1? +m”) 
+2(1+m—n) [n’—(l—m)*?—4n”? | 
= 8[(l—m) (7? —m?) + (+m) (1? +m”) —4Um'n' + 2nn”] 
—8(l+m-+n) (I? +m?+n7) +2 (l+m—n)(l—-m+n)(—l+m+n) 
16 (Ul? +nm” + nn” —lmn—21'm'n’) 
+8(l4+m+n)(mn+nl+ln—l?—m?—n”) +16lmn 
—8(l+m+n) (mn+nl+lm) +2(—l+m+n)(l—m+n)(l+m—n) 
= —16A’+ 800’— 20%, | 
or = —16A*A’+800'A — 20%, 


making it homogeneous. 


I 


We have thus expressed our three fundamental functions of the co- 
efficients in terms of the invariants of the two conics U,V. The con- 
ditions for the coexistence of six, or any other number, of such equations 
can be expressed in terms of A, 0, 0’, A’, and therefore in terms of the 
L, M, N already used. 
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On Epicycloids and Hypocycloids. By Prof. WoLstanHoLMn. 


[Read April 10th, 1873.] 


The following method of considering epicycloids (and of course 
hypocycloids) seems to show more directly the relation between their 
twin modes of generation than the ordinary one of considering them 
primarily as loci. It also directly determines the class number of any 
such curve; and, from the examples given, it would seem also to lend 
itself to the discussion of the more important properties at least as 
easily. 

Let the two points M, N describe the same onset whose centre is C, 
with velocities in the ratio m:n, mand 
2 being whole numbers prime to each 
other; AB a diameter of the circle 
such that when M is at A, N is at B; 
ZACM=m60, ZBCN=n0. Then, if 
M’N’ be the consecutive position of 
MN, and P the point of ultimate inter- 
section of MN, M'N’, 

MM’: NN’= MP: PN; 
but MM’: NN =m: 1, 
MP _™ 
therefore a cae 

Describe a circle touching the prime circle at M and passing through 

P, take O its centre, and let it meet CM in U; then 














MO. MP)" om jas MU _ 2m, 
MC” MN” m+n MC m+n’ 
CU _n—m 
therefore eiT amy ne 


(The figure has assumed » to be >m.) Describe another circle with 
centre © and radius CU, which is a fixed quantity, and let this circle 


meet CA in §; then 
ZMCN = r—n0+08, 





therefore ZOMN = Se 0, 


therefore ZLUOP=(n—m)9, and ZUCS=~mé, 
therefore ZUOP: ZUCS =n—m:m=CU: UO; 


whence the arc PU is equal to the arc SU, and the locus of P is an 
epicycloid to which MN is a tangent and PU anormalat P. In exactly 
VOL. Iv.—No. 60. YT 
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the same way, if we describe a circle through P touching the prime 
circle at N, this circle will be of fixed magnitude, its radius being to 
CA as n: m+n, and it will touch the same fixed circle in V, the point 
of concourse of PU, NC; the arc SV will be equal to the are PV, and 
we get the second mode of generation of the epicycloid. 

Moreover, since the angular velocity of U is that of M, and the 
angular velocity of V is that of N, we see that UV will touch a similar 
epicycloid, whose dimensions are to that of the original as n—m : n+m 3 
or since UV is the normal at P, the evolute of any epicycloid is a 
similar epicycloid, whose linear dimensions are to that of the original 
as N—MmM > n+mM. 

If M and N move in opposite senses, we must put —m for m, P will 
lie in NM produced, and we shall have the case of the hypocycloid, 
which does not need any separate discussion. 

To find the class of the curve, consider any point L of the prime 
circle, and when M first arrives at L, let N,, P, be the positions of N 
and P; then when M next arrives at L, N will have described an arc 


measured by “.2z, and is at N, suppose, P being at P,, and so on, 
m 


until M is at L for the mth time, when N will have described an are 
m—1 





. 2n7, and N,,, P,, are the positions of N and P; hence there will 


be m tangents drawn from L as a position of M, the m points N,, Na, ... 
N,, will be the corners of a regular m-gon inscribed in the prime circle, 
and therefore P,, P,, ... P,, will be the corners of a regular m-gon 
inscribed in the first moving circle when L is its point of contact. 

In exactly the same way, we shall have » tangents drawn from L as 
an N point, and their points of contact will be the corners of a regular 
m-gon inscribed in the second moving circle when its point of contact 
with the prime circle is L. 

There can be no other tangents from L, and the class number of the 
curve is thus m+n both for the epicycloids and hypocycloids. 

The prime circle is the circle through the vertices of the epicycloid ; 
and we see that, if at any point of this circle we draw the two circles 
touching this circle and the concentric circle through the cusps of the 
epicycloid, these two circles will pass through the points of contact of 
all the tangents which can be drawn from that point, and these points 
of contact will be the corners of two regular polygons. 

For a cardioid n: m=2:1, and for a three-cusped hypocycloid 
nm:m=2:—1, explaining somewhat the close relationship between 
these curves, each of which is of the fourth degree and third class, and 
each a projection of the other. 

It follows also from the properties already proved, that if an epi- 
cycloid be generated by a circle of radius ma rolling without one of 








‘avs, = *\'s" - =U ——- =" ) =a  ——= | -— -_ 
. 
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radius (w—m)a, m, n being whole numbers prime to each other, and if 
in the moving circle we inscribe a regular m-gon one of whose corners 
is the describing point, all the other corners will move in the same 
epicycloid, and the whole epicycloid will be completely generated by 
these different points in one complete revolution about the fixed circle. 
The same epicycloid may also be generated by the 7 corners of a regular 
m-gon inscribed in a circle of radius na rolling on the same fixed circle 
of radius (n—m) a, the contact being in this case internal. 

So for hypocycloids, if a circle of radius ma, or of radius na, roll 
within a fixed circle of radius (m+n) a, the whole hypocycloid will be 
traced out in going once round the fixed circle by the corners of a 
regular m-gon, or a regular n-gon, inscribed in the moving circle. A 
singular case is m=1, n=2, where a circle of radius 2 rolls within one 
of radius 8; for if AB be a diameter of the moving circle, A, B trace 
out the same three-cusped hypocycloid to which AB is also a tangent 
throughout the motion. 

It will, I think, be found in all cases quite as easy to prove any 
properties of special curves from this mode of generation as from the 
usual one. I append two or three examples. 

For a cardioid, n=2m; and when 
M is at L, N is at Nj, such that 
ZBCN, =22ZACUL, therefore 

PANN — 7 LIN; 
and when N is at L, we shall have 
M at either M, or M,, where 
ZACM, =i(7+ACQL), 

and M, is at the other end of the 
diameter through M,, since M de- 
scribes a half circumference while 
N describes the whole. Hence, if 

as LQ: _ LQ, _ 2 
LP,=+1LN,, and FE MUMEC Eee 
P,, Q:, Q2 will be the points of contact of the tangents from L. Since 
ZACM,=i1(7r+ACL), CM, is at right angles to BL, and therefore 
parallel to AL; and since ae a= te SQ, is parallel to AL or CM,, so 
also SQ, is parallel to CM,; whence @,SQ, is one straight line, and the 
tangents drawn at the ends of a chord through the cusp are at right 
angles to each other, and intersect on a fixed circle. 

Since 2 BCN, = 2Z2ACL=22ZBAN, ZACL = ZCAN,, or AN; is 
CSta UR; 
CA LN, 
(This is really only the same theorem as proved before, viz., SQ, parallel 


y 2 














parallel to CL; whence SP, is parallel to either, since 
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to CM,.) Hence, if the tangent at P, meet the axis in T, we have 
Z2PTA 382 ABI = $2 TSP, or, 25P l= 42 Poh 
For the three-cusped hypo- 
cycloid, n =—2m; and M start- 
ing from A, and N starting from 
B, as before, S will be the cusp, 
where BS =2AS8; andif 2 BCL 
= 22ZACM,, then when N first 
gets to L, M will be at M,; and 
when N next gets to L, M will 
be at M., the other end of the 
diameter M,CM, ; and LM,, LM, 
will be two tangents at right 
angles to each other, the points 
of contact being P,, P., where 
LP, =2LM,, LP,=2LM,, there- 
fore P,P, = 2M,M,, or is a con- 
stant quantity. When M arrives at L, N will be at Nj, such that 
ZBCON, = 2ZBCL=42ACM,, 
therefore ZM,CN, = 32 ACM, = ZM,CL, 
or LN, is perpendicular to M,M,; hence P,, N,, P; lie in one straight 
line at right angles to LN, which is therefore itself a tangent to the 
hypocycloid. Hence, if two tangents to this hypocycloid be at right 
angles, the straight line joining their points of contact is also a tangent 
to the hypocycloid. Also, of the three tangents drawn to the hypo- 
cycloid from any point on the inscribed circle, two are at right angles 
and the third is perpendicular to the chord of contact of the other two. 
These are the best known properties peculiar to this hypocycloid. | 
Similarly, the properties of the four-cusped hypocycloid, for which 
n= 3, m=—l1, may be discussed. 





The radius of the prime circle 
being 2, that of the fixed circle 
(through the cusps) will be 4, 
and of the two moving circles 
land 3. If bea point on the 
prime circle, LP, LQ,, LQ,, LQ; 
the four tangents; Q., Q., Qs 
are corners of an equilateral 
triangle. In thiscase ZUOP = 
4ZUCS =22ZOLP, therefore 
ZOLP=22ZLC§8; hence CHL, 
LP are equally inclined to CS; 
and if LP meet CS and the - 
diameter at right angles to it in 
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T, ¢, Té = 2CL = C§, a well known property. This would follow at 
once from our fundamental idea; for if AB be a diameter, and M, N 
be originally at A, B, 2 BCN = 3 Z ACM, therefore each of the angles 
CMN, CNM = 2MCA, the same result as above. 





iM, 
B 


In a two-cusped hypocycloid, m=1, n=3; 8S, 8’ the two cusps; K, 
K’ the two vertices; LN,, LM,, LM,, LM; the four tangents froma > 
point on the prime circle; P, Q,, Q., Q; the points of contact; then 
Q;, Q:, Q; are the corners of an equilateral triangle. 

tie k Gis 0: 

KOM, = 7 KOM, = art 9 KOM, = at oC eee 
and if p, p1, pz, ps be the radii of curvature at P, Qi, Q,, Q:, 
Ros sPU, pr =3VQ, &e. ; 


and / CLP = Bo therefore PU = ULcos@ = CU cos 0; 
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UCLQ == = “therefore uv Ol con eta Cee 
2 3 3 3 
therefore e=2CUcosé, pj =2CU cos _ &e., 
the four radii of curvature being as cos8 : cos = : COS ant  : cos ee # u. 


Hence, of the radii of curvature at Q,, Qo, Q;, the greatest is equal to 
the sum of the other two, and their product varies as the radius of 
curvature at P. 





If n=7, m=3, the radu of the two circles by which the epieycloid is 
described will be 4, 3, or 4, 7; and if L be any point on the prime circle 
(radius 10), the tangents will be LP,, LP., LP; ... LP;, where P,, P,... 
P, are corners of a regular heptagon in a circle of radius 7; and LQ,, 
LQ,, LQ; where Q:, Q:, Q3 are corners of an equilateral triangle inscribed 
in a circle of radius 3. 

Hence we see that, if a circle of radius 8 roll on a circle of radius 4, 
the corners of an equilateral triangle inscribed in the moving circle will 
trace out the same epicycloid, and in one complete revolution round 
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the fixed curve, the three points will between them have traced out the 
complete epicycloid. 


Since any point on the general epicycloid is determined by equations of 
the form «=m cos nO+ncosm), y=msin n0+n sin m0, we get the 
order of the curve at once by considering the number of points lying 
on any line pxe+qy=1; andif we put cos0= is sin 6 = ae 
the resulting equation in zis of the degree 2n,(n>m). The curves 
being obviously unicursal, the deficiency is 0; and to account for this 
it becomes necessary to ascertain the nature of the circular points. 

By taking «+y/—l=X, e-y/—1=Y, 1=Z, I find that at 
the point (0, 1, 0) the form of the curve is Z”"**=Y"X", (n>m) ; 
and that for the hypocycloids we get the correct result by putting 
—m for m, so that the line at o is a double tangent, n-fold at each 
point. The circular points are therefore multiple points of the nth 
degree, but their effect in reducing the class is still greater on account 
of the tangents all coinciding. There are, in general, also impossible 
ordinary double points, and I have not yet completed the theory of 
these. The class and order of the hypocycloids were determined by 
Mr. Cotterill in the ‘‘ Educational Times,” for Noy. 1865. 


On the Locus of the Point of Concourse of Perpendicular Tangents 
toa Oardiod. By Prof. WoustenHoLtme, M.A. 
[Read April 10th, 1873.] 

If P be a point generating a cardioid by the rolling of a circle on an 
equal circle, O the centre of the fixed circle, U the point of contact, 
S the cusp, then PU is the normal at P; andif ZSOU = 6 and a be 
the radius of either circle, the equation of the tangent at P is 

» sin 22 — y cos 22 = 8a sin 2. 
PDA ei eae ae 
or, writing 7—2¢ for 6, and b for 3a, 
. —x cos 3p+y sin 386 = b cos ¢. 

In order to get a tangent at right angles to this, we must put 
Tv T 
Paes) 
tangent, the cardioid being of the third class. 


The second of these gives the corresponding tangent 
# sin 39 + y cos 86 = b sin 4, 


6.5 OF am + for ¢, the subsequent values giving no new 
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and the locus of the intersection of these perpendicular tangents is the 
circle #’+y’ = b’. 

These are tangents at the ends ofa chord through the cusp, and this 
property is easily proved geometrically. It has, I think, often been 
stated that this is the locus of the intersection of tangents to the car- 
dioid at right angles to each other, whereas it is only a part of the 
locus. I proceed to find the locus of the other intersections, 

We have the two equations 


—ax cos 3 + ¥ sin 384 = Db cos g, 
x sin 80 + y cos 3¢ = (i008 (9+ =) ; 
from which to eliminate ¢. 
These give 


2a = 6 { sin (49+ =) + sin (29 — =. —cos 26—cos 49 | 


jee 
=0 4 cos (49— =) + /3 sin (26-7) } 


= b (cos 22+./3 sin z); if z= 2——. 


I 


But 2(e+y’) =e | 2-+¢08 20+ cos (26+ =) ; 


= 247442 ,/3 cos (26+ =| = 23°}? ./3 sin z, 
and 2e—b = —2b sin’z+b,/3 sing, 
whence we have immediately the equation of the locus 
8 (a? +y’°—0’)?+ 60? (a +y?—b’) +30? (2a—b) = 0. 


If we had taken "2 instead of = the only change in the equations 


would have been changing the sign of ,/3 where it occurred, and the 
equation obtained must therefore have been the same. The curve re- 
presented by this equation is a bicircular quartic; we seek for a node 
with a view to move the origin to that point. This proves to be the 
point 2e=b, y=0; and the equation, referred to the new origin, is 

(4a? + dy’ + 4ba— 8b’)? + 3b? (42° + 4y? + 4ba— 8b’) + 126% = 0," 
or 4 (a? +y’)? + (a+ y") (8be—3b") +402? = 0, 
or, in polar coordinates, 

4; +. 8br cos 0B—3b?+40? cos? 6 = 0, 


or rt+bcos9=+)d C08 F. 
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The curve represented by the equation is the same whether we take 
the upper or lower sign, and is the limacon represented in the figure 
with the node at N and the vertex at V. 





x 


S being the cusp, C the centre of the fixed circle, if we draw the 
tangents parallel and perpendicular to the axis, geometrical consider- 
ations show that the node must be the point N where the double tan- 
gent meets the axis. Also the points R,7, where the double tangent 
meets the tangents parallel to the axis, must belong to both parts of 
the locus. The points where the tangent at the vertex of the cardioid 
meets those parallel to the axis belong to the lmacon alone, since the 
chord of contact does not pass through the cusp, and the vertex V of 
the limacon is the intersection of tangents inclined at 47 to the axis. 
It is also obvious that the limacgon will have double contact with the’ 
cardioid at the points where the normal to the cardioid is also a tangent. 

The centre of inversion of the limacon is the point dividing SN in 
the ratio 5:3; the vertex v of the inner loop divides SN in the ratio 
/3—1:3, or 11:45 very nearly. The points of contact P, p of the 
b b/d 
31 and 4 
respectively ; the tangents at P, p divide SC in the ratio 1:9; the 
sines of the angles NSP, SNP are ;3,./3 and + respectively, and the 
angle NPS is &7. 

The limagon is itself an epitrochoid generated by a circle of radius 
b./3 
4. 

being at a distance 1) from the centre of the moving circle. 

Of course, all these properties can be translated into properties of 
any three-cusped quartic. The equation of the cardioid may be written 


limagon and cardioid are at distances from S and N of 





rolling on an equal circle whose centre is C, the generating point 
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it 1 it 
JE" St" 7h 
write X=ae+iyta, Y=we—iwta, Z=a. We may, for instance, 
take the ordinary three-cusped hypocycloid, whose equation is the same 
if we now make X =a-y,/3+a, Y=at+y/3+a, Z=a—2x. With 
the equation in this form, if A, B, C be the cusps, we may state the 
results as follows: 

If through C we draw any straight line, the tangents at the two points 
where it meets the curve again will divide AB harmonically, and the 
locus of their point of intersection is the conic (X—Z)(Y—Z) = 92’, 
which will be found to reduce to «’+y’ = 9a’, as it ought to do. 

I make the locus of the point of intersection of other tangents which 
divide AB harmonically to be ; 
8 (X—Z)? (Y—Z)’—9Z? (X—Z)(Y—Z) —81XYZ’ = 0, 

but I have not tested this by an independent investigation. 

In the same way, from well-known properties of the tricusped hypo- 
cycloid, I obtain the theorems : 

If a tangent to the quartic X7=?+Y~!+Z-*=0 meet the curve again 
in P, Q, the tangents at P, Q divide the points I, J on the absolute 
(determined by X+Y+2Z=0, X'4+Y44+Z'=0) harmonically, 
and their point of intersection lies on the conic 

(Y+Z—8X)!+ (Z4+X—8Y)?+ (X+Y—8Z)i?= 0; 
also the third tangent from their point of intersection divides IJ har- 
monically to PQ. ‘These points I, J are the points of contact of the 
double tangent, and are always unreal when the three cusps are real, 
but real if two cusps be impossible. The conic has, of course, triple 
contact with the quartic, and intersects it in the points I, J, which 
accounts for all their common points. 

The figure attempts to give a fairly accurate representation’ of the 
complete locus of the intersection of perpendicular tangents to a 
cardioid. 


= 0, if, with our original meaning for 2, y, a, we 


Norz.—I have since discovered that the locus of the point of con- 
course of tangents to any epicycloid inclined at a constant angle is an 
epitrochoid for which the radii of the fixed and moving circles are re- 


sin 222 a+b vias atb 
+ 
spectively vn) Waele, and ote) uae ai ; and the 


distance of the describing point from the centre of the moving circle is 
: b 
sin 
(a+2b) ee 
eycloid, Lee a site constant angle which must always be taken as the 
angle through which one of the tangents would turn in passing to the 
position of the other always in contact with the curve. 


; a, b being the radii of the two circles for the epi- 
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On Elliptic Motion under Acceleration Constant in Direction. 


By Prof. Woustennoimn, M.A. 
[Read April 10th, 1873.] 


The following method of exhibiting the motion of a point which de- 
scribes an ellipse under acceleration in a fixed direction may be of 
some interest. 

Suppose (Vig. 1) A, C two points fixed in a lamina, and moving 
along two fixed straight lines in the same plane 
with the lamina; draw AS, CS at right angles 
to these lines, so that S is the centre of instan- 
taneous rotation. ‘The circle OASC, in which 
the chord AC, of fixed length, subtends the 
fixed angle AOC, will be fixed in the lamina, 
and may be supposed rigidly connected with 
it; also OS, its diameter, will be of constant 
length, so that S will describe a circle fixed in 
space, of twice the radius of the former circle ; Fig. 1. 
and since S is instantaneously at rest, the 
motion of the lamina will be completely represented by supposing the 
circle AOCS, fixed in the lamina, to roll within a circle of twice the 
radius fixed in space. It is well known that every point rigidly con- 
nected with the circle—that is, every point fixed in the lamina—will 
describe an ellipse with its centre at O, which ellipse degenerates into 
a limited straight line for all points on the moving circle. Now draw 
OB at right angles to OA, meeting the circle in B; then, AB being a 
diameter of the circle, is of constant length, and the angle BAC, being 
equal to BOG, is also known, or B is a fixed point in the lamina. We 
may therefore, without loss of generality, take the two fixed straight 
lines to be at right angles to each other. 

Suppose, then (Hig. 2), A, B to be two fixed points of the lamina 
moving on the two fixed straight lines OA, 
OB, which are at right angles to each other; 
C to be any other point fixed in the lamina; 
and let the circle ABC meet OA, OB again 
in A’, B’. Join CA’, CB’, draw BM, AN 
perpendicular to A’C, BC respectively, and 
join OM, ON; then, because A, N, B,, O lie 
on a circle 

ZAON = ZABN=2ZABC= ZABC 

= Z AAO; 


Cc 







B 


ie) 
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or ON is parallel to A’C, and is in a given direction such that, when 
B is at O, BC lies along ON. 

Similarly, OM is parallel to B’C, and in a given direction such that, 
when A is at O, AC lies along OM. 

Take OM, ON as axes of 2, y, and refer C to them; OM=a, 


OM _ AC 

MC=ON=y; the triangles BOM, BAC are similar, and =~— OB ~ AB 
ON _ BC i eh cs 

and 5, > AB > oO ut AB='¢ sand 2 BAG: 0 leci—14 Caine: 


y = BC cos8, and the locus of C is an ellipse having a pair of con- 
jugate diameters along Oz, Oy, the lengths of these diameters being 
2AC, 2BC. The area of the ellipse is then 27. AABC.cot ACB, and 
the sum of the squares on its semi-axes is AC*’+ BC’. 

Also, since # bears a constant ratio to OB and y to OA, the accelera- 
tions of C parallel to Oz, Oy will be proportional to the accelerations of 
B, A respectively, and we shall have the case of acceleration in a con- 
stant direction, if we make the acceleration of one of the points (A sup- 
pose) zero, or if we suppose A to move with uniform velocity wu. For 
the description of the whole ellipse by C, the motion of A must be 
suddenly reversed when B arrives at O, requiring an infinite accelera- 
tion or an impulse; but at all points except the two critical points the 
acceleration of A will be zero, and therefore the acceleration of C will 
be parallel to Oz, and proportional to that of B. 

To find the law of acceleration if AB=a, we have 

d*6 u’ cos 4 


Hy Age 
u=asin 0 therefore a as aa 





and the acceleration of B is 

ww 
a sin’ 0° 
uw. ACt 

Ai etn 


aa da \? 
= 0 
a cos 0 de a sin ( a) =R 


The acceleration of C will then be equal to ; also the com- 


ponent velocity of C parallel to Oy will be w. a ; or, if we call this V, 


SO) 
BC’. CN?’ 


the whole acceleration of C will be and will be in direc- 


tion CN. 

Of course, the motion cannot exactly be exhibited at the critical 
points, where the velocities of B and C would each be infinite, and the 
motion of A discontinuous; but for the rest of the motion it would not 
be difficult to devise mechanism which should give A a uniform 
velocity and exhibit this kind of motion. If we take C on AB, 
OA, OB will be the directions of the axes of its locus. 

When the angular velocity of the lamina is uniform =, then, if D 
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be the centre of AB, D describes a circle about O under acceleration 
w’.DO along DO. Also C describes, relative to D, a circle about D 
with acceleration w’.CD along CD. Hence the absolute acceleration 
of C is w?.CO along CO, proving that the path of a particle under a 
central force varying as the distance is an ellipse with its centre at the 
centre of force. 


Of course, AB envelopes a four-cusped hypocycloid; and any straight 
line fixed in the lamina, which we may suppose parallel to AB, will 
envelope a parallel to this, and this envelope will therefore have the 
same evolute, or will be an involute of a certain four-cusped hypocycloid, 
the radius of whose fixed circle is AB. 

That AB envelopes such an hypocycloid, admits of very simple geo- 
metrical proof as follows (Fig. 3) :— 

From §, the centre of rotation, let fall SP per pendicular to AB; 
take C the centre of AB, Q of CS, and 
describe the circle CPS; then the ie 
PQS = twice the angle POS = four Holes 
the angle AOS; hence, if aS be the arc 
described by 8S, since B was at O, arc aS 
= arc PS, and the locus of P is a four- 8 SEE Sy) 
cusped hypocycloid to which AB is a tan- 7) 
gent at P, and generated by a circle of a < 
radius AB rolling ona fixed circle ofradius  g a errs 
AB. Its evolute is then a similar hypo- Fig. 3. 
cycloid, which will be of twice the dimen- 
sions (since the central distance of the cusps is twice that of the ver- 
tices), and whose fixed circle will therefore be of radius 2AB. This 
will be the evolute of the envelope of any straight line of the lamina 
parallel to AB. 


The path of any point of the lamina whose coordinates, referred to ~ 
CA (Fig. 8), and a straight line through C at right angles to it, are 
(X, Y), will be found from the equations 

@ = (a+X) cos 6+Y sin a Midtoa Ja= bn, 
y = (a—X) sin 6+Y cos 0 
The equation of the path is then 
[2 (a—X)—y¥P+[e¥—y (a+ X)P = (--YY, 
or #[Y?+(a—X)*]+ y? [¥?+ (a+ X)?] —4aYay = (a’—X*°—Y"*)’; 
and the equations for its foci are 
By? Peres = (o2-a ~X?— ¥?)? ats 
—4aX —2aY 40° Y— (8+ X?+ VP +40? 
that is, Pn 4aX, in = 2aY. 
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Hence the locus of the foci of the paths of all points lying in a 
straight line of the lamina is a rectangular hyperbola, and that of all 
points lying in a circle about C is a circle about O. If to every point 
in the lamina be marked off the foci of its path, and the points be uni- 
formly distributed in the lamina, the density of the distribution of the 
foci will vary as the square of the distance from O, being equal to that 
of the lamina along the circle which is the locus of S. To any curve 


in the lamina corresponds a curve in the plane; and since = S. 
- un 
= — ss any angle in one figure will be equal to the correspond- 
nN As 


ing angle in the other. This transformation is however, I believe, well 
known. 


On the Theory of a System of Electrified Conductors, and other 
Physical Theories involving Homogeneous Quadratic Functions. 


By Prof. J. Chunk Maxwe.t. 
[Read April 10th, 1873.] 


The theory of homogeneous functions of the second degree is useful 
in several parts of natural philosophy. 
The general form of such a function may be written 


2 
Vi= 2 (An Qik 2 Ag ite 02) Ss oe (ie 
r=an s=n 
or more concisely Vi 83 oS CAS Soa te ee (1*), 
r=] s=] 


in which each term consists of a product of two out of 1 variables 
@, ... @,, Which may or may not be different, and of a coefficient A, 
belonging to that pair of variables. 

Differentiating V with respect to each of the » variables in succes- 
sion, we get 2 new quantities &, ... &, of the form 


] S=n 
0 Vv = . = > (A,, a, ) Seb ck ulple seg ole Mae ae Seca toteae ls erate (2). 
s=1 


e,, 





Multiplying each é by its corresponding z, and taking half the sum 
of the products, we obtain a second expression for V, 


Since each of the » quantities é is a linear function of the ~ variables 
#, we may, by solving the » equations of the form (2), obtain expres- 
sions for each w in terms of the &é’s, 


2 
i] 

~ 

= 
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and by substituting these values of the #’s in (8), we obtain a third 
expression for V, 


S=n r=an 


Vv; SRN SE CCl eG CNP 541, ere eee (5). 


s=l r=1 
The first and last of these expressions for V are distinguished by the 
suffixes and &, in order to show that the first is expressed in terms of 
the variables w and the last in terms of the variables & The coefficients 
A and a may be functions of any number, m, of variables. Let y, be 
one of these variables. 
Since V,, V, and V; are three different expressions for the same 


quantity, Ve Vie SO Was (ob) iin ey, di Alene om (6). 
r=l1 


If we now suppose the three sets of variables x, €, and y to vary in 
any consistent manner, and remember that V, is a function of the w’s 
and y’s, V; of the é’s and y’s, and V of the #’s and é’s, we find 


r=n dV, s=n AV ¢ ) 
= ee -#,) a0, | roe ee °.) Ob 


t=m aV dV: 
Bee Ta elon ee 
Hee | e 7 dy, ) nt 0 (7) 








The three sets of variations 62, 0& and dy are not independent of 
each other, for if the variations éy and, either of the other sets be 
given, the other set may be determined. Hence we cannot immedi- 
ately deduce any definite results from this equation. But we know, 
from equation (2), that the coefficients of the variations da vanish of 
themselves, and the remaining variations 0g and dy are all independent 
of each other, so that we may equate the coefficient of each of them to 
zero. We thus obtain two sets of equations, 





ONE 
ip ee aE cet ee cess (8); 
ENata a Some 
and an a6 ie OR Bas) eed sh is ane aan (9) 


In this purely algebraical theory of quadratic functions, of the two 
sets of variables w and é, either may be taken as the primary set. In 
the physical applications of the theory, however, the variables form 
two classes which are not interchangeable. 

Thus, in kinetics, the variables are the components of velocity and 
those of momentum; in the theory of elasticity, they are stresses and 
strains ; in electromagnetism, they are electric currents and the “ elec- 
trotonic state” of circuits; and in electrostatics, they are the potentials 
and the charges of conductors. 
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Now, if a change takes place in the configuration of the system, by 
which the energy (whether potential or kinetic) of the system is 
diminished, while the momenta, the strains, the electrotonic states, or 
the charges remain constant, the displacement will be aided by a force 
of such a magnitude that the work done by the force during the dis- 
placement is equal to the diminution of the energy of the system. 

For the momenta, the strains, the electrotonic states, and the charges 
do not require for their maintenance the application of energy from 
without the system. 

The same change of configuration, if effected under the condition 
that the velocities, stresses, potentials, or electric currents remain con- 
stant, would, by equation (9), increase the energy of the system by 
exactly the same amount as it was diminished in the former case. The 
work done by the system during the displacement will be the same as 
before, so that energy must in this case be supplied from without 
to an amount double of this work, in order to satisfy these new 
conditions. 

For it is only by external compulsion that the velocities of the system 
can be maintained constant when the configuration changes. Work 
must be done on an elastic system to keep the stress constant while the 
strain varies. ‘The currents in a conducting circuit tend to vary when 
the electrotonic state of the circuit varies, and can only be kept con- 
stant by battery power. The same agency must be employed to 
maintain the potential of a conductor constant during the displacement 
of the system of conductors. 

Hence, when momenta, strains, electrotonic states, or charges are 
maintained constant, the internal forces of the system tend to produce 
displacements which would diminish the energy of the system. 

If, on the other hand, the velocities, stresses, electric currents, or 
potentials are maintained constant, the internal forces tend to produce 
displacements which would increase the energy of the system. 

This distinction between the two sets of physical quantities is of 
great importance in the theory of classification of such quantities. 
The characteristic of the first set is inherent persistence. Any persist- 
ence which we may observe in the second set is only apparent, and 
arises from the second set being functions of the first set when the 
configuration of the system either does not vary or is not such as to 
cause a variation of the coefficients A anda. 
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On the Focal Lines of a Refracted Pencil. By Prof. J. Cuurx 
MaxweELL. 


[Read April 10th, 1873.] 


Hamilton has shown, by means of his Characteristic Function, that 
in whatever manner a pencil may be refracted, the rays always pass 
through two focal lines, the planes through which and the axis of the 
pencil are at right angles to each other. The same method leads to the 
following geometrical construction for finding the focal lines of any 
thin pencil after refraction through a curved surface, the focal lines 
of the incident pencil and the nature of the curvature of the surface 
being given. 

1. The characteristic function of a thin pencil whose axis coincides 
with the axis of z, and whose rays pass through focal lines in the planes 
of xz and yz at distances a and b from the origin respectively, is for 
points near the origin 


= ~£_¥) l 
V=K+tay (2 pag.) she tereene heehee (1). 


If we turn this system of rays round the axis of z, through an angle 
@ reckoned from # towards y, the expression for V becomes 


ay _# —¥ _ mH) 2 
V=Ktp(z BF) or (2), 
where i = i cos’ @ + ; sin’ ¢ 
1 = if * 9 pls 2 
Dawe ren @ + b cos’ f Jee roe Ween e Dewees (3). 
Sei plete 4 
woul: 7) sin 26 


If we now turn the system round the axis of y, through an angle @ 
from z towards #, we find 


2 2 2 6 
= 9 19 — £608 0. y _ #y cos 
Vi K+p4 2 cos + # sin Seman bone is oC 
_ (2% cos0+2%sin9)zsin@ yz sin et (4) 
MM A aS OC ’ 


2. Now consider two portions of a pencil, close to the origin but in 
different media, whose indices of refraction are 4, 2 respectively, and 
let the coefficients belonging to these portions be distinguished by cor- 
responding suffixes (, and ,). 
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Let the media be separated by the surface whose equation is 


ie. ane 
Z = Ae BOB te YG RRR (5). 


Then, since the characteristic function is continuous at this surface, 
we have the condition V,— V, = 0 when z has the value given in (5). 

Substituting this value of z in the expressions for V, and V., and 
neglecting terms of the third degree in # and y, we obtain 





(4+ + + ou) (4 cos 8;— pz cos 8.) + & (p4, sin 0,— py sin 62) 
2 


x # cos’ 0, , wy" | ey cos 1) (2 cos’ 6, , y? , xy cos “:) a 
Hs ( TA; COR, aC) «/i' 13 \ aA,” LOR Nene Ogan ame 





That the term in may vanish, we must have 
fey B10. 0, ==: fa BI 04s: ete tae ee (7), 
the ordinary law of refraction. 
Equating to zero the coefficients of x’, y’, and ay, we find 








cos’ 0, cos? 6, 
a cde is Pe Mafactenicat Sf 1 £ 0,—cot.6,) 2iveuee 
A, sin@, A, sin 7 a x (00 ee (®); 
1 if 
ntleetioe es 6,— 0.) terre Pere 9 
B, sin 0. sin 0, were sin oor (cot : sou 2) ( )s 
ot 0 cot 6, 
c C, i — ce = = “ (cot 0,— cot 6.) seevercoeser (10). 





3. These relations of the quantities A, B, C may be found by the fol- 
lowing construction :— 

Let IO be the incident and OR the refracted ray, wae let ON be the 
normal to the surface; NOI=06,, NOR’=8,. 


Find the points A, B, C, whose coordinates are 


for A, en cost tyr c0e: Oe » — A £08" 9 cot 6,—cos? 4, cot A, - 
cot 6,—cot 0, cot 6,—cot 0, 
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forB, «=O, Bi Boo ee te IT oes (12) ; 


for C 2 = 0 008 i= 008 F, = (1008.1 cot :—co8 4, cot 4, 
cot 0,—cot 6,7 cot 0,—cot 0, 





The positions of these points depend only on the form of the surface 
and on the directions of the axes of the incident and refracted pencil. 
The point B is absolutely fixed, being the centre of curvature of a 
normal section of the surface perpendicular to the plane of refraction. 

Let OA., OB,, OC, be the values of A,, B,, C, for the incident ray. 
To find the corresponding quantities for the refracted ray, draw the 
straight lines AA,, BB,, CC, intersecting the refracted ray in A, B,, C2. 
OA,, OB,, and OC, are the required values of Ay, B,, Oy. 

When any of these quantities becomes infinite, the line must be 
drawn in a given direction. For A,, B,, or C,.infinite, it must be 
parallel to the incident ray. For A,, B,, or C, infinite, it must be 
parallel to the refracted ray. For B infinite, 1t must be parallel to the 
normal; for A infinite, it must make with the normal an angle whose 

cos’ 0,— cos’ 4, (14); 


tangent is Sd Hig lh Uf tsale Crete g Gea wn EG 
8 cos? 8, cot 6 — cos’ 0, cot O, 


and for C infinite the tangent of the angle must be 


cos 8, — cos 4, 
TUT Sige iar, a ONE ROO Ta ORE LT CL Cok Rae 15 
cos 0 cot 0; — cos 8, cot 0, (is) 


If the plane of refraction cuts the surface along a line of curvature, 
C = o, and if one of the focal lines of the incident pencil is in the 
plane of refraction, C;= 00. The points Aj, B, then coincide with the 
focal lines of the incident pencil, and A,, B, with those of the refracted 
pencil. . 

That A, may coincide with B,, and A, with B,, the line joining both 
pairs of points must be on the line AB. There is therefore one, and 
only one, point on the axis of the incident pencil from which a pencil 
may diverge so that, after refraction; it still diverges from or converges 
to a single point. | 


4. When the quantity C has a finite value, the plane of refraction is 
not a plane of symmetry, and we have to deduce the quantities a, b, 
from A, B,C. The following construction enables us to pass from 
either of these systems to the other :— 

Let OA, OB, OC be the values of A, B, C. 

Draw AA’ perpendicular and equal to AO. Join BA’, and produce 
to D, a point on the perpendicular to OA through O. Cut off OD’ equal 
to OD, but in the opposite direction. Join DA, and produce to P, 
where D’A meets BD. ; 

Z 
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D 





Join CD, and draw OQ perpendicular to CD from O. 

Make Od, Od’ each equal to OQ. Draw dP, d’P cutting OA in b 
and a. Bisect the angle DOQ by OH. 

Then Ot =a, OL=b, and DOE=4, the angle which the first focal 
line makes with the plane of wz. 

If a, b, and ¢ are given, the construction is easily reversed, thus : 

Let Oa=a, Ob=b, and DOE=¢. 

Draw aa’ perpendicular and equal to a0. Draw ba’ cutting OD, the 
perpendicular to aO from O ind. Cut off Od’ equal and opposite to 
Od. Draw d‘a cutting bd in P. 

Draw OQ = Od so that the angle DOE=OEKQ. 

Draw CQD perpendicular to OQ, cutting Ow in C and Od in D. 

Make OD’ equal and opposite to OD. Draw DP, D’P cutting Oa in 
Band A. 

Then OA = A, OB= Band) OO=C; 


6. If therefore the given data be the radii of curvature of the re- 
fracting surface and the angle, ¢, which the plane of incidence makes 
with the principal section whose curvature is a, we may determine 
A, B, C for the refracting surface. 

Then from a, and b,, the distances of the focal lines of the incident 
pencil, and ¢,, the angle which a, makes with the plane of incidence, 
we must find A,, B,, C, for the incident pencil. 

From these data, by § 4, we must determine A,, B,, C, for the re- 
fracted pencil, and from these a», b., and ¢y. 
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I have not been able to obtain any simpler construction for the 
general case of a refracted pencil. 


7. For a pencil after passing through any series of surfaces the con- 
struction is necessarily more complex, as ten constants are involved in 
the general term of the second degree of the characteristic function, 
which is of the form 


ve— Fay a, + $0, yh + O24, + Fr a, fe Lb, y, + Cy®2 Yo > 
HF PLyBs+ YH Y2F1Y Le + SY Yo 5 
and if Vo LAa, -F 1Biy, + Onn, 
and Me 1A, a, + 1B y, + O,2, i, 
and we put D = (A,\+a@) (Bi + ;)—(Gi +4)’, 


(A,—a,) D+ p*(B,+5;) +7? (A, +a) —2pr(C, +e) = 0, 
(B,—4,)D+9°(B, +) +8’ (Ai+a) —29s (Ci +4) = 9, 
(C,—c,) D+ pq (Bi + 0)) +78 (Ay +a) —(pst+qr) (Ci +o) = 0. 
These equations enable us to determine A,, B,, C, when A,, B,, C, 
are given. 
Here we must observe that the quantities A, B, C, &c., do not re- 
present lines, as in the first part of this paper, but the reciprocals of 
lines. 


May 8th, 1873. 


Dr. HIRST, F.R.S., President, in the Chair. 


Mr. W. D. Niven, M.A., Feilow of Trinity College, Cambridge, was 
elected a Member of the Society; and Mr. Robert Rawson, Head 
Master of Portsmouth Dockyard School, was proposed for election. 

The following papers were read :— 

““On an Application of the Theory of Unicursal Curves” (extract 
from letter of M. Hermite to Prof. Cayley). 

“Plan of a Curve-tracing Apparatus,” and “On a Rational Quintic 
Correspondence of Two Points in a Plane:” by Prof. Cayley. (A paper 
on “ Bicursal Curves,” by Prof. Cayley, was taken as read.) 

“* Note on the Pliickerian Characteristics of Hpi- and Hypo-trochoids 
and allied Curves :’’ by Mr. 8. Roberts. 

In connexion with this last paper, Mr. J. W. L. Glaisher suggested 
that Mr. Perigal’s word “ Bicircloids” should be adopted, as a con- 
venient term to include both Epi- and Hypo-cycloids; such curves being 
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capable of generation by the uniform motion of a point round the cir- 
cumference of a circle, the centre of which itself uniformly describes a 
circle, whence the two circular movements implied in the name. 
Similarly Tricircloids, &c., might be defined. 

The President, Prof. Clifford, and Mr. Cotterill made remarks upon 
the papers. 

The following presents were received :— 

‘An easy Rule for Filling-up all Magic Squares:” by S. M. Drach, 
F.R.A.S.: from the Author. 

“ Journal of London Institution,” No. 20. 

‘Extrait des procés verbaux des séances” (Société des Sciences 
Physiques et Naturelles de Bordeaux), 1869. 

‘Bulletin des Sciences Mathématiques et Astronomiques” (Avril, 
Mai), 1873. 

Memoirs, Notes, &c. by the late Prof. De Morgan, presented by Mrs. 
De Morgan; viz. :— 

“On a point connected with the dispute between Keil and Leibnitz 
about the Invention of Fluxions” (Phil. Trans., pt. 11. for 1846). 

From the Cambridge Phil. Soc. Trans. :— 

‘Methods of Integrating Partial Differential Equations” (vol. vii, 
pt. v.). 

‘On some points of the Integral Calculus” (vol. ix., pt. 11.). 

“On the Singular Points of Curves, and on Newton’s Method of 
Coordinated Exponents” (vol. ix., pt. iv.). 

“ A Proof of the Existence of a Root in every Algebraic Equation, 
with an Examination and Extension of Cauchy’s fae yin on Imagi- 
nary Roots, and Remarks on the Proofs of the Existence of Roots 
given by Argand and by Mourey”’ (vol. x., pt. 1.). 

“On the question, What is the Solution of a Differential Equation?” 
‘‘On the General Principles of which the Composition or Aggregation 
of Forces is a consequence;”’ “On the Theory of Errors of Observation;”’ 
“On the Syllogism, No. IV., and on the Logic of Relations, with Ap- 
pendix on Syllogisms of Transposed Quantity ;” “On the Syllogism, 
No. V., and on the various points of the Onymatic System” (6 parts of 
vol xy pt. d.). 

As On the Early History of the Signs + and — ;” “ Theorem relating 
to Neutral Series ;” ‘‘ On Infinity ;” and “On tie Sign of Equality”’ 
(3 parts of vol. a pt. 1.). 

‘On the Root of any Function ;’’ and ‘ On Neutral Series,” No. n. 
(Volrr.,* pina). 

From the Cambridge and Dublin Math. Journal :— 

‘Suggestion on the Integration of Rational Fractions” (Nov. 1848) ; 
“On the Connexion of Involute and Evolute in Space” (Noy. 1851) ; 
“On Partial Differential Equations of the First Oider” (Feb. 1852). 
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“On Some Points in the History of Arithmetic’? (Companion to the 
Almanac for 1851). 

From the Philosophical Magazine :— 

“On the Authorship of the Account of the Commerciwm Hpistolicum” 
(June, 1852); “On the Early History of Infinitesimals in England” 
(Nov. 1852); “On Indirect Demonstration” (Dec. 1852). 

“The English Cyclopedia,” Article “ Tables,” 1861. 


On an Application of the Theory of Unicursal Curves. By M. HEr- 
MITE. (Hetract from a Letter to Prof. Cayley.) 


[Read May 8th, 1873.] 


Prof. Cayley communicated to the Society a letter, dated 28th March, 
1873, which he had received from M. Hermite. In connexion with 
some investigations on elliptic functions which Prof. Cayley is engaged 
with, M. Hermite calls attention to the question of determining all the 


AmK + 4'cK’ 


quantities sinam 
n 


in terms of the +1 roots of the modular equation F (uw, v) = 0, 
without, as said Jacobi, the resolution of any equation. Is it necessary, 
for this purpose, to make use of the singular equations indicated by 


Abel between the quantities sinam abe (4mK +4m7K’) for l=], 2... 
n 


... w—1 and the zth roots of unity ? ! 

And after referring to a remark on the employment of the theory of 
unicursal curves in his ‘Cours d’Analyse de lHeole Polytech- 
nique,” and noticing that it is not only in the commencement of 
the Integral Calculus that these find an application, M. Hermite 
proceeds as follows:—I have remarked that they give rise to a 


method of integration of equations of the form F (=, uw) = 0, treated 
a 


of by MM. Briot and Bouquet, in the Journal de l’ Ecole Polytechnique. 
Suppose, in fact, that the question is to determine the integral when it 
is an algebraic function of the independent variable. The question is 
easily resolved in all the cases where the number which determines the 
nature of this function is =0 ; that is, ifit is possible to take rationally 
u=o(t), «= (t). In fact, from this hypothesis, it follows that 





du _ ¢ is also rational inf; wherefore it is necessary (although 


da’ w(t) 
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not sufficient) that, assuming wt = v, the curve F (v, w~) =0 should be 


unicursal. Deriving, then, from this relation the rational expressions 
vo= D7); U= le: we obtain 


1h a AU) dt, and thence # = 2 Q ; dt. 
oy  ® (t) ® (t) 


But this integral can always be obtained rationally, and, in the case 
where the logarithms disappear, gives the value of # in the assumed 
form. 

In the case where u is of the form u= 9 (tanz), @ being rational ; 


making tan a=t, we obtain a = ¢ (t)(1+?); therefore the equation 
@ 


F (v, w) must give a unicursal curve; and a solution of this form pre- 


9 (2) 
® (¢) 
d.sinam # 
dx ) : 
@ denoting a rational function of the sine-amplitude, and its derived 
function (this being the hypothesis of MM. Briot and Bouquet) ; it is 


sents itself when the integral « = dt reduces itself to e=tan— ¢. 
Again, lastly, assuming 


U=> (sinam 2, 


a8 ; ein hag ac 
clear that, writing sinam w=1, the derivative a well as w must be 
dx 





a rational function of ¢ and of the radical “(1—?)(1—F@). Conse- 
quently, the equation F(v,w) =0 denotes a curve of the species 
(deficiency) 1. Thus the example X of these authors, 


v+(w—1) vt—aw? (wW’—1)' = 0, (v denoting aa 
ce 


4 
( where a = =) on writing v = (w’—1) ft, gives 


ee P71 S. oye 
ia al ce Pree ss a 
i} ES = re fe pete 
T opts lies 


If, then, T = (¢+1) (v— = : P+ eS; t — =) we have 
5? 5 








: 4 
uw pind eee am then v = - ‘ es iS 
aes GQee 
Bacnce a a 4 —3 on whence # = — 3 if oe 


Consequently the equation is integrable by eas functions. 
The other examples are contained in the type 


v+3Pv’+4Q =0, (with the condition P?+Q = R’), 
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P, Q, R being integral functions of w of the degrees 2, 6,3. But this 
equation may be written 

@+2P)*(v—P) =— 4 (P*+Q), =—4R’, 
2w 
R 
And this transformed equation being of the degree 3 in w, u, these 


two quantities, and consequently also v, wu, can be expressed as ra- 
tional functions of ¢ and of an elliptic radical. 


and on writing v+2P = — becomes simply w*— 3Pw — 2R = 0. 


The equation F ( u) gives rise to similar substitutions. 


Plan of a Curve-tracing Apparatus. By Prof. Caney. 
[Read May 8th, 1873.] 


‘I have devised a curve-tracing apparatus on the following plan :— 

Imagine two planes II, Il’ moving in the same horizontal plane, and 
above the two planes respectively the two points P, P’ moving in the 
same or a parallel plane. 

To fix the ideas, suppose that the two planes each move according to 
a law (that is, let the motion of each of them depend on a single vari- 
able parameter; for instance, they may each of them rotate about an 
axis) ; but let the motion of the two points be free. 

Suppose, next, that the planes are connected together in such man- 
ner that the motion of one of them determines the motion of the other 
(e.g., by a train of wheel-work) ; and that the two points are also 
connected together in such manner that the motion of one of them de- 
termines the motion of the other (e.g., by a pentagraph; or by a 
slotted rod, the slot of which works on an axle, so as to allow the rod 
to move lengthways as well as rotate). 

Suppose, finally, that one of the points, say P’, is attached to a point 
of the plane H’; then the plane II being set in motion, this determines 
the motion of I’, consequently of P’, consequently of P; and the 
moving point P, or say the pencil P, will describe on the moving plane 
II a curve, the nature of which will of course depend on the nature of 
the motions of H, II’, and on that of the connexion between these planes 
and of the connexions between the points P and P’. 

I propose to describe the apparatus as nearly as I have actually con- 
structed it. (See sketch-plan Fig. 1, and side-elevation Fig. 2.) 
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The framework of the instrument consists of two 
longitudinal bars (B) each about three feet long, one 
inch thick, and three inches broad, supported edge- 
wise at a distance of about eighteen inches on the cross 
pieces C, C; and half way between them, supported 
by the same cross pieces, is an axis carrying at each 
extremity two mitre wheels. The bars B support 
three cross-pieces D, D, D, and between these are the 
moveable cross-pieces HE, HE carrying the axes A, A 
with the attached mitre wheels, and circular disks 
X, X. Hach of these wheels separately may be placed 
(as in the figure) out of gear with the two vertical 
wheels, or it can (by moving the cross-piece EH) be 
brought into gear with either of these wheels. Hach 
axis A passes through a circular disk H, capable of 
rotating about it, so that it may be fixed in any posi- 
tion, and serving as the bearing for the plane X. 

The disks X, X may be regarded as being them- © 
selves the planes I, Il (say these planes are rigidly 
attached to X, X respectively) ; or we may, in any 
other manner, move the plane II by means of the 
disk X; for instance, X may carry a spur-wheel 
gearing into a spur-wheel on the under surface of II, 
and thereby communicating a rotation of different 
velocity to the plane 1; or the connexion may be as 
in the ordinary oval chuck. In any such case, the 
disk H (which, for this reason, was made to project 
beyond X) serves as a support for the plane II, and the \ 
apparatus connected therewith ; and observe that the Fig. 2. 
angular position of such apparatus, and therefore of 
the path of any point of II, may be varied at pleasure by moving the 
disk H through any angle. 

Detached altogether from the rest of the instrument, or what is 
better, supported on longitudinal pieces carried by the cross pieces C, C 
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we have a bridge (see fig. 1) capable of adjustment as regards height, 
and serving as a support for the pentagraph-apparatus, or other con- 
nection of the one plane II with the pencil which works upon the other 
plane II. 

It is hardly necessary to remark that in the simple form of the in- 
strument where the disks X, X are themselves the planes II, I, then 
putting the mitre wheel of one plane X in gear with either of the cor- 
responding vertical wheels, and making the plane rotate, the other 
plane X will rotate with the same angular velocity, in the same or the 
opposite direction, or it will remain at rest, according as its mitre 
wheel is in gear with one or the other of the corresponding vertical 
wheels, or is out of gear with each of them. 


On Bicursal Curves. By Prof. Cay ey. 


[Read May 8th, 1873. ] 


A curve of deficiency 1 may be termed bicursal: there is some dis- 
tinction according as the order is even or odd, and to fix the ideas I 
take it to be even. 

A bicursal curve of the order 7 contains 


in(n+3)— }i(n—1)(n—2)—1}, = 3n constants ; 


hence, if the order is = 2n, the number of constants is = 67; sucha 
curve is normally represented by a system of equations 
(2, y, 2) = (1, 9)" +1, )"* YO, 

where 9 is a quartic function, which may be taken to be of the form 
(1—6°) (1—K°6"), or otherwise to depend on a single constant ; viz., 
(#, y, 2) are proportional to n-thic functions involving such a radical : 
since in the values of (a, y, z) one constant divides out, the number of 
constants is 8 (n+1+n—1)—1+1, = 6n, as it should be.” 

But the curve of the order 2n may be abnormally or improperly re- 
presented by a system of equations 

(gage LO 5 oct, (1 8422 1/0; 

viz., these equations, instead of representing a curve of the order 
2n+2k, will represent a curve of the order 2n, provided only there 
exist 24 common values of 0 for which each of the three functions 
vanish. The passage to a normal representation is effected by finding 
6’ a function of 0, ,/O (viz., an irrational function of 0) such that the 
foregoing equations become 


(@, y, 2) = (1, 0)" + (1, 0"? 0’; 
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it is shown that such a transformation is possible, and a mode of effect- 
ing it, derived from a theorem of Hermite’s in relation to the Jacobian 
H, © functions, is given in Clebsch’s Memoir ‘ Ueber diejenigen 
Curven, deren Coordinaten sich als elliptische Functionen eines Para- 
meters darstellen lassen,’’ Clebsch-Crelle, t. 64 (1865), pp. 210—270. 
The demonstration is a very interesting one, and I reproduce it at the 
end of this paper. I remark, in passing, that the analogous reduction in 
the case of unicursal curves is self-evident; the equations 


(a y, z) = (1, 4@)"" 
will represent a curve, not of the order n+hk, but of the order n, pro- 
vided there exist /; common values of 0 for which the three functions 
vanish ; in fact, the shree functions have then a common factor of the 
order k, and omitting this, the form is. (#, y, z) = (1, 6)”. 

Returning to the curves of deficiency 1, we see that a curve of the 
order 2m-+2n contains 6(m-+) constants, and is normally represented 
by a system of equations 

(2, 9, 2) = (1, 0)"""-4(, 8)™"-* 0, 
Such a curve may be otherwise represented: viz., we may derive it 


by a rational transformation from the curve (D=1) of the order 4 
(binodal quartic), the equation of which is 


(1, w)? (1, v)° bere 
viz., the coordinates are here connected by a quadriquadric equation ; 
and we then express w, y, in terms of these by a system of equations 
(@ y, 2) =, w)™(1, v)". 

It is, however, to be observed that the form of these functions is not 
determinate: each of them may be altered by adding to it a term 
fl, wy”? (1, v)*"-?! {(1, u)? (1, v)?}, where the second factor is that 
belonging to the quadriquadric transformation, and the first factor is 
arbitrary. Using the arbitrary function to simplify the form, the real 
number of constants is reduced to (m+1)(n+1)—(m—1) (n—1), 
= 2(m+n); or the three functions contain together 6(m+n) con- 
stants, one of which divides out. The quadriquadric equation, dividing 
out one constant, contains eight constants; but reducing by linear 
transformations on uw, v respectively, the number of constants is 8—6, 
=2. Hence, in the system of equations, the whole number of con- 
stants is 6(m+n)—1+2, =6(m+n)+1; viz. this is greater by 
unity than the number of constants in the curve (D=1) of the order 
2(m+n). The explanation of the excess is that the same curve of the 
order 2(m-+n) may be derived from the different quartic curves 
(1, uv)? (1, v)? =0,; this will be further examined. 

The transition from the one form to the other is not immediately 
obvious; in fact, if from the quadriquadric equation (1, w)’ (1, v)? = 
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(say this is A+2Bv+Cv?=0, where A, B,C are quadric functions 





of uw) we determine v; this gives Cv = —B+ WB? —AC, = —B+/2 
suppose; and then substituting in the equations (#, y,z) = (1,w)”"(1,v)”, 
we find (@, y, 2%) = (1, 4)" (C, —B+ /Q)"; 


viz., we have (a, y, 2) proportional to functions of w, involving the 
quartic radical ,/Q; but these functions are of the order (not m+n, 
but) m+2n. 

In particular, if m=m, then, instead of functions of the order 2n, we 
have functions of the order 3x. The reduction in this last case to the 
form where the order is 27” can be effected without difficulty, but in the 
general case where m and n are unequal, I do not know how it is to be 
effected except by the general process explained in Clebsch’s Memoir. 

We may, in fact, by linear transformations on w, v, reduce the quadri- 
quadric relation to 


1 + 
+2buv 
+ 4? +cuv? = 0, a 


that is, l+wt+2buv+v?+eur? = 0; i! 
or putting herein w+v =p, wv =4q, the relation is a 
L+p'—2g+2bqteq?=0,  \\ 
that is, p= —1+( 2—2b) q—cq’, ‘ 
pi—4q = —14(—2—2b) g—eg'; 

viz., extracting the square roots, 

utv= /Q, uw—v= /Q, 
if for shortness Q=—14+( 2—2b) q—c9, 

Q’= —14+(—2 -2b) q—c9q’; 
we may then rationalise one of the radicals, for instance, Q; viz., writing 


—6{—1+(2—2b) g—egt} = feg——b)}’ +e—(1— 5)’, 
Sine Hi platy ee BERN +(0- =), 


Ne 


this becomes —cQ = {e—(1—1)"} {3(0-4) +1} 
a {naw} (42) 
that is, /Q= ¥/(e— (6+) ; 


and the corresponding value of ./Q’ is 
—(1—) TEV 
JQ = J {4 Oa (945) — ty}, 


lh 
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where qg stands for its value 

+ {1-04 vet)? 3 (o—=) ‘ 
We may write these in the form 
, W/o / Oem NG cleats /9, 
where M is a constant, and 9 is a quartic function of 6, such that 
(1+6’)’—© is a quadric function only of 0. 

The equations (27,2) — CL ah) Loe) 
thus assume the form 
(x, y, 2) = (M6, 1+6°+ ./0)” (M6, 14+ 6°—,/e)”; 
and on the right-hand side the term of the highest order in @ is 
(1+ 0+ /8)”" (1+@—./6)", 
viz., if nm = or >m, then this is 
pUBRe) 0) CEE Ol 0) can, 
= (1, 6)" (1+ 0— fe)", 

which is of the order 2m+2(n—m), =2n (which, in virtue of n = or 


>m, is =or >m-+n). In particular, if n=m, then the highest order 
is = 2n; or the curve of the order 2n, as represented by the equations 
(x, y, 2) = (1, uw)", 2)", 
where (uw, v) are connected by a quadriquadric equation, is also repre- 
sented by the equations 
(2, y, z) = (1, 0)"+(1, 6)"*/8, 
which is the required transformation of the original equations. 
It is to be noticed that the foregoing form, 
1 +? 
+ 2bw 
+ +cuv’ = 0, 
is the most special form to which the quadriquadric relation can be 
reduced by the linear transformations of u,v; in fact, by mere division, 
the equation is made to have the constant term 1; the number of the 
coefficients of transformation is then 3+3, =6; and to reduce the 
relation to the foregoing form, we have the six conditions, coeff. u = 0, 
coeff. v= 0, coeff. vu? = 0, coeff. va = 0, coeff. v= 1, coeff. °° =1; 
but in this form, expressing v in terms of u, the radical is ./Q, where 
QO = (14+w’?) (1+ew)—P wv, 
which is not more general than if we had 


Q = (1+w’) (1+cw’), 
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viz., there is a superfluous constant b. And we thus see how it is that 
the system of equations 

(a, y, 2) = (1, uw)" C1, v7)”, 
(w, v) connected by a quadriquadric relation, contains, not 6n, but 
6x+1 constants, one of these being superfluous. 


Clebsch’s transformation, above referred to, is as follows: 
Starting with the equations 


(a, Y; z) — qd, Qyree4 (1, HB SES. /8, 
if the function © is not originally of the standard form, we may, by a 
linear substitution, reduce it to this form, viz., we may write 
6 = 6(1—0) (1-479); 
and then writing 0=sn’w, (sin?’amuw), we have 
/8 =snucnudnyu 
=snusnu; 
so that the formule become 
(%, y, 2) = (1, sn?w)"**+ (1, 8n?u)"**? sn u sn'w. 
Hermite’s theorem, used in the demonstration, is that any such 
function of snw is expressible in the form 
G H(u—a,) H(w—a,) ... H(u — ayy, ox) 
Q27 12k (w) 
(H, 9 denoting here the two Jacobian functions), where 
a; + ay cee H+ Ayn 50% a 0. 
(Observe, in passing, that the equation 


0 = (1, sn?u)”"**+ (1, sn?u)"**-? sn u sn’u 


gives, when rationalised, an equation in sn*w of the order 2n+2k; the 
roots of this equation are sn’a,, sn’a... sn’a,,,.%. Considering the 
functions (1, sn’w)”** and (1,sn’u)”"**-? as indeterminate, the coeffi- 
cients can be found so that all but one of the roots of the equation in 
sn’w shall have any given values whatever, sn’a,, sn’a,... SN” y,,0%-13 
the theorem then shows that the remaining root is sn’a,,,,.,, where 


Gon s 9% = UTM... FO ,0%-1, 
which is, in fact, Abel’s theorem. | 


Now, supposing that the three functions of 6 all vanish for 2h com- 
mon values of 0, each of the functions of wu will contain the same 
2k H functions, say these are H (u—ay,,,) ... H (w—ay,,.,). Omitting 
these and also the denominator factor O"(u), we have the set of 
H (u—a,) H (w—ay,) ... H (uw—ag,) 


equations (a, y,7) =C O(a) ; 
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where, however, ata... +a, #0, 
[the values aj, a,... a, are of course different for the three coordinates 
@, a, # respectively |; viz., we have 

Uy 03. Ae Oey (Qon.it aoe + Gon son) 


= 2ns suppose. 
Writing, then, 


, ‘ , , , 
w= U8. a= a,+3, a= a,+8,0.. Gs, — Gy,-13; 
and, consequently, ajta,+ ... +a), = 0, 
H (w—a}) ... H (—a, 
we have (257, Bian’ ACC et aco GL el) 
oO” (wu +8) 


or, changing the common denominator, 
H (w—a}) ... H (w—a,, 
(7, y, 2) =C eee ann 
where a,ta,... ta, = 0; 
or, what is the same thing, 
(x, y,-2) ="C1, sn’w')"+(1) sh2w)" 2 snwisnsw 
viz., writing snw = 6’, and 0 = 0 (1--6’)(1—/’6’), this is 
(a, Y, z) ree (1, ON er ti ecw AS Ie 
a normal representation of the curve of the order 2n. 
The relation between the parameters 0, ’ is given by 0° = sn’ (u—s), 
sn’ wu = 0, that is, we have 
Ge _ /8ens dns—snsv(1— 0)(1—k? Bs 
1—k’sn’s.0 
or, writing sn’s = a, this is 
_ Jb V2) ho) — Jo V9) 8) 
1—k’od 
and, conversely, we have 
_ Sf V0) (i's) + Jo V0) 0) ko) 
1—k’ o 0 


And the theorem, in fact, shows that, substituting this value of @ in the 
functions of 6 which serve to express w, y, 2, these become proportional 
to the functions of 6’; viz., they become equal to these functions, each 
multiplied by an irrational function A’+B’,/0’, (A, B’ rational func- 
tions of 6’). 
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Note on the Pliickerian Oharacteristics of Hpi- and Hypo-trochoids 
and allied Curves. By Samvurt Roperts, M.A. 
[Read May 8th, 1873.] 


The following results are, it is true, obvious consequences of familiar 
theorems ; yet, as they do not seem to have been explicitly mentioned,* 
and are essential to a satisfactory conception of the curves, I think it 
may be useful to place them on record. : 

Let a be the radius of the fixed circle, b that of the rolling circle; 


and suppose for epitrochoids a =“ 8, and for hypotrochoids a = — 8, 
Vv Vv 


where © js in its lowest terms. If a+b = mb, we have for the co- 
Vv 


ordinates of a point on the generated curve: 
2 = mbcos ¢—d cos mp 
= mb sin ¢—d sin m9, 
d being measured from the centre of the rolling circle to the describing 
point, so that when d=b the curve is a cycloid. 
These equations may be reduced to the forms 
2 = Acos p§+B cos g@ 
y = Asin pO+B sin g9, 
where p, g are positive whole numbers prime to one another. In fact, 
we get the following equations : 


a="b, F+tl=m, p=pty, g=v, o=v0, 
Vv y 
xz = mb cos g9—d cos pd, 
y = mb sin gd—d sin pd. 
a=—"p, —*41l=m, g=v, and p=+(v—p) is positive, 
Vv Vv 
t.@., Sign is upper or lower, as y>p or v<y. 
a = mb cos g8—d cos pA, 
y = mbsin gO dsin po. 
ete for 210, that the 
a 
curve is unicursal. We get, in fact, putting z for unity and assuming 


a 3 jA (a? — SB”) —B (a?*2 4?" %— gP- 95? *2) ; 
v 
pz = ap? 


* This was so when the present paper was read.. The paragraph (p. 327 ante) of 
Prof. Wolstenholme’s paper on Epicycloids and Hypocycloids is to some extent in 
opposition to the assertion. But I am allowed to state that the paragraph in ques- 
tion was not in the paper as read to the Society. 


VOL. IV.—NO. 63. AA 


It is evident, on writing eee ston oo-eand ae 
a 
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It appears, then, that the order of the curve is 2p, and that the points 
of the curve at infinity lie contiguously at the circular points, which are 
therefore singular, tangentially or punctually, or in both ways. 

‘For the tangent, we have 

y (Ap sin p60 +q@B sin 70) + (Ap cos pO+ Bg cos g9) 
— A’p += B’g—AB(p+q) cos (pq) 0= 0. 
‘The class, therefore, is 2p for A, B of the same signs, and 2(p+q) for 
A, B of opposite signs. 

Comparing these results with the values obtained by substituting 

p, v, we get the following 
Trochoidal Curves. 


+p, +v Order 2 (p+vr) Class 2 (u+v7) 
mi iss wha p> 2v » 2(p—v) » op 
u>v<2y ear end? ere 
vy>p (wee ae 
Oycloidal Curves. 
+p, +¥ Order 2 (p#+7) Class 2v+p 
—f> a Pig p >2y ” 2 Gea) » 
proves 2p 99 2y 99 liad 
v>p Bt a 5» 2p. 


In the case of cycloids there are p» cusps lying on the fixed circle, and 
these reduce the class by wu. The singularity at the circular points is 
the same for both classes of curves, since at infinity a finite length is 
evanescent, and the describing point may be considered as on the 
rolling circle. On account of the double mode of generating these 
curves, one and the same curve may come under different formule. 
The number of trochoidal curves of a given degree is twice the number 
of primes relative to and less than half the order. Half these are epi- 
trochoids. 

A characteristic difference exists between two classes of curves with 
reference to the circular points and the centre of the fixed circle. 
Consider the system derived from (a), 


pe (a+iy) = Aa”+ Ba?*?G?-4, 
p (w—ty) = AB” + Ba? 1p? **, 
pz = a" BP, 

The circular points are here multiple in the order p, and at each of 
them there is one sole tangent «+iy =0O meeting the curve in p+q 
consecutive points. The centre of the fixed circle is the corresponding 
multiple focus. 


The singularity at a circular point counts as p—1 cusps and 


(p =D =) double points ; and since the class is 2p, there are no 
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other cusps. The above applies to the case +p, +yv, and to the case 
—p, +v when y>y. It includes therefore epicycloids and hypocycloids 
which can be generated as epicycloids. 
Again, consider the system for —B in the second equation, 
e(atiy) = Aa” + Ba?-2B?*%, 
p (e—ty) = AB? + BaP*4pr-¢, 
pz ites 
Here the circular points are multiple only in the degree p—q; and 
z= 0 (line at infinity) is the sole tangent at both points, meeting the 
curve, however, in p consecutive points. The centre of the fixed circle 
loses its special focal character. 
Kach circular point counts as p—q—1 cusps and pag ent) 


double points. ‘There are no other cusps, since the class is 2(p+q). 

I do not dwell on the well-known exceptional cases ; as, for instance, 
when “= —2, corresponding to p=g=1 in the above equations. 

Vv 

In the same manner, it is plain that curves described by the com- 
position of two simple or complex harmonic motions along the axes of 
# and y are unicursal, and the line at infinity meets the curve in one 
or two groups of consecutive points. For we have 


™m 


Dian. eee Oreas. 
Thus for two simple harmonic motions we get 


2 = A sinr0+B cos 76, 
y = A’sin s6+B’' cos 86, 


where r and s are prime to one another. Therefore 


2 { = (e507) + Blau ee) ‘ 


px = 

1 AS 2s 28 , 2s Qs r-s Or-s 
py = 1) 2 (af) + B(a" +f") } alps 
pz = a"/3", 


r being taken >s. 

The order of the curve is therefore generally 27, and the points at 
infinity lie at y=0, z=0. The class is generally 2(r+s). There are 
well-known cases of degeneracy. These degenerate forms are, however, 
described as curves of higher order; thus, for r=2, s=1 we havea 
portion of a parabola described twice. The nature of the singularity 
at infinity is thus preserved. : 

It is not worth while to develope the results for curves described by 
a combination of uniform circular movements, the describing point 
being a point on the last circle pes centre moves in the next pre- 

AA 
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ceding one, and so on. The general order and class for any particular 
case can be determined without difficulty. Most of the curves used in 
ornamental turning are of the foregoing kinds, and meet the line at 
infinity only at or adjacently to the circular Hane? except for very 
special ea User: 


June 12th, 1878. 
Dr. HIRST, F.R.S., President, in the Chair. 


Mr. Robert Rawson, Head-Master of Portsmouth Dockyard School, 
was elected a Member, and Mr. G. 8S. Carr was proposed for election. 

The following papers were read :— 

‘Some general Theorems relating to Vibrations,” by the Hon. J. W. 
Strutt, F.R.S. 

“Invariant Conditions of Multiple Concurrence of Three Conics,” by 
Mr. J. J. Walker, M.A. 

“On a new aia of Biquaternion, being the ratio of two systems of 
forces,” by Prof. W. K. Clifford. 

A further Note “On Geodesic Lines,” by Prof. Cayley, F.R.S. 

‘The Locus of the Point of Concourse of Tangents to an Epicycloid, 
inclined to each other at a constant angle,” by Prof. Wolstenholme. 
(This last paper, in the Author’s absence, was taken as read.) 

Conversation ensued upon the subject of Prof. Clifford’s paper, in 
which the President, Prof. Cayley, and Mr. Roberts took part. 

The following presents were received :— 

“Bulletin des Sciences Mathématiques et Astronomiques,” Juin, 
1873. | 

“ Jahrbuch tiber die Fortschritte der Mathematik, zweiter Band, 
Jahrgang 1869 & 1870”: from Drs. Ohrtmann and Miller. 

“ Crelle,” 76 Band, 1° Heft, 1878. 

“Untersuchungen tber Elasticitét unter Beriicksichtigung der 
Warme,” von ©. W. Borchardt. Berlin, 1873. 

“‘ Ueber das Ellipsoid von kleinsten Volumen bei gegebenem Fliachen- 
inhalt einer Anzahl von Centralschnitten,’ von C. W. Borchardt. 
Berlin, 1872. 

“ Ueber die Transformation der Electricitiitsgleichungen in allge- 
meine orthogonale Coordinaten,”’ von C. W. Borchardt: (from Crelle). 
The last three from the Author. 

‘*¢ Monatsbericht,”’ Jan. 1873. 

“Sur une classe remarquable de courbes et de surfaces algébriques 
et sur la théorie des imaginaires,”’ par G. Darboux. Paris, 1873. 
From the Author. 
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The Sy Oa twelve memoirs from ‘“ Det Kgl, Norske Universitet 
a Christiania’’ 
Om ees af 5° grad,” af Dr. A. S. Guldberg. 
“Om ligningen af 3°° grad,’”’ by the same. 
“Om forringelsen af modularligningernes grad,” af L. Sylow. 
“Om den Ages ligning af n® grad, hvis Rodder representeres, 
1 


ved formelen # = R" +R,” af Dr. A. 8. Guldberg. 

“Om Vcedskers Udvidelse ved konstant Tryk,” by the same. 

* Bidrag til Legemernes Molekylartheori,” af Cato M. Guldberg. 

“Sur le mouvement simultané de corps sphériques variables dans 
un fluide indéfini et incompressible: premier mémoire,” par C. A. 
Bjernkes, Christiania. H 

‘“‘ Ny Interpolationsmethode,” af J. J. Astrand. 

“Over en classe geometriske Transformationer,” af Sophus Lie. 

“ Ueber eine Classe geometrischer Transformationen,” (Fortsetzung) : 
by the same. 

‘“‘Om den Gruppe af Substitutioner, der tilhrer ligningen for division 
af Perioderne ved de Hlliptiske Funktioner,” af L. Sylow. 

‘“‘ Bidrag til Theorien for de ubestemte chemiske Forbindelser,” af 
Cato M. Guldberg. 


Some General Theorems relating to Vibrations. By the 
Hon. J. W. Strutt, M.A. (Lorp RayLeiag). 


[Read June 12th, 1873.] 


This paper contains a short account of some general theorems, with 
which I have lately become acquainted during the preparation of a 
work on Acoustics. As they seem to possess considerable interest, 
I take the present opportunity of bringing them before the Society. 


Section I. 
The natural periods of a conservative system, vibrating freely about 
a configuration of stable equilibrium, fulfil the stationary condition. 


Let the system be referred, in the usual manner, to independent co- 
ordinates wy, W2, ws, ... whose origin is taken to correspond with the 
configuration of equilibrium. Then, the square of the motion being 
neglected, the kinetic and potential energies are expressible in the form 


ah lly oe [22 lg te vee, +[12] dat... eahy 
V= df{llpvit Ff22hvet...... +h 12 ae 1.2% 
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where [11]..., {11}... are constants, subject to the condition of 
making T and V always positive. For the present purpose, it is con- 
venient, though not necessary, to transform the coordinates in the 
manner explained in Thomson and Tait’s ‘‘ Natural Philosophy,” 
§ 837, so as to reduce T and V to a sum of squares ; 


TFT r+ 4 (276s ee if sgh ee 
Vi Ff 1p) or a 242 Gh bi ose eee (4), 


where the coefficients are necessarily positive. The natural vibrations 
of the system are those represented by the separate variation of the 


coordinates ¢), ¢.,...; and the corresponding differential equations 
obtained by Lagrange’s method are of the form 

Pe] bs vist 6; = Oeics eee (5), 
showing that the period of the natural vibration ¢, is given by 

Ty == Aart {sph nee aia ere (6). 


Let us now suppose that the system is no longer allowed to choose 
its type of vibration, but that an arbitrary type is imposed upon it by 
a suitable constraint, leaving only one degree of freedom. Thus, let 


fb) = AOS iy Sees voy a ee ee ei 

where Aj, Ay, ... are given real coefficients. The expressions for T and 
V become TS se TT Ajtai oka ees 2G. eee cea (8), 
V = {3 {1} Al +2 {2} Aa + Eee Ohta cece aoe (9), 


whence, if 0 varies as cos pf, 
pe {1} Ai + {2} As S eer 
[1] A; + [2] Ag+ ...... 
This gives the period of the vibration of constrained type; and it is 
evident that the period is stationary, when all but one of the coefficients 
Ay, Ay, ... vanish, that is to say, when the type coincides with one of 
those natural to the system. 

By means of this theorem we may prove that an increase in the mass 
of any part of a vibrating system is attended by a prolongation of all 
the natural periods, or at any rate that no period can be diminished. 
Suppose the increment of mass to be infinitesimal. After the alter- 
ation, the types of vibration will in general be changed; but, by a 
suitable constraint, the system may be made to retain any one of the 
former types. If this be done, it is certain that any vibration which in- 
volves a motion of the part whose mass is increased, has its period 
prolonged. Only as a particular case (as, for example, when a load is 
placed at the node of a vibrating string) can the period remain un- 
changed. The theorem now allows us to assert that the removal of 


aie ee (10). 
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the constraint, and the consequent change of type, can only affect the 
period by a quantity of the second order; and that therefore, in the 
limit, the free period cannot be less than before the change. By inte- 
gration we infer that a finite increase of mass must prolong the period 
of every vibration which involves a motion of the part affected, and 
that in no case can any period be diminished ; but in order to see the 
correspondence of the two sets of periods, it may be necessary to sup- 
pose the alteration made by steps. ‘The converse of this and cor- 
responding theorems relating to an alteration in the potential energy 
of a system will now be obvious. 

A very useful application of the principle may be made to the ap- 
proximate calculation of the natural periods of a system whose consti- 
tution, though complicated, is but slightly different from one of a much 
simpler nature. The main difficulty of the general problem consists in 
the determination of the free types, which may involve the solution of 
a difficult differential equation. We now see that an approximate 
knowledge of the type may be sufficient for practical purposes, and 
that, in the class of cases referred to, the adoption of the type natural 
to the approximate simpler system in the calculation of T and V will 
entail an error of the second order only in the final result. 

To illustrate this question, we may take a case not without interest 
of its own—namely, the transverse motion of a stretched string of 
nearly, but not quite, uniform longitudinal density. If the uniformity 
were exact, the type of the sth component vibration would be 


ij @, sin OEE Pe ep es: CLE 


where J is the length, w the distance of any particle from one end, and 
y the transverse displacement. In accordance with the plan proposed, 
we are to calculate the period for the variable string on the supposition 
that (11) is also applicable to it. We find 


l 
“5 9 STH 
A Wes ef sin” ae dx 
Uv 


; 1 
=p faa f oe aint ST da} ieee (12), 
0 


0 





if p =p ot+Ap, Ap being small. 
For the potential energy we have (T, being the tension) the usual 
expression 





cs Tt dy\? 2, Til sa" 2 
vain f (S4) dt = 7 =~ Do. fiasco (18). 


Hence, if the solution be i 
$, = Acos (=: os c) Ae OS ee (14), 


Ts 
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the period r, is ie by 


— Apo? n? STL ; 
t= Be ti a | vee oo int ST dal ocak (15). 


0 
As might be expected, the effect of an alteration of density vanishes at 
the nodes, and is a maximum midway between them. 

A similar method applies to a great variety of problems, and gives 
the means of calculating the correction due to the necessary deviation 
of any actual system, on which experiments can be made, from the ideal 
simplicity assumed in theory. 

Another point of importance with reference to this application has 
yet to be noticed. It appears from (10) that the period of the vibra- 
tion corresponding to any hypothetical type is included between the 
ereatest and least of the periods natural to the system. In the case of 
systems like strings and plates, which are treated as capable of con- 
tinuous deformation, there is no least natural period; but we may still 
assert that the period calculated from any hypothetical type cannot 
exceed that belonging to the gravest normal type. When, therefore, 
the object is to estimate the longest natural period of a system by 
calculations founded on an assumed type, we have, @ priori, the assu- 
rance that the result will come out too small. or example, the value 
for 7, given in (15), is certainly less than the truth, while the error is 
of the second order in Ap. 

In the choice of a hypothetical type, judgment must be used, the 
object being to approach the truth as nearly as can be done without too 
great a sacrifice of simplicity. The type for a string heavily weighted 
at any point might suitably be taken from the extreme case of an 
infinite load, that is to say, the two parts of the string might be sup- 
posed to be straight. Hyven with a uniform unloaded string, the result 
of the above hypothesis is not so very far from the truth. Taking 


y=me cos pt from #=0 to # = > we find, for the whole string, 


27278 
= ernet Sin’ pt, Ve m=! cost pt 5 





whence sce ener cab sieaenyy sak oa SU Meee (16). 
pr 
The correct result for a uniform string is 
wT 
ie 1 : 
pie CR Sei Sanaa a (17); 


so that the period calculated from the assumed type is too small in the 
ratio of r: 12 or ‘907 : 1. 
A much closer approximation would be obtained by the assumption 
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of a parabolic form 


Proceeding in the same way as before, we should find a period too 
short in the ratio z: 10, or ‘9936: 1. In order that the natural type 
should be parabolic, the density of the string would have to vary as 
(?—4«)~*, being thus a minimum in the middle, and becoming infinite 
at either end. 

The gravest tone of a square plate is obtained when the type of 
vibration is such that the nodal lines form a cross passing through the 
centre of the plate, and parallel to the edges. The next type in order 
of importance gives the diagonals for the nodal lines. Chladni found 
experimentally that the interval between the two tones was about a 
fifth. It so happens that the second kind of vibration can be com- 
pletely treated theoretically, being referable to the simpler case of the 
vibration of bars ; but the first has not hitherto been successfully at- 
tacked. I find that if we assume for the type of vibration 


2 ir) COM Wha oe shen 2 tease nil ne Sea Gia): 


the nodal lines being taken for axes of w and y, the boundary condi- 
tions are satisfied, and the calculated period comes out greater than that 
corresponding to the diagonal position of the nodal lines in the ratio of 
1:37 :1. Since this ratio is certainly too small, Chladni’s result is 
about what might have been expected from theoretical considerations. 

Before leaving the subject of natural vibrations, I wish to direct the 
attention of mathematicians to a point which does not appear to have 
been sufficiently considered: I refer to the expansion of arbitrary 
functions in series of others of specified types. The best known ex- 
ample of such expansions is that generally called after Fourier, in 
which an arbitrary periodic function is analysed into a series of har- 
monics, whose periods are sub-multiples of that of the given function. 
It is well known that the difficulty of the question is. confined to the 
proof of the possibility of the expansion; if this be assumed, the deter- 
mination of the coefficients is easy enough. What I wish now to draw 
attention to is, that in this, and an immense variety of similar cases, 
the possibility of the expansion may be inferred from physical consi- _ 
derations. 

To fix our ideas, let us consider the small vibrations of a uniform 
string stretched between two fixed points. We know, from the general 
theory, that the whole motion, whatever it may be, can be analysed 
into a series of harmonic functions of the time, representing component 
vibrations, each of which can exist by itself. If we can discover these 
normal types, we shall be in a position to represent the most general 
possible vibration by combining them, each with arbitrary amplitude 
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and phase. The nature of the normal types is given by the solution of 
the differential equation 


TY + 8y=0 Renee rt righ co 0: (20), 


whence it appears that they are expressed by 
le: Ore - OTe 
yan, y=sn—-, y=sin—, &e. 
We infer that the most general position which the string can assume 
is capable of representation by a series of the form 
ra : 


=a A,sin — + ...... ; 


A 
1 sin ] 


which is a particular case of Fourier’s theorem. There would be no 
difficulty in proving it in its most general form. 

So far the string has been supposed uniform. But we have only to 
introduce a variable density, or even a single load at one point of the 
string, in order completely to alter the expansion whose possibility may 
be inferred from dynamical theory. It is evident that corresponding 
to any system, whether string, bar, membrane, plate, or what not, 
there is an appropriate expansion for an arbitrary function of one or 
more variables. Thus the expansion in la Place’s series may be 
proved by considering the motion of a thin layer of gas between two 
concentric spherical surfaces, the expansion in Bessel’s functions from 
the vibrations of a circular membrane, or of the air contained within a 
rigid cylinder, &c. When the difficulty of a direct analytical proof of 
even these simple cases is considered, the advantage of the physical 
point of view will be admitted. 

The method of definite integration (or summation, if the system have 
only finite freedom), by which the constants are determined to suit 
arbitrary initial circumstances, is well known, and has been applied to 
a great variety of problems, dealing not only with vibrations, but with 
other physical questions such as the conduction of heat; but I have 
never seen the reason of its success distinctly stated. It may be said 
to depend on the characteristic property of the normal coordinates, 
namely, their power of expressing the energy of the system as a sum 
of squares only. In the case of a string, for example, we have 


y = grsin + gy sin 2 4 vehi : 


where 9), $2 ...... are the normal coordinates. The expression for the 
energy is 


bie H On ‘ 
Sf vee, or fos dw § jy sin ™ + §, sin 222 + Sion ‘ : 


If by the solution of the differential equation, or otherwise, we have 
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assured ourselves as to the nature of the normal types, we may assume, 
without further proof, that the products of the coordinates will dis- 
appear from the expression for the energy,—in the above instance, that 
q) TL . swe 
sin —— sin — dz 
4 l l 
will vanish, if 7 and s be different. 


Secrion IT. 
The Dissipation Function. 

The original equation of motion of a system in rectangular coordi- 
nates, as obtained at once by an application of the Principle of Virtual 
Velocities, is i; 5S 

Im (ada + yoy + 20%) = & (Xow+ Yoy+Zoz) ......... (21). 

When transformed to independent coordinates, and restricted so as to 
give the equations of vibratory motion in their simplest form, this 
a aa 
dy, 
where Woy, + V0.4 ... is the transformation of = (Xex+ Yoy + Zéz), 


denoting the work done on the system by the applied forces during 
the hypothetical displacement. 


becomes 


| ONG CTE Pee tem rere (22), 


If we separate from V the forces which depend only on the position 
of the system, we obtain 
eae 
dw dy, 
The principal object of the present section is to show that another 
group of forces may be advantageously treated in a similar manner. 
The forces referred to are those which vary in direct proportion to 
the component velocities of the parts of the system. It is well known 
that friction, and other sources of dissipation, may be usefully repre- 
sented as following this law approximately; and even when the true 
law is different, the principal features of the case will be brought out. 
The effect of such forces will be to introduce into the original equation 


SN So. ta oy. Se ae (23). 


terms of the form D (x, 2da+ Ky y oy +k, goz) eh Neca (24), 


where «,, k,, «, are the coefficients of friction, parallel to the axes, for 
the particle wyz. The transformation to the independent coordinates is 
effected in a similar manner to that of 
=m (wda+y oY +2dz), 
and gives ANS ae ES OW, + 
a dil 
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where F = 33 («,0*-+4,y?+«,2) 
= (11) bi + (22) ba + reece + (12) th tbat eoesee oes (25). 


F, it will be observed, is, like Tand V, a necessarily positive qua- 
dratic function of the coordinates, and represents the rate at which 
energy 1s dissipated. 

The above investigation refers to forces proportional to the absolute 
velocities ; but it is equally important to include such as depend on the 
relative velocities of the parts of a system, and this fortunately can be 
done without any increase of complication. For example, if a force 
acts on the particle 2, proportional to @,—2#,, there must be at the same 
moment, by the law of action and reaction, an equal and opposite force 
acting on a. The additional terms in the fundamental equation will 


be of the form K (%,—ay) 8a, + (a,—2) Sta, 


which may be written 
Poo 7 ay 
PRS (en ee {3G—w)'} Sop sigs 
du, 


and so on for any number of pairs of mutually influencing particles. 
The only effect is the addition of new terms to F, which still appears 
in the form (25).* 

The existence of the function F does not seem to have been recog- 
nised hitherto, and indeed is expressly denied in the excellent 
“‘ Acoustics”’ of the late Prof. Donkin (p. 101). We shall see that its 
existence implies certain relations between the coefficients in the 
generalized equations of motion, which carry with them important 
consequences. 

Lagrange’s equation, after the separation from W of the forces pro- 
portional to the displacements and velocities, whether absolute or 


d (e dB dV iy pam eH 019) 


relative, becomes a 


di\db! db db 
where T= 2/11] di +... 4+ [12] di det... 
Bid (1'1) di he a ee ae ee ee (277). 
V= ELL} at event {12} th eben 


On substitution, we obtain a system of equations, which may be 
written : 


11 W,+12 4,418 Peck vtades =v, 
219,422 ),4+23Y;4+......= %, (28) 
1S ice Sere me im Oa! OL poe iawn eee eae ; 
81 iB P88 Ue, 


eH er ee ree ers ees eeererseserreeveseseeer-ee 





* The differences referred to in the text-may of course pass into differential co- 
efficients in the case of a continuous body. 
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where a coefficient such as a is an ee: for the quadratic 
operator [rs] ; + (rs )z + {rs}. 


It is to be carefully noticed that since [rs] = [sr], (rs) = (sr), 
{rs} = {sr}, it follows that 7s =<sr. 

The small vibrations of a system free from dissipative influences can 
always be analysed into a series of normal components, each of which 
is similar in character to that of a system possessing but one degree of 
freedom. It is, in general, otherwise with the vibrations of a dissipa- 
tive system. These may, indeed, be analysed into components of the 
quasi-harmonic type (Thomson end Tait, § 343); but these last are 
different in character from the vibration of a simple dissipative system. 
For instance, the system, supposed to be animated by one component, 
does not pass simultaneously through the configuration of equilibrium. 
The reason of the difference will appear at once. When there is no 
friction, a suitable transformation of coordinates will always reduce T 
and V to a sum of squares, and the equations of motion become 


[1] git {1} i — ®,, &e., 


the same as for a simple system. The presence of friction will not 
interfere with the reduction of T and V ; but the transformation proper 
for them will not in general suit also the requirements of F. The 
equation can then only be reduced to the form 


[1] 6)4+1) 6.4 (12) a4...... {1} ¢, =O, oc. (29), 


and not to the simple form expressing the vibration of a system of one 
degree of freedom, 


Fitorh Cl) drt ill ¢y— Or ae ee (30). 


We may, however, choose which two of the three functions we shall 
reduce, and the selection would vary according to circumstances. 
Cases, however, arise in which, owing to the special character of the 
system, the same transformation of coordinates will reduce all three 
functions to a sum of squares, and then the motion possesses an excep- 
tional simplicity. Under this head the most important are probably 
when F is of the same form as T or V. In the problem of the string, 
if we assume a direct retarding force proportional to the velocity, we 
have F proportional to T; if the dissipation is due to viscosity, we 
might haye F proportional to V. The same exceptional reduction is 
possible when F is a linear function of T and V, or when T' is itself of 
the same form as V. In any of these cases the equations of motion for 
each component are of the same form as for a dissipative system with 
one degree of freedom, and the elementary types are characterised by 
the fact that the whole system passes simultaneously through the con- 
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figuration of equilibrium. It appears that the law of friction usually 
assumed for a string is of an exceptional character, and leads to results 
of, in some respects, delusive simplicity. 


Section ITI. 


The present section is devoted to the proof and illustration of a 
very important law of a reciprocal character, connecting the forces and 
motions of any two types. Particular cases of 1t have been noticed by 
previous writers; but the general theorem is, I believe, new, and in- 
deed could not be proved without the results of the preceding section. 

The following partial statement will convey an idea of its nature :— 

Let a periodic force V,, equal to A,cos pt, act on a system either 
conservative, or subject to dissipation represented by the function F, 
giving the forced vibration J, = cA, cos (pt—e), where « is the coeffi- 
cient of amplitude, and e the retardation of phase. ‘The theorem 
asserts that if the system be acted on by the force W, = A, cos pt, the 
corresponding forced motion of type s will be 


W, = «A, cos (pt—e). 
The solution of the general equations (28) may be expressed in the form 


dV 








V ay + —— WW, + 1... 
= Reba ar Aas 
Be Bet (31) 

Vy, = ey EME yea te 

2d ad. 22 J 
where V denotes the determinant 

ARIES Sel 3 ee 
O08 Ot aes 
Bl, 82, BB, cece | ceseeeeeeceeeeeseeees (32), 


and the partial differentiations are made without recognition of the 


relations sr = rs, &c. By the nature of determinants it follows that, 
ety eet LEA et en oe ea), 
0s SG, se 





Thus the component displacement an due to a force VW, is given by 


Vibe Oe ee ee Wiedshey: (34). 


If, now, we inquire what the effect of a force ¥, will be in producing 





18 
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the displacement of type s, we find 
7 pear hk ee omg er (35), 
(les ST 
so that in virtue of (33) the relation of W, to V,, in the second case, is 
the same as the relation of wW, to ¥, in the first. 


Distinguishing the second case by a dash affixed to the corres- 
ponding quantities, let us take 


SRA cere ac Ae er, 
where the coefficients A,, A} may, without loss of generality, be sup- 
posed to be real. The solution may be expressed in the form 
eh d log V (ip) cit 
d.rs 


; »dlog V (ip) ; 
pee Awe OnE pee (Pt | 
¥ d.sr J; 


Pets) 


where é is replaced by tp in V and its differentials. Hence by (33) 
we see that AAV A GEE ccnceccs fies ceved even tease Cube 


which is the symbolical expression of the reciprocal theorem with 
respect both to amplitude and phase. If ¥.= W,, then will Y; = y,; 
but it must be remembered that the forces and displacements of different 
types are not necessarily comparable. The following statement will, 
however, hold good in all cases :—The force YW, does as much work on 
the motion due to V,, as ¥, does on the motion due to ¥,. 

There is an important class of cases to which our principle, general 
as is the proof just given, would not at first sight appear to apply. 
Among these may be noticed systems in which the cause of the dissi- 
pation, or of part of it, is the conduction and radiation of heat. The 
dissipation cannot always be represented.by a function F, which shall 
be the same in form under all circumstances. Iam not at present in a 
position to discuss this question completely; but there is one con- 
sideration which may here be referred to as sufficient to bring a large 
additional field within the sweep of the demonstration. Since the in- 
vestigation is concerned only with harmonic motions of period (p), it 
will be sufficient for the establishment of the theorem if the dissipation 
function exist for all vibrations of the given period. 

A few examples may promote the comprehension of a theorem which, 
on account of its extreme generality, may appear vague. 

Let A and B be two points of a uniform or variable stretched string. 
If a periodic transverse force act at A, the same vibration will be pro- 
duced at B as would have ensued at A had the force acted at B. 
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In a space occupied by air, let A and B be two sources of disturbance. 
The vibration excited at A will have at B the same relative amplitude 
and phase as if the places were exchanged. Helmholtz (Crelle, Band 
LVII.) has proved this result in the case of a uniform fluid without 
friction, in which may be immersed any number of rigid fixed solids ; 
but we are now in a position to assert that the reciprocity will not be 
interfered with, whatever number of strings, membranes, forks, &c. 
may be present, even though they are subject to damping. 

The theorem includes the optical law, that if one point can be seen 
from a second, the second can also be seen from the first, whatever re- 
flections or refractions the hight may have to undergo on its passage. 

A last example may be taken from electricity. Let there be two 
linear conducting circuits A and B, in whose neighbourhood there may 
be any number of others (either closed or terminating in condensers), 
or solid conducting masses. The theorem asserts that an electro- 
motive force acting in A gives the same variable current in B as would 
be produced in A if the electromotive force were transferred to B. 


Addition to the Memovr on Geodesic Lines, in particular those of a 
Quadric Surface.* By Prof, Cayuny. 


[Read June 12th, 1878.} 


38. In the Memoir above referred to, speaking of the geodesic lines 
on the skew hyperboloid, I say (No. 35),—“*The geodesic of initial 
direction M1 touches at M the oval curve of curvature M1, and lies 
wholly above this curve; 7 makes an infinity of convolutions round the 
upper part of the hyperboloid, cutting all the oval curves of curvature 
for which p has a positive value greater than p, (if p, is the value of p 
corresponding to the oval curve through M), and ascending to in- 
finity.” The statement as to the infinity of convolutions is incorrect ; 
I was led to it by the assumption that the geodesic could not touch 
any hyperbolic curve of curvature. The fact is, that it touches at in- 
finity (has for asymptotes) in general two hyperbolic curves of curva- 
ture; viz., the geodesic descending from infinity in the direction of a 
hyperbolic curve of curvature, so as to touch the oval curve through M, 
again ascends to infinity in the direction of a hyperbolic curve of 
curvature (the same as the first-mentioned one, or a different curve), 





* See pp. 191—211. The articles are numbered consecutively with those of the 
original Memoir. 
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making in its whole course say /. convolutions, where m is a positive 
finite number; viz.,if <1, there is no complete convolution, and when 
k&=1 or any integer number, then the two hyperbolic curves are one 
and the same curve; ¢é is infinite only in the special case afterwards 
referred to in the same No. 35, where the oval curve of curvature is 
the eliipse which is a principal section of the hyperboloid, and does not 
even attain to the value 1 except for an oval curve exceedingly close to 
this ellipse. The error was, on consideration, obvious enough, though 
I was, in fact, led to perceive it by the numerical calculations about to 
be referred to, which gave me geodesics not making a complete con- 
volution. 


39. I have effected, for a particular skew hyperboloid and oval curve 
of curvature thereof, the numerical calculations for laying down the 
geodesic lines which touch this curve of curvature. Taking in general 
the equation of the hyperboloid to be 

ca aa aoe I, 
a b C 
and the 0-curve of curvature to be the intersection by the confocal 
Piet Ye yy RINT Ty 
a—0 b—0 c—O0 ”’ 
then the selected values for the hyperboloid, and oval curve of curva- 
ture touched by the geodesics, are 
i 900, 
he 400, 
c= —c = —1600, 
§=—0'= —1650; 
so that a, b,c’, 0 are the positive values 900, 400, 1600, and 1650 respec- 
tively. I recall that p=c to p=o gives the oval curves of curvature, 
viz., p=c, the elliptic principal section; p=6', the given oval curve : 
and that we are in the sequel concerned Baty, with the oval curves 
above this, for which p extends from 0 to 0. Moreover, g=—b to —a@ 
gives the hyperbolic curves of curvature, viz., ¢g = —0 the wz-principal 
section; and g=—a the yz-principal section of the hyperboloid. We 
have, in fact, to deal with the integrals 


(p) = 





surface 











J G Ea. 
y (p+a)(pt+b) (p—c)(p—-#') 
Hn cen | Pah 2 
and aD (ona (g+b) (g—¢) (g—®) 


or if p= 6'+4,°u extending from 0 towards 0, then 


ie OU ETA tenner 
IT (p) = fa “Y ceens aia 
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and so if g = —b—v, v extending from 0 towards (a—b), which is its 


limit, $$ 
utb 
¥ (q) = fo /—5 b—v) v OEet Oa eee 


the relation for any particular geodesic of the series being 
EIT (p)$¥(q) = 


40. To avoid discontinuity as to sign, it is convenient to take the 
integral ¥(q) in a particular manner. The hyperboloid is by the zz- 
and yz-principal planes divided into four quadrants ; or since we attend 
only to the upper half of the hyperboloid, say this upper half is thus 
divided into four quadrants, wv to y, y to a’, w toy’, and y’ to z; or call 
them the first, second, third, and fourth quadrants. But we may con- 
sider the quadrants as forming an infinite succession, first, second, 
third, fourth, fifth, and so on; or we may take them in the reverse 
order, —1, —2, —3, &c. Fora hyperbolic curve g = —b—v in the 
first quadrant the integral is to be taken v=0 to v=v; for a curve in 
the second quadrant v=0 to a—b, and thence positively a—b to v; for 
a curve in the third quadrant v=0 to a—b, thence a—b to 0, and 
thence 0 tov; and so on: and so for a point in the quadrant —1, the 
integral is from 0 to v, taken negatively, &c.; that is, as the hyperbolic 
curve travels from the vz-position in the positive direction, the integral 
V(q) continually increases from zero; and if the curve travels from the 
az-position in the negative direction, then the integral ¥(q) continually 
decreases from zero; that is, it increases negatively. It is to be re- 
marked that the integral v=0 to a—b is finite, say it is = K’; and of 
course it is only thus far that the integral requires to be calculated, the 
subsequent values differing from the preceding ones only by multiples 
of this complete integral. 

The integral II(p) requires no explanation; it is taken from w=0, 
giving a certain oval curve, up to any positive value of u, giving the 
oval curves above this one; and, in particular, taking the integral to 
w = oc (or, what is the same thing, to p = o0 ) its value is finite, =K, 
suppose. 





41. Consider the geodesic which touches the given oval curve 
at a point for which W(qg) has a given value Q; at this point 
p=, or II(p)=0; so that, taking for the equation of the geodesic 
¥(q)+1II(p) =C, we have Q=C, and consequently 

¥ (7) = Q+U(/p). 

Taking the positive sign, then as p increases from 6’, ¥(q) increases, 
or the describing point of the geodesic moves upwards from the point 
of contact in the direction of positive rotation; and taking the negative 
sign, then Y(q) decreases, or the describing point of the geodesic moves 
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upwards from the point of contact in the direction of negative rotation ; 
and, in particular, p becoming infinite, then the first mentioned branch 
touches at infinity the hyperbolic curve, for which gq is such that 
WV (gq) = Q+Ks, and the second branch that for which ¢ is such that 
¥(qg) = Q—K. | 


42. The graphical process is as follows: we describe, on the hyper- 
boloid, a series of hyperbolic curves of curvature, numbering them 
according to the values of W(q); viz., considering the hyperbolic 
branches which form the wz, yz, az and y’z sections respectively, these 
are 0, K’, 2K’, 3K’, and on going round a second time they would be 
AK’: 5K’, 6K’, 7K’, and so on respectively. We similarly describe, say 
on the upper half of the hyperboloid, the oval curves of curvature, num- 
bering them according to the values of II(p), viz., beginning with that 
for which p=6, which is 0, we go successively up to the oval curve 
at infinity, which is K. 

In the example, and drawing belonging thereto,* where, for conveni- 
ence, the values of the integrals have been multiplied by 100,000, we 
have, as will appear, K=12490, K’= 34726: the two sets of curves are 
drawn at intervals of 2000; viz., we have the hyperbolic curves 0, 
2000, 4000, ... 84000, 34726; and the oval curves 0, 2000, 4000, 6000, 
8000, 10000 ; the distance of the successive oval curves increases very 
rapidly, since the curve at infinity would be K, = 12490, and the curve 
K = 10000. is the last which comes into the limits of the figure. 


43. The two sets of curves of curvature being thus drawn at equal 
intervals of i(p) and W(q) respectively, dividing the hyperboloid. into 
quadrilateral spaces (which of course should theoretically be inde- 
finitely small), the diagonals of these quadrilateral spaces are the ele- 
ments of the geodesic lines; and by a series of such elements we have 
a particular geodesic line. The general character comes out in the 
drawing very distinctly; viz., the geodesic is a hyperbola-like curve 
descending from infinity to touch the oval curve, and again ascending 
to infinity; by reason of the small value of K in comparison of K’, 
there is nothing lke a complete convolution, but the whole curve is 
included within a quadrant of the hyperboloid. 


44, I remark that the calculations were performed roughly. I made 
no attempt to estimate or allow for errors arising from the intervals 
bemg too great; and there are very probably accidental errors of cal- 
culation. But starting with the value 10411 of Il(p) for p =10000, 
I found, with some care, superior and inferior limits of the remainder 
of the integral, p=10000 to p=co; and the process is, I think, an 
interesting one. Consider in general the integral 





* This drawing was exhibited at the meeting of the Society. 
BB2 
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ie Hip Rol Aca ee cee Og 
J Px Gr eG 


oS Tet gp eee See eae 
+f Lh) GaSe 


where J, is the integral calculated up to a somewhat large value p=. 


Writing a=1(a+b), 
p ras Pad soli E 
y= 37(a+b)—m, 
60=1(¢+0)+n, 


where m and v are as yet undetermined, we have 


(p+a) (p+b) = (pta)’—{(a—b)’, >(pta)’, 

(p—¢) (p—®) = (p— tg 3(0'—c')’, >(p—B)’: 

and the integral is thus me he 
i¥ pe a Se, 

Laat =O) 


But we may determine ™ and n, so that for p= or >p,, 


(p+a)(p+b) < (pty) 
(oxo) (nO) nena 

and the integral is then o 
Pp 

Dae cere =a 
The determination thus ton on the last-mentioned integrals, the 
values of which are at once obtainable by writing therein /p = 2; 
viz., we have 





ada 
fa ey SEED 


JAB 2/a, eine ie 
a i ue fae ce + De 


and hence, substituting in the formula, for h.lw its value mae the 








superior limit is 
rere DS Or, ae ein 
I, + te vf lo Moe o ae Y eot7} ve}, 
; +6 log e 8 JS pi— W/o hag 7 MN 
and the inferior limit is 
3 1 Jp, + MP 2/4 - SP ir 
if a4 { J/ | Ps 2 | ope i i) 1 1 
Soe rn cians Sym ee Tyee! 


45. The numerical values are p; = 10,000; a, 0, c’, & = 900, 400 
1600, 1650; and thence determining by trial values of m and n, 
Gi=—7 OO, y= 650— 4= 646, 

= 1625, 6 = 16254160 = 1785, 
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T obtained for the logarithmic and circular terms of the two limits 
respectively 








Superior Inferior 
Logarithmic ... ... ‘015668 015144. 
Girculars «77 emer UU O20 ‘005593 

‘020870 "020737 


The value of I, was 10411 +100,000 = -104110, and the two limits 
thus are *124980 and ‘124850; or restoring the factor 100,000, they 
are 12498 and 12485; the mean of these, say 12490, was taken for the 
value II (p), p=oc; that is, K=12490. 


46. As regards the calculation of the integrals II(p) and ¥ (q), intro- 
ducing the numerical values, and multiplying by the before-mentioned 
factor 100,000, we have (¢g = —400—v), 


¥(g) = 100,000 f ‘dv J v+ 400 
6 (500—v) v(v+ 2000) (v+ 2050) 


which for any small value of v is 


4.00 
= saree es REE Ab (1 fee Oo a 
pattie i 500.2000. 2050 da ae 
viz., this is = 883°45 (log = 2°9461830) /», 


which was used for the values v = 1, 2,... 10, that is, to g=—410; 
after which the calculation was continued by quadratures giving to v 
the values 10, 20, 30,... up to v= 490, or g=— 890. For the re- 
mainder of the integral, writing 500—v = w (that is, g = — 900+), 
we have 


¥ (g)—¥ (—890) = 100,000 f dw ‘i 900—w 


w (500 —w)(2500— w) (2550 —w) 


900 dw ‘ 
= a as (ple ace 
NG 4) 500.2500.2550 L Jw Caan 


= 1062°7 (log = 3:0264261) (./10— ./w), 
which was used for the values w = 9, 8, 7, ... 1,0, to complete the cal- 
culation up to g =— 900. 





47. We have in like manner, cs = 1650+, 


ae u w+1650 
Ht (p) = 100,000 f du «| (59880) (w+ 2080) (wEBOY w 


which for small values of w is 
1650 du 
= 1 ) aia. ( A267 43 — 2 ‘ ) ; 
Su as ny 2550.2050.50 \J /w gee 
viz., this is 502°5 (log = 2°7011399) /u, 
used for w= 1,2,...10, that is to p= 1660. The calculation was 
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afterwards continued by quadratures, by giving to uw a succession of 
values, at intervals at first of 10, and afterwards of 20, 50, 100, 200, 
and 500, up to p= 10,000, giving for the integral the value 10411; 
and thence, as appearing above, the value for p=00 was found to be 
= 12490. 


48. After the calculation of the values of IIl(p) and W(q), it was 
easy by interpolation to revert these tables, so as to obiain a table 
which, for I or ¥ as argument, gives the values of p and g. The argu- 
ments are taken at intervals of 500; up to 10,000 as regards p, since 
the original table was only calculated thus far; and up to 34726 as re- 
gards gq. I had thus calculated the annexed Table III, when it 
occurred to me that there was a convenience in taking the arguments _ 
to be submultiples of the complete integral 34726; say we divide this 
into 90 parts, or, as it were, graduate the quadrant of the hyperboloid 
by means of hyperbolic curves of curvature adapted for the geodesics 
in question. Taking every fifth part, or in fact dividing the quadrant 
into 18 parts, we have the Table IV. 


49. It will be remembered that the foregoing results apply only to 
the geodesics which touch the oval curve of curvature p = +1650; for 
the geodesics touching any other oval curve of curvature, the values of 
the integrals, and the mutual distances of the curves of curvature used 
for tracing the geodesics, would be completely altered. But it is pos- 
sible to derive some general conclusions as to the geodesics that touch 
a given oval curve of curvature. 

Observe that the integral K’ (= 34726 in the case considered) 
measures the quadrant of the hyperboloid ; viz, ¥(q) =0, ¥(qg) = K’ 
determine two hyperbolic curves of curvature (principal sections), the 
mutual distance whereof is a quadrant. Hach geodesic touches the 
given oval curve of curvature, and it touches at infinity the two hyper- 
bolic curves ¥(¢g) =Q4K (K = 12490 in the case considered) ; viz., 
the distance of these in regard to the circuit of four quadrants, or say 
the amplitude of the geodesic, is measured by the ratio — 

50. Now it is easy to see that as the oval curve of curvature ap- 
proaches the principal elliptic section, that is, as 6’ approaches ¢ (or 
writing 6’=c’+m, as m diminishes towards zero), the integral K’ 
alters its value only slowly, increasing towards a certain constant limit; 
but, contrarywise, K increases without limit, its value for any small 
value of m being of the form A—B log m, =oo in the limit; wherefore, 
as m diminishes, the value of ae or amplitude of the geodesic, con- 
tinually increases. If this is =1, the geodesic touching at infinity a 
certain hyperbolic curve of curvature, in descending to ‘touch tlie oval 
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curve, makes round the hyperboloid a half-convolution, and then again 
ascends through another half-convolution to touch at infinity the same 
hyperbolic curve of curvature ; viz., it makes in all one entire convo- 
lution, or say in descending it makes a half-convolution. But if 
K+ 2K’= 2, then the curve makes in descending a complete convo- 
lution ; and so, if K + 2K’= 2s, then the geodesic makes in descend- 
ing s convolutions ; and, as already mentioned, ultimately when m=0 
the geodesic makes an infinity of convolutions; that is, it never ac- 
tually reaches the elliptic principal section, but has this line for an 
asymptote. 


51, To sustain the foregoing statements, I write 6° (=c¢+m) 
= 1600+%m, and I consider the integral 











wat . ie. aS U +1600- +m 
Ka = 100,000 f sch Van 9500 + nv) (Cu +2000 +m) (u+ mm). w 
say fora moment thisis K,, = “ifs du. 


0 
Supposing m to be small, we divide the integral into two parts, say 
from 0 to a [where a, = for example 50 or 100, is large in comparison 
with m, but small in comparison with the numbers (c’, &c.), 1600, &e. |, 
and from a tooo. In the second part, the expression under the in- 
tegral sign and the value of the integral varies slowly with m, and we 
may, aS an approximation, write m=0. We have thus 


K, =f" Undut fo Usdu, 
and the first part hereof is 
6OC du 
= 100,000 y (ss se | Sst el 
viz., the integral is here 
h.l utimt Vu (u+m)} 
yp ScteaetaY ON 6 im) 95 1h Aa 





approximately ; 





1, 
am m 
ws 1 Aa 
or say this is i log —. 
og e m 
5 


The first term is thus 


1600 1 Ac 
= 100,000 loo — 
: Vain 2000 log e 88 in? 





which is = 4119 lop 2%, 
m? 
fc . Aa z = 
or we have K;, = 4119 log “+ We Uy du. 


We ought to have the same value of the integral, whatever, within 
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proper limits, the assumed value of a may be. Taking, for instance, 
a=50 and a=100, we ought to have 


K/=='4119 log ” re if U. du 


= si0tog 2 4 J ekg 


100 
that is, 4119 log2 =f Undu. 
60 

In verification, I calculated the second side by quadratures ; viz., for 
the values 50, 60, 70, 80, 90, 100, the values of Uy are 35°552, 29°570, 
25-311, 22°378, 19°632, 17°645 ; whence, adding the half sum of the 
extreme terms to the sum of the mean terms, and multiplying by 10, 
the value of the integral is =1234°74 The value of the left-hand side 
is = 1239-94, which is a sufficient agreement. 


52. Returning to the formula for K,,,, this may be written 
K,, = (4119 log 400 eh du) — 4119 log m. 
100 
I did not calculate the value of the integral in this formula, but deter- 
mined the term in ( ) in such wise that the formula should be correct 
for the foregoing value m=50; viz., the term thus is 
= 12490+4119 log 50 = 1249046958, = 19488, or say 19500. 
We thus have K,,, = 19500 — 4119 log m ; 
and we may roughly assume that, for any small value of m, K,, has the 
same value as for m= 50; viz., we may write 
Ki, = 34726, or say = 35000. 
We thus see how to give to m such a value that the quantity a 


which is the number of convolutions of the geodesic, may have any 
given value ; and, in particular, we see how exceedingly small m must 
be for any moderately large number of convolutions; for instance, 


= eae eee o = — — 9Q5 — 9 
m= 100,000,000 or logm=—8, K=19500432952, = say 52500, 
or the number is = a about five-sevenths of a convolution. 


Correctron.—Instead of speaking, as above, of a geodesic as touching 
at infinity a hyperbolic curve of curvature, the accurate’ expression is 
that the geodesic at infinity is parallel to a certain hyperbolic curve 
of curvature. The geodesic has, in fact, for asymptote the right line 
on the surface parallel at infinity to such curve of curvature.—Added 
Dec. 1873.—A. C. 
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TABLE I. TABLE It. 
P II (p). q Y (q). 
1650 000 — 400 000 
1 502 1 883 

2 DALI 9 1249 

3 870 8 1530 

A 1005 4 1767 

5 1124. 5 1975 

6 1231 6 2164 

7 1329 7 9337 

8 1421 8 94,99 

9 1507 9 2650 
1660 1589 410 2794 
70 2188 20 4016 
80 9605 30 4952 
90 9933 40 5752 
1700 3205 50 6467 
10 3438 60 7124 
20 3642 70 7739 
30 3824. 80 8321 
40 3989 90 8877 
50 | 4180 500 9413 
60 4287 10 9931 
70 A414, 20 | 10436 
80 | 4532 30 | 10923 
90 A642 40 | 11406 
1800 | 4745 50 | 11880 
20 A945 60 | 12347 
40 5106 A 12809 
60 5261 80 | 13266 
80 54.03 90 | 13720 
1900 5533 600 | 14171 
20 5654 10 | 14619 
AO 5766 20 | 15067 
60 5871 80 | 15513 
80 5970 40 | 15960 
2000 6063 50 | 16408 
50 6275 60 | 16857 
100 64.62 70 | 17308 
150 6629 80 | 17762 
200 6779 90 | 18220 
250 6916 700 | 18682 
300 7041 | 10 | 19149 
850 7156 20 | 19623 
400 7262 30 | 20101 


4.50 7362 40 20588 
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TABLE I., continued. TABLE II., continued. 
Pp II (p). q ¥ (q)- 
2500 VA54 —795 . 21086 
600 7625 60 21595 
700 (404 7 ra eg 
800 7913 80 226538 
900 8037 90 23206 
3000 8151 800 23778 
200 8352 10 24374 
400 8526 20 24.998 
600 8679 30 25655 
S00 8815 4.0 26355 
AQOO 8936 50 27.105 
500 9216 60 27928 
5000 9423 70 28861 
500 9593 80 29936 
6000 SVisY¢ 890 31365 
500 9861 1 31538 
7000 9970 2 31720 
DUO 10066 3 31914 
8000 10152 4, 32123 
300 10229 i) 32350 
9000 10299 6 32600 
500 103638 7 32886 
10000 10411 8 3d224 
9 33663 
0 12490 —900 34726 
TABLE IIT. 
Il or ¥ p D q D 
0 1650:0 1 — 400 0 3 
500 1651-0 3 400°3 oh 
1000 1654-0 8 401°3 16 
1500 | 1659-0 78 402°9 Be 
2000 1666°8 10:7 40571 9:9 
9500 1677°5 ies 408 0 oY 
3000 1692°4 30-6 411°7 4-0 
ge | ge | me | ash | 
36-6 ee 5-2 
4500 1777-4 Heo 42.52 AG 
5000 1826'8 631 | 430°6 6:9 
0500 1894°9 | ops 436°8 6-3 
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TABLE III., continued. 











II or ¥ p D qg D 
6500 | 2111 ee ote | mae 
7000 2a a 4581 3-0 : 
7500 9527 | ho 4661 oA 
8000 2870 vee AT Ae 5 8.7 
8500 | 8285 | G59 483°2 hai 
9000 | 4114 | 4535 492°3 Fi 
9500 | 5226 |} Joa 501°7 0-6 
10000 7158 ie 5113 9-2 
500 ; 521-1 Tul 
11000 531:5 Hie 
500 542-0 10°3 
12000 552-5 aah 
500 20 563-3 She 
13000 5762 Nee 
500 585-1 set 
14.000 596-2 ake 
500 607°3 119 
15000 618°5 ie 
500 629:7 ae 
16000 64:0 ae 
500 652-1 14 
500 674-2 11-0 
18000 685°2 | 36.9 
500 69o'°L 10°7 
19000 | 706°8 Va 
500 Gis A elas 
20000 7238-0 nie 
500 7384 9:6 
21000 748°3 aes 
500 7591 9-6 
500 7774 9-0 
500 812-0 8-0 
25000 820°0 7-6 
500 827°6 7-3 
26000 834-9 7-0 
27000 848-6 6:9 
28000 860°8 53 
500 866-1 59 
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TABLE III. (continued.) 








Il or ¥ my D q D 
29000 ~ 8713 ae 
500 876-0 46 
30000 880°6 3+, 
500 884.0 3.5 
31000 887-5 3.9 
500 890°8 3:6 
32000 893-4. a5 
500 895°6 Ly 
33000 897°5 14 
500 8986 o-7 
34000 §99°3 ae 
500 899°8 ae 
34.726 —900 
TABLE IV. 
IT or ¥ Diff. gq Diff. 
0 0 1650 — 400 
1 | 1929 | 1665-7 rena sia| s* 
y) 8858 | 1732-1 5104 418-7 She 
8 5788 | 19442 vss 4A0°5 Soe 
4 7717 | 2657-7 3040-0 469°6 510 
5 9646 5697°7 a 5045 oa 
6 11575 543°6 41-6 
7 13504. 585-2 Ge 
8 | 15434. 628:0 Ws 
9 17363 671-2 18 
10 19292 713:0 39-7 
aR 21221 759°7 36-3 
12 | 28150 739-0) Ore 
138. |. 25079 821-2 | 
14 | 27008 848°6 ao 
15 | 28988 870:7 128 
16 | 30868 886-5 ae 
17 12280797 896°7 3.3 
18 34726 —900 
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Preliminary Sketch of Biquaternions. By Prof. Crirrorp, M.A. 
[Read June 12th, 1873.] 
I, 


The vectors of Hamilton are quantities having magnitude and direc- 
tion, but no particular position; the vector AB being regarded as 
identical with the vector CD when AB is equal and parallel to CD 
and in the same sense. The translation of a rigid body is an example 
of such a quantity; for since all particles of the body move through equal 
distances along parallel straight lines in the same sense, the motion is 
entirely specified by a straight line of the given length and direction 
drawn through any point whatever. A couple, again, may be adequately 
represented by a vector; since the axis of a couple is any line of length 
proportional to its moment drawn perpendicular from a given face of 
its plane. : 

For many purposes, however, it is necessary to consider quantities 
which have not only magnitude and direction, but position also. The 
rotational velocity of a rigid body is about a certain definite axis, and 
equal rotations about two parallel axes are not equivalent to one 
another. A force acting upon a solid has a definite line of action, and 
equal forces acting along parallel lines differ by a certain couple. The 
difference between the two kinds of quantities is clearly seen when we 
consider the geometric calculus which is used for the study of each. 
In studying the motions of a particle or the composition of couples, the 
only construction required is that of the ‘“ force-polygon,” and the 
theory involved is that of the addition of vectors; but in the static or 
kinematic of solids we require in addition the construction of the “link- 
polygon,” and there is involved the theory of the involution of lines in 
space, or of the linear complex. 

The. name vector may be conveniently associated with a velocity of 
translation, as the simplest type of the quantity denoted by it. In 
analogy with this, I propose to use the name rotor (short for rotator) 
to mean a quantity having magnitude, direction, and position, of which 
the simplest type is a velocity of rotation about a certain axis. <A rotor 
will be geometrically represented by a length proportional to its magni- 
tude measured upon its axis in a certain sense. The rotor AB will be 
identical with CD if they are in the same straight line, of the same 
length, and in the same sense; 7. ¢€., a vector may move anywise 
parallel to itself, but a rotor only in its own line. 

The addition of rotors will proceed by the rules which govern the 
composition of forces and rotations. Here, however, we come upon a 
very important break in the analogy between rotors and vectors. While 
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the sum of any number of vectors is always a vector, it will only 
happen in special cases that the sum of a number of rotors is a rotor. 
In fact, the composition of two forces whose lines of action do not 
intersect, or of two rotation-velocities whose axes do not intersect, 
gives rise to a system of forces on the one hand, and the most general 
velocity of a rigid body on the other. These still more complex 
quantities have been studied, and the theory of their addition or com- 
position completely worked out, by Dr. Ball. 

A system of forces may be reduced in one way to a single force P, 
and a couple G whose plane is perpendicular to the line of action of the 
force, or central axis. Dr. Ball speaks of the system of forces as a 
wrench about a certain screw; the axis of the screw being the central 


axis, and the pitch being the ratio ¢ of the couple to the force. 


Similarly the velocity of a rigid body may be represented in one way 
only as a rotation-velocity » about a certain axis combined with a 
translation-velocity v along that axis. Dr. Ball speaks of this velocity 
as a twist-velocity about a certain screw ; the axis of the screw being 


the axis of rotation, and its pitch the ratio of the translation to the 
W 


rotation. A screw is here a geometrical form resulting from the com- 
bination of an avis or straight line given in position with a pitch which 
is a linear magnitude. A wrench is the association with this geo- 
metrical form of a magnitude whose dimensions are those of a force; a 
twist-velocity the association of a magnitude whose dimensions are 
those of an angular velocity. The extreme convenience of this 
nomenclature is well exemplified in the remarkable memoir above 
referred to. 

Just as a vector (translation-velocity or couple) is magnitude asso- 
ciated with direction, and as a rotor (rotation-velocity or force) is 
magnitude associated with an axis; so this new quantity, which is the 
sum of two or more rotors (twist-velocity or wrench) is magnitude 
associated with a screw. Following up the analogy thus indicated, I 
propose to call this quantity a motor; the simplest type of it being the 
general motion of a rigid body. And we shall say that in general the 
sum of rotors is a motor, but that in particular cases it may degenerate 
into a rotor or a vector. 


ik 

A quaternion is the ratio of two vectors, or the operation necessary 
to make one into the other. Let the vec- - 
tors be AB and AC, as they may both be \ 
made to start from any arbitrary point A. \ 
Then AB is made into AC by turning it 4 
round an axis through A perpendicular to 
the plane BAC until its direction coincides with that of AC, and then 


Cc 
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magnifying or diminishing it until it is of the same length as AC. The 
ratio of two vectors then is the combination of an ordinary numerical 
ratio with a rotation ; or, as Hamilton expresses iia quaternion is the 
product of a tensor and aversor. Since the point A is perfectly arbi- 
trary, this rotation is not about a definite axis; but is completely 


specified when its angular magnitude and the direction of its axis are 
given. 


This quaternion* aC = q, then, is an operation which, being per- 


formed on AB, converts it into AC, so that g.AB= AC. The axis of 
the quaternion is perpendicular to the plane BAC; and it is clear that 
the quaternion operating upon any other vector AD in this plane will 
conyert it into a fourth vector AE in the same plane, the angle DAH 
being equal to BAC and the lengths of the four lines proportionals. 
But a quaternion can only operate upon a vector which is perpendicular 
to its axis. If AF be any vector not in the plane BAC, the expression 
gq. AF is absolutely unmeaning. A meaning is indeed subsequently 
given to an analogous expression im which the sigiification of AF is dif- 
ferent. But it is very important to remark that so long as AF means . 
a vector not perpendicular to the axis of g, the expression g.AF has no 
meaning at all. 

Let us now consider what is the operation 
necessary to convert one votor into another. There 
is one straight line which meets at right angles 
the axes of any two rotors, and part of which con- 
stitutes the shortest distance between them. Let 
AC be the shortest distance between the rotors 
AB and CD. Then AB may be converted into CD 
by a process consisting of three steps. First, turn 
AB about the axis AC into the position AB’, parallel 
to CD. Then slide it along this axis into the position CD’. Lastly, 
magnify or diminish it in the ratio of CD’ to CD, The first two opera- 
tions may be regarded as together forming a twist about a screw whose 
axis is AC and whose pitch is 





AC 
cire. meas. of BAB” 


The ratio of two rotors, then, is the combination of an ordinary 
numerical ratio with a twist. This twist is associated with a perfectly 





|AC AC| 

ATG aeats 
AB IAB’ 
AB=1._ It should, I think, be a convention that = is 





* Professor Cayley, by a very convenient notation, distinguishes 


AC _ AC| 
ABE pith [AB 


always to mean == viz., the operation which converts Y into X, or which, coming 





OAD) 


after the operation Y, is equivalent to the operation X. 
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definite screw, and is only specified when its angular magnitude and 
the screw (involving direction, position, and pitch) are given. We 
may say also that just as the rotation (versor) involved in a quaternion 
is the ratio of two directions, so the twist involved in the ratio of two 
rotors is really the ratio of their axes. | 

Here again a remark must be made about the range of this operation. 
Using the expression tensor-twist to mean the ratio of two rotors 
(which is in fact a twist multiplied by a tensor), we may say that a 
tensor-twist can operate upon any rotor which meets its axis at right 
angles. Let ¢ denote the operation which converts AB into CD, so 
ie ss end. AB OD; shanif Whe any othcecepameernte 
meets AC at right angles, the expression ¢. HF will have a definite 
meaning, viz., it will mean a rotor obtained by sliding EF along a 
distance equal to AC, turning it about AC as axis through an angle 
equal to BAB’, and altering its length in the ratio AB: CD. But if 
EF be a rotor not meeting AC, or meeting it at any other than a right 
angle, the expression ¢. EF will have no meaning whatever. 

We have now defined the ratio of two rotors, and shown that like a 
quaternion it has a restricted range of operation. The question 
naturally arises, what now is the operation which converts one motor 
into another ? We can answer this question very easily in the case in 
which the two motors have the same pitch ; for in this case their ratio 
is a tensor-twist whose tensor is the ratio of their magnitudes and 
- whose twist is the ratio of their axes. We are led to this by con- 
sidering each motor as the sum of two rotors which do not intersect. 
Let a and 3 be two such rotors, ¢ a tensor-twist whose axis meets them 
both at right angles; then fa is a rotor, say y, and ¢( is another rotor, 
say 0. If therefore we assume the distributive law, we have 


t(ma+npp) = my+né, 
hpi my +no 





or = 
nia + 29 


It is a mere translation of known theorems to say that the axis of ¢ 
meets at right angles the axes of the motors ma+nf and my+n0, and 
that one of these axes is converted into the other by the same twist 
that makes a into y or 3 into 6. 

The solution of this problem in the general case. in which the pitches 
are different, is not so easy. In the first place, we must remember that . 
every motor consists of a rotor part and a vector part, and that its 
pitch is determined by the ratio of these two parts. By combining a 
suitable vector with a motor, therefore, we may make the pitch of it 
anything we like, without altering the rotor part. Now let it be re- 
quired to find the operation which will convert a motor A into a motor 
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B. Let B’ be a motor having the same rotor part as B, and the same 
pitch as A; and let B= B’+{, wisp (2 is a vector parallel to the 


/ 


; De p B 
c e — oh, —— 23 t, 
axis of B. Then the ratio Me Fe ——- -— AS but ne is a tensor-twis 
say t, and we may write = =t+ fo 
fin 


where it now only remains to find an operation which will convert a 


motor A into a vector /3. 

In order to do this, we must introduce a symbol whose nature and 
operation will at first sight appear completely arbitrary, but will be 
justified in the sequel. The symbol w, applied to any motor, changes it 
into a vector parallel to its awis and proportional to the rotor part of it. 
That is to say, it changes rotation about any axis into translation | 
parallel to that axis, and a force into a couple in a plane perpendicular 
to its line of action. But if the rotation is accompanied by translation 
or the force by a couple, the symbol takes no account whatever of these 
accompaniments ; and if made to operate directly on a vector, reduces 
it to zero. It follows from this that if it be made to operate twice upon 
a motor, it reduces it to zero; or wA=0 always. The portion of any 
expression which involves » must therefore be treated as an infini- 
tesimal of the first order; all higher orders being uniformly neglected. 


Since then wA =a, a vector, and the ratio is a quaternion g so 


that ga=/, we may write successively 


B =qa=qA, 
C end tes 
and then = t+ qu, 


or the ratio of two motors may be expressed as the sum of two parts, one of 
which is a tensor-twist, and the other is w multiplied by a quaternion. 

The same ratio may be expressed in another form. let an arbitrary 
point O be assumed as the origin; then every motor may be expressed 
in one way as the sum of a rotor passing through O and a vector. 
Now the theory of rotors passing through a fixed point is exactly the 
same as that of vectors in general, and the ratio of any two of them is 
a tensor-twist whose pitch is zero, or what is the same thing, a qua- 
ternion whose axis is constrained to pass through the fixed point. If 
we use cursive Greek letters (as a, @) in general to represent rotors 
through the origin, we may distinguish vectors from them by prefixing 
the symbol w; thus wa denotes a vector parallel and proportional to 


the rotor a. The ratio P vil then be a quaternion q, which is also the 
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ratio oP The general expression for a motor is then a+. Let it 
Wa 


now be required to find the ratio of two. motors a+wf, y+wod; or the 
yt 
atop 


First, let 2 =q; then g(a+of) = y+qw8 = y+o¢f. 


The symbol gf has at present no geometrical meaning; for in general 
the rotors a, 2, y will not be coplanar, and cannot therefore be operated 
on by the same quaternion g. If however (as in the Calculus of Qua- 
ternions) we consider all these quantities as expressed in terms of three 
o—qi 

a 


value of the expression 





rectangular unit rotors through the origin, will be a perfectly 


definite quaternion r. The equation 

ra = 6—gP 
is, like the equation gq (a+) = y+w9f, 
at present purely literal and devoid of meaning. Yet if (remembering 
the properties of the symbol w) we add w times the first equation to the 
second and assume the distributive law, we obtain 


(¢+or) (ato) = y+wo. 
In this way the ratio te is expressed in the form g+or, which 


expression may conveniently be called a biquaternion.} The final equa- 
tion, however, is not susceptible of interpretation in the same sense as 
the equation ga=y. The expression g+wr does not denote the sum 
of geometrical operations which can be applied to the motor a+of as 
a whole; and the ratio of two motors is only expressed by a symbol as 
the sum of two parts, each of which separately has a definite meaning 
in certain other cases, but not in the case in point. In following sec- 
tions this difficulty will be partly overcome by showing that the system 
here sketched is the limit of another in which it does not occur. 

The preceding remarks may however explain, and be illustrated by, 
the following table :— 





GEOMETRICAL ForM QUANTITY __ Qeaxmy | EXAMPLE 
| 
| 





Sense on st. line | Vector on st. line} Addition or Subtraction | Signed Ratio 





Direction in plane | Vector in plane | Complex quantity Complex Ratio 

Direction in space | Vector in space | Translation, Couple Quaternion 

Axis Rotor Lotation- Velocity, Force | Twist 

Screw Motor Twist-Velocity, System | Biquaternion 
of Forces 





* It follows from this that w7=qw, or w is commutative with quaternions. 

+ Hamilton’s diqguaternion is a quaternion with complex coefficients; but it is con- 
venient (as Prof. Pierce remarks) to suppose from the beginning that all scalars may 
be complex. As the word is thus no longer wanted in its old meaning, I have made 
bold to use it in a new one. 
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Til. 

That geometry of three- dimensional space which assumes the 
Euclidian postulates has been called by Dr. Klein the parabolic geo- 
metry of space, to distinguish it from two other varieties, which assume 
uniform positive and negative curvature respectively, and which he 
calls the elliptic and hyperbolic geometry of space. The investigations 
which follow involve the postulates of elliptic geometry. As, however, the 
postulate of uniform positive curvature is not sufficient to define this, it 
may be worth while to devote a short space to an explanation of its nature. 

Space of three dimensions is that the points of which may be asso- 
ciated with systems of values of three variables a, y, z. It is not in 
general possible, however, so to make this association that to every 
system of values there shall correspond in general one point, and to 
every point in general one system of values. When this is the case, 
the space is called wnicursal. An algebraic space is one in which the 
position of a point may be uniquely defined by a set of values of 
periodic algebraic integrals, without exceptions which form a part of 
the space. Thus, unicursal spaces are a particular case of algebraic. 
Attending now to unicursal spaces only, we must observe that there are 
in general exceptions to the unique correspondence of points and value- 
systems ; namely, there are certain points to each of which correspond | 
an infinite number of values of the coordinates satisfying a certain 
equation or equations; and there are certain value-systems to which 
correspond, not points, but loci in the space. The assignment of these 
point-equations and loci-values and of their relations with one another 
serves to determine the projective-connection of the space; and when once 
these are known, the whole of its projective geometry may be worked 
out. The point-equations and loci-values may or may not involve ima- 
ginary values of the variables or their coefficients ; but in all cases they 
must be taken into account. The points which correspond to real 
systems of values are called real points; those which correspond to 
imaginary systems, Imaginary points: the study of these latter, which 
does not strictly belong to that of three-dimensional space, is under- 
taken only for the sake of the former. 

Loci which correspond to linear equations between the coordinates 
may at present be called planes, and their intersections lines; this is a 
purely projective definition, and these loci are not necessarily flat planes 
and straight lines in the metrical sense. Points, lines, and planes are 
included in the name elements. 

The metric geometry of space* is the theory of the projective relations 
of certain fixed geometrical forms with all other geometrical forms, or 
of the invariant relations of certain fixed algebraic forms with all other 








* This theory of metric geometry is due to Prof. Cayley: Sixth Memoir on 
Quantics, Phil. Trans., 1859. 
cc2 
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algebraic forms. The word power will be explained as much as is 
wanted in the sequel; meanwhile it may be said that these fixed forms 
(called all together the absolute) are given when we know the points, 
the lines, and the planes of the absolute, or say the elements of the 
absolute ; and that the power of an element of the absolute in regard 
to any arbitrary element is infinite. In other words, we require in 
general equations of the absolute in point-, line-, and plane-coordinates 
respectively. 

A unicursal space the points of which may be represented uniquely 
by value-systems of the coordinates @, y, z, without the exception of 
any point-equations or loci-values, is called a linear space. This is 
merely a projective definition, and leaves the absolute, therefore the 
whole of metric geometry, undetermined. 

There is a particular determination of the absolute in a linear space 
which is of the utmost importance. It is that in which the points of 
the absolute are those of a certain quadric surface, while the lines and 
planes of the absolute are those which touch this surface ; or in which. 
the three equations of the absolute are of the second degree. There are 
three cases* to be considered, as being the only ones of which observed 
space can form a part :— 

(1) Llliptic geometry ; all the elements of the absolute are ima- 

ginary. 

(2) Hyperbolic geometry; the absolute contains no real straight 
lines, and surrounds us. In this case, real points situate on 
the other side of the surface are called ideal. 

(3) Parabolic geometry; the surface degenerates into an imaginary 
conic in areal plane. The points of the absolute are points 
in the (real) plane of this conic ; the lines and planes are the 
imaginary lines and planes which meet and touch the conic 
respectively. 

The first of these suppositions will be made in what follows. It may 

be well here to set down in what it consists. 

(1) The space to be considered is such that there is one point of it 
for every set of values of the coordinates x, y, z, and one set of values 
for every point, without any exception whatever. 

(2) There is a certain quadric surface, called the absolute, all whose 
points and tangent planes are imaginary. Ifthe line joining two points 
a, b meet the absolute in 2,7, the quantity 

ab .vy _— 

Ta Gr che ee 
(which is a function of anharmonic ratios, and therefore an invariant, ) 
is called the power of the points a, 6 in regard to one another, or of 





* On this division see Dr. Klein, ‘‘ Ueber die so-genannte Nicht-Euklidische Geo- 
metrie,’’ Math. Annalen, Bd. 4. The second case is the geometry of Lobatschewsky 
and Bolyai. 
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either in regard to the other. The distance of these two points is an 
angle @ such that sin 0 = ab. 

Similarly, if through the line of intersection of the planes A, B there 
be drawn the tangent planes I, J to the absolute, the power of the 
planes A, B in regard to one another is the quantity 

AB.IS FG: 
A Alea Te he Bel) ee ae 


and the angle between them is an angle ¢ such that 





sin ¢ = AB. 

(3) If two points are conjugate in regard to the absolute, they are 
distant a quadrant from one another; if two lines or planes are con- 
jugate in regard to the absolute, they are at right angles. Thus all the 
points at a quadrant distance from a given point are situate on its 
polar plane in regard to the absolute, and every plane through it cuts 
this polar plane at right angles. Every line has a polar line in regard 
to the absolute, such that every point on the polar line is distant a 
quadrant from every point on the line; and every line which is at 
right angles to either meets the other. Through an arbitrary point 
can in general be drawn one line perpendicular to a given plane; 
namely, the line joining the point to the pole of the plane. If, how- 
ever, the point is the pole of the plane, every line through it is pe:pen- 
dicular to the plane. Similarly, from a point not on the polar of a 
given line can be drawn one and only one perpendicular to the line ; 
namely, the line through the point which meets the given line and its 
polar. 

(4) In general, two lines can be drawn so that each meets two given 
lines at right angles, and these are polars of one another. One line may 
therefore be converted into another by rotation about two polar axes. 
‘These axes are determined as the lines which meet the two given lines 
and their polars. If we travel continuously along one of these lines 
and draw perpendiculars on the other, one of these axes determines the 
shortest distance between the lines, and the other the longest. If then 
these two are equal, the lines are equidistant along their whole length. 
Thus there is a case of exception in which two lines and their polars 
belong to the same set of generators of a hyperboloid; the lines are then 
equidistant along their whole length, and meet the same two generators 
of one system of the absolute. I shall use the word parallel to denote 
two lines so situated ; and they shall be called right parallel or left 
parallel according as one is converted into the other by a right-handed 
or left-handed twist. Through an arbitrary point can be drawn one 
right parallel and one left parallel to a given line; the angle between 
them is twice the distance of the point from the line. There are many 
points of analogy between the parallels here defined and those of para- 
bolic geometry. Thus, if a line meet two parallel lines, it makes equal 
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angles with them; anda series of parallel lines meeting a given line 
constitute a ruled surface of zero curvature. The geometry of this 
surface is the same as that of a finite parallelogram whose opposite 
sides are regarded as identical. 

(5) A twist-velocity of a rigid body must be regarded as having two 
axes. For a motion of translation along any axis is the same thing as 
a rotation about the polar axis, and vice versdé. Hence a twist-velocity 
is compounded of rotation-velocities about two polar axes; say these 
are 0,9. Then the motion may be regarded either as a twist-velocity 


about a screw whose pitch is 4 and whose axis is the first axis, or 


about a screw whose pitch is © and whose axis is the polar axis. In 


general, then, a motor has two axes, and is expressible in one way only 
as the sum of two polar rotors. There is, however, one case of excep- 
tion in which the axes of a motor are indeterminate; that, namely, in 
which the magnitudes of the two polar rotors are equal.* If a rigid 
body receive at the same time a rotation about an axis and an equal 
translation along it, all the points of the body will describe parallel 
straight lines; and the motion of the body is at the same time a rota- 
tion about any one of these lines combined with an equal translation 
along it. Such a motion may be adequately represented by a line of 
given length drawn through any point whatever parallel to a given 
line. A motor of pitch unity, or which is its own polar, may therefore 
be regarded as having the nature of a vector, and shall in future be 
denoted by that name. Jor we may define a vector as a motor whose 
axes are indeterminate; and the case we are now considering is the 
only case of such indetermination which occurs in elliptic geometry. 
Vectors will be called right or left according as the twist of them is 
right- or left-handed. 

Prop.: Hvery motor is the sum of a right and a left vector. For let A 
be a motor, and A’ the polar motor; then we have A=1(A+A’) 
+i(A—A’). Now A+A’ and A—A’ are both motors of pitch unity, 
but one right-handed and the other left-handed. 


IV. 

A fixed point being chosen as origin, let three lines perpendicular to 
one another be drawn through it, and let three unit-rotors having these 
lines as axes be denoted by the symbols 7, j,%. Then every rotor 
through the origin will be denoted by an expression of the form 
wtjy+kz, where x,y, are scalar quantities, or the ratios of magni- 
tudes. The symbols 7, j, & shall have also another meaning ; viz., each 





* This motion is described in another connection by Drs. Klein and Lie, Math. 
Annalen, Bd. 4; it is a transformation of the absolute into itself in which two 
generators remain unaltered. 
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shall signify the rotation through a right angle about its axis of any 
rotor which meets that axis at right augles. When they are performed 
on rotors passing through the origin, these operations satisfy the 
equations @ = j? = k* = ijk =—1, by the ordinary rules of quater- 
nions ; and it is easy to see that the same equations hold good when 
the operations are performed on rotors not passing through the origin. 
The compound symbol iw+jy+kz is also to have an analogous second- 
ary meaning; viz., a rectangular rotation about the axis of the rotor 
which it previously denoted, combined with a tensor ./(a’+y?+2’). 
It can operate only on a rotor which meets its axis at right angles. 
This being so, the ratio of any two rotors through the origin is a 
quaternion of the form g=w+ix+jytkz=wtop, say. The axis p of 
this quaternion is perpendicular to the plane of the two rotors. Ifa be 
a rotor through the origin and g a quaternion, the product ga can be 
formed according to the Hamiltonian rules of multiplication, and is in 
general a quaternion 7. In this general case the equation ga=r can 
only be interpreted by giving to a its secondary meaning; and the 
translation of this statement into words is as follows :—If a rotor be 
capable of being successively operated upon by the rectangular versor a 
and the quaternion g, the final result will be the same as if it had been 
originally operated upon by the quaternion r. If, however, the axes of 
g and a are at right angles, the scalar part of r will be wanting, and 
we may write the equation ga=p.. This equation is now susceptible 
of a primary interpretation; viz., the quaternion g operating on the 
rotor a produces the rotor p; although the secondary interpretation 
does not cease to be true. 

With such conventions, the two sides of the equation 

(g+r)s = qst+rs 
(in which q,7,s are quaternions) have always the same meaning when 
both are interpretable ; which is what is meant by saying that the dis- 
tributive law holds good for these symbols. 

The ratio of two rotors which do not meet is a twist which in general 
has perfectly definite axes. But when the rotors are polars of one 
another, the axes of the twist are indeterminate; for any line meeting 
both meets them at right angles, and will serve for an axis. It is 
therefore always possible to find a twist which shall simultaneously 
convert two given rotors into their polars; and any two rectangular 
twists with pitch 1 or —1 have a pair of common rotors on which they 
can operate, and which they convert into one another. Hence we may 
consider that 

All rectangular twists of pitch 1 are equivalent to one another; and all 
rectangular twists of pitch —1 are equivalent to one another. 

The rectangular twist of pitch 1 shall be denoted by the symbol ow; 
the expression wa will denote the rotor polar to a and equal to it in 
magnitude, obtained from it by a left-handed twist. During the 
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operation of this twist, every point of the rotor describes a straight 
line; if therefore the twist be continued through two right angles, the 
rotor will be replaced in its original position, not reversed ; we have 
therefore wl, 

Every motor can be expressed as the sum of two rotors, one passing 
through the origin and the other being polar to a rotor through the 
origin. The general expression for a motor is therefore 

at+w/. 

This will represent a rotor if the two rotor constituents intersect, or 

if each is perpendicular to the polar of the other; or if Sab =0. 








] : a 
Let now p= te, n= a3 
9) 2 >) 
then a Wiseie = ates — 5 
2 1—2w0+* — 2—2w < 
Sane Rar ae -_ = A UE 
1 
ee 
En 4 


Any motor a+ can also be expressed in the form éy+n6. It is 
clear that fy is the right vector part of this motor, and that 70 is the 
left vector part. If we multiply éy+70 by é, the result is merely éy; 
so the effect of multiplying a motor by é is merely to pick out the right 
vector part of it. The symbols &, 7 are thus in a certain sense selective 
symbols, and are analogous to the § and V of quaternions. 

Ratio of two motors.—We can find immediately now the operation 
which converts a motor £y+yn0 into a motor ta +n. For if we per- 


form the operation (é = +7 B\ (y+ne), 


remembering the laws of multiplication of &, n, we obtain the result 


fa+nB, Ifthe == q; oe r, we may write 
9 


SQrNe acy ia a a 
aU eae 5 = fg +07, 


and the latter may be written in the form 


Lary wo Lo = stot, 





showing that the ratio of two motors is a biquaternion. 
The motor a+nf will be a rotor if 
. S (a+) (a—f) = 0, 
or if Dar PG: 
and it is easy to see from this that the biquaternion ég+nr will be a 
twist, or the ratio of two rotors, if Ty = Tr. 
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Ve 
1. Position-Rotor of a Point.—The coordinates of a point in regard to 
a quadrantal tetrahedron 1234 being 2, a, a3, a, the equation to the 
absolute is 2v#?7=0. The rotor from the origin (the point 4) to the 





point w is represented by rs ee Orel Co = aoe 
Ty as Dy Wy 

where 4, %, %3 are rotors along the edges of the tetrahedron from the 

origin to the middle points of the edges. The tensor of this rotor is 


the tangent of the angular distance from the origin to the point it re- 


Vo » Xs 
aod ta lg —y 
4 


presents. For if p= y-t+y 
v4 wv, U4 


2 2 2 
[Tp]? = Ut F # — tan? ox, where o is the origin. 
U4 
The angular distance from the origin to a point has an infinite 
number of values, which differ by multiples of x. If therefore a rotor 
be considered to have this angular distance as its length, the rotor of a 
point can only be defined by such an equation as p=a (mod.7,). To 
obviate this indetermination, there is required a one-valued unicursal 
function having the period 7; the tangent of the angular distance is 
hereby completely singled out. 


2. Hquation of a Straight Line-—Let OM be the perpendicular from 
the origin O upon the straight line MP; and 


let ON be a line perpendicular to OM in the at p 
plane MOP. Then from the triangle MOP 
we have oe = cos MOP; a /s 
or if OME aes OL pee ON i: 
Vor— i cos OP; 
Aula: 


so that a is the component of p in the direction 
OM, and we have p=a+/3z, where # is some scalar. 

By varying #, then, we get all the points in the line MP. But if a, 
is any particular value of p, the equation may just as well be written 

p = a,+fz, 

where now aq, is not necessarily perpendicular to /. 

This form may be reduced to the preceding as follows : 

To find the perpendicular from O, put 6Tp = 0; this gives 

$a, 6+)’ = 0, 


and the equation becomes p =a,—fS 3 — Bu, 


where a,—fPS | =a of the former equation. 


p 
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3. Rotor along Straight Line whose Hquation is gwen. 
Let OR be the rotor through the origin 
which has right parallelism with MP. Then 
ZNOR=OM. Let OK be perpendicular 
to ON and OM, and of such length that 


tan OK . 

KON = tan NOR. Then, if Y= OK, 
he yes 

OR=fBt+y. Now 73 Ta, and 


Uy = Ua/}, since y is perpendicular to a 
and 3. Hence y=afs; and if R be a 
rotor along MP, m a scalar, 

right vector of R = ER = mi (B+y) = mé (+a), 
so left vector of R = nR = mn(B—y) = mn (B—af) ; 
therefore R = m(G+oaf). 


Now if R have the same length as (, we have 
2? = R? = m?(B’+ap’) = mB’ (1—a?’) ;5x 


therefore to Lae 


Conversely, equation to axis of rotor y+wé is 





eee 
2A 


This finds the rotor in the case in which p= a+, where Saf = 0. 
But in the general case we have only to write the equation in the form 


— a—BS7 + Ba, 
whence R= i epalesde ae 
v (1-8 BSS + 28aB8 A 
B+oVaB 


v (148384 —«) 


4. Rotor ab joining Points whose Position-Rotors are a, B. 
The equation of this rotor is 


Fo=ae 1" (B—a) v, 
whence mR = B—a+wVaZB. 
Now if a, a2, @3, a4; bj, bz, bs, by are the coordinates of the points, we 


4 — tan? wd (a;,b,— abn)? eel ion (a—)’+(Vap)? 
have [TR]? = tan? ab = = i(sahyioe es tae esas) ae 
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therefore R= cote : 


Cor.—If p be the rotor of a variable point 
on a curve, ddA a rotor along the tangent of 
length equal to the are of the curve between p 
and p+dp, we have 


aye dp + wVpdp 
1—p° 





5. Rotor parallel to B through Point whose Position-Rotor is a. 
The general equation to a line through the point a is p=a-+dAz, 


where A is any rotor through the origin. A rotor along this line is 
A+wVad; if this is right parallel to 8, we have 


E(A+ Vad) = &, [go = &] 
or A+ Var = B. 
Operating by Sa, we have, since S.aVad = 0, 
; Sad = Saf, 
whence, by addition, A+art\ = 6+Safh, 
and A= (l+a)"'(848ah) = B—(1+a)7! Va. 


The rotor required is A+wVad, or A+w(G—A). This becomes, then, 
6b—(A+a)" VaB + w1+a)!'Va6b = B—2n(1+a)* Vaf. 
Instead of operating by Sa on the equation 
A+Var = B, 
we might have operated with Va, and got 
Vat+aVart = Vapi, since V.aVad = aVai, 
therefore Var = (1+a)7! Va®B, 
and A = B—Vad = B—(1+a)"! Vaf. 
Similarly, we have for the rotor left parallel to /, 
A = P+ (1—a) 7! Va, 


and the rotor is 


A+w(A—/) = B+(1—a)7! Va + w (1—a)-! VaB 
= B+2é (1—a)-' Va. 
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On a Correspondence of Points in relation to two Tetruhedra. 
By Prof. Cavity, GED. (ERS. 
[Read June 12th, 18738.) 


The following question’ has been considered by R. Sturm in an 
interesting paper, “Das Problem der Projectivitat und seine Anwen- 
dung auf die Flachen zweiten Grades,” Clebsch and Neumann, t. I. 
(1870), pp. 533—574:—Given in plano two groups of the same number 
(5, 6, or 7) of points, to find points P, P’ homographically related to 
these two groups respectively ; viz., the lines from P to the points of 
the first group and those from P’ to the points of the second group are 
to be homographic pencils. In the present paper I require only a 
particular form of these results; viz., in each group two of the points 
are the circular points at infinity ; or, disregarding these, we have two 
groups of 3, 4, or 5 points such that the points of the first group at P, 
and those of the second group at P’, subtend equal angles. I give for 
this particular case an independent analytical investigation; but I will 
first state the results included in the more general ones obtained by 
Sturm. | 

If the points A, B, C at P and the points A’, B’, C’ at P’ subtend 
equal angles, then to any given position of the one point corresponds a 
single position of the other point; viz., the two points have a (1, 1) 
correspondence ; the nature of this being, that to any line in the one 
‘ figure corresponds in the other figure a quintic curve, having 6 dps. ; 
viz., the three points, the two circular points at infinity I, J, and one 
other fixed point of that figure [say for the first figure this fixed point 
is (ABC) ]. 

If the points A, B, C, D at P and the points A’, B’, C’, D’ at P’ sub- 
tend equal angles, then the locus of each point is a cubic curve; viz., 
the locus of P passes through A, B, C, D,1,J and the four fixed 
points (ABC), (ABD), (ACD), (BCD); and the like for the locus 
of P’. 

Finally (although this is a theorem which I do not require), if the 
points A, B,C, D, E at P and the points A’, B’, C’, D’, EH’ at P’ subtend 
equal angles, then there are three positions of each point. 

The problem I propose to consider is: Given the tetrahedra ABCD 
and A’B’C’D’, it is required in the planes ABC and A’B(’ respectively 
to find the points P, P’ such that A, B, C, Dat P, and A’, BY, C’, D’ at 
P’, subtend equal angles. I was led to this by the more general 
problem, which I do not at present discuss: Given the two tetrahedra, 
it is required to find the loci of the points P, P’ such that A, B, C, D at 
P, and A’, B’, C’, D’ at P’, subtend equal angles. 

Here, drawing from D, D’ the perpendiculars DK, D’K’ on the planes 
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ABC and A’B’C’ respectively, we have A, B, C, K at P, and A’, BY, C’, K’ 
at P’, subtending equal angles, and such that the distances PK and P’K’ 
are proportional to the heights of the tetrahedra (viz., the triangles 
PDK and P’D’K’ are obviously similar). The required points P, P’ 
are each the intersection of two loci, viz. : 


1. P is such that A, B, C, K at P, and A’, BY, C’, K at P’, subtend 
equal angles; locus is a cubic through A, B, C, K, I, J, (ABC), 
(ABK), (ACK), (BCK). 

2. Pis such that A, B, K at P, and A’, BY, K’ at P’, subtend equal 
angles, and that PK and P’K’ are in a given ratio; locus is a 
certain octic curve ©. 


And the required positions of P are obtained as the intersections. “of. 
the two loci. 
I proceed to the analytical investigation. 


Preliminary Formule. 


1. Consider a triangle ABC, and let the position of a point P be 
determined by means of its coordinates «, y, z, which are equal to the 
perpendicular distances of P from the sides, each divided by the per- 
pendicular distance of the opposite vertex (as usual, x, y, 2 are posi- 
tive for a point within the triangle); or what is the same thing, 
2, y, = PBC, PCA, PAB, divided each by ABC, whence identically 
Z+y-2 — 1. 

Suppose for a moment the rectangular coordinates of A, B, C are 
(a;, 61), (a2, B2), (as, 33) respectively; and that those of P are X, Y. 
Also let the sides BC, CA, AB be =a, b, c respectively. 


We have X = aet+ay+azz, 
Y = P,@+ Poy + B32, 
l= w+ y+ «. 

And if we consider a second point P’, the coordinates of which are 


w,y,2 and X’, Y’, we have the like relations between these quantities. 
Calling ¢ the distance of the two points P, P’, we may write 


oe = ja (a—a) + a,(y—y') +a3(2—2'/) |? 
cig 12 Gare) + Py (y—y') + Bs (2—2) i. 
— 1(1 + 61) @—a) + (a2 +2) (yy) + (a3 + 3) 2—#)} 
x {(@—a’) + Ge yeee (2—z)}, 
the last term eae in fact = 0; viz., this is 
= —}(a,—a3)’+ (B,—As)*} Y—y’) (@—2) 
abe (as;—a,)’+ (8;—P,)?} @—2) (@— 2’) 
— {(a,—a;)?+ (B\—P2)*} (@—#) (y mo ; 
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or what is the same thing, the expression for the distance 6” of the two 
points P, P’ is 
= —a(y—y) 2-2) — B@—#) @—a) — CP @—e)y—y), 
which expression may be modified by means of the identical equations 
Ll=etytsz, l=awt+y4+7; 


viz., writing ye —yf2, ee — de, vy —avy = En, G, 

we have a—a = we(a ty +/)—a(atytz) = f-7, 
yy = b—<, 
Z—z = n—é; 


2 


and consequently = a?(—?—nf+2£+£n) 
+ b?(—7n?+nf—lE+ én) 
+0(—C?+nf+lé—£n). 


2. Treating 2’, 7’, as constants and #, y, 2 as current coordinates, 
the formula for 6? is of course the equation of a circle, centre 2, y’, # 
and radius 6. It thus also appears that the general equation of a circle 


is —vyz—b2x—cxy + (Le+My+Nz)(@+yt+z) =0; 
viz., writing —a’yz—b’za—cey = U, and «+y+z2=Q, this is 
U+(La+My+Nz) 2 = 0, 


where U=0 is the circle circumscribed about the triangle ABC, and 
Q=0 is the line infinity. Ofcourse the general equation of a circle 
passing through the points (B,C) is U+Le2 = 0, an similarly 
those of circles through (C, A) and through (A, B) are U+MyQ = 0 
and U+NzQ=0 respectively. But we require the interpretation of 
the coefficients L, M, N which enter into these equations. 


3. Considering the triangle ABC, if through B, C we have a circle, 
this is by the side BC divided into two segments, and I consider that 
lying on the same side with A as the positive segment, and define the 
angle of the circle to be the angle in this positive segment. It is clear 
that if we have within the triangle a point P, and, through this point 
and (B, C), (C, A), (A, B) respectively, three circles, then if a, 6, y be 
the angles of these circles, we have a+(@+y = 27; and conversely, if 
the circles through (B,C), (C, A), (A, B) are such that their angles 
a, 3, y satisfy the relation a++y= 27, then the three circles meet 
ina point. But it is further to be noticed, that if, producing the sides 
of the triangle so as to divide the plane into seven spaces, the triangle, 
three trilaterals, and three bilaterals, we take the point P within one 
of the bilaterals, we still have a+6+y = 27; but taking it within one 
of the trilaterals, we have a+j3+y=7. And the converse theorem 
is, that if the three circles (B, C), (C, A), (A, B) are such that 
a+P+y=7 or 27, then the circles meet in a point; viz., if the sum 
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is 27, then this point lies in the triangle or one of the bilaterals; but if 
the sum is =7, then this point lies in a trilateral. 


4, I seek for the equation of a circle through the points B, C, and 
containing the angle L. The equation in rectangular coordinates is 
easily seen to be 

(X—a,) (X—a;) + (Y—P.) (Y —fs) 

—cot L {(P,—B;) X—(a,—a3) Y+a,3;—a3 3} = 0. 
In fact, this is the equation of a circle through (B,C); and taking fo 
a moment the origin at B, and axis of X to coincide with BC, or 
writing a,, 8, = 0,0; a3, B;= a, 0, the equation is 

X (X—a)+Y’—aY cot L=0, 
viz., the equation of the tangent at B is —aX—aY cot lL =0, that is, 
Y =—X tan L, or the angle in the positive segment is = L. 

If for a moment A, p, v are the inclinations of the sides of the 
triangle ABC to the axis of X, then A, B, C being the angles, we may 
write po—v= aw—A, 

v—-A= a7—B, 
A—p = —7—O, 
and 


X—a, = (a,%+a,y+a32)—a,(at+y+2) = ccosv.r—acosr.zZ, 
XK—as = (ayat+a,y+a3z)—as(at+y+z) =—bcosu.e+acosr.y, 
Y—B,= Pie#+PB.y+P32 —B,(@+y+z) = csinv.e—asind.z, 
Y—P; = (Pie#+Pr,y+P32 —P3(@+ty+2) =—b) sinvy.e+asindA.2; 
whence (X—a,) (X—a;3)+(Y —f,) (Y—fs) 
= —wyz—Vze— cay +be cos A.a’+(b’—ab cos C)za+ (c?—ac cos B) ay ; 
viz., thisis = —a@yz—b’ze—caytbecosA.u(a@+yt+z). 
Moreover, if A= twice the area of the triangle, then 
(8,—/33) X—(a,—a3) Y +a,)3;—a;0, = Av(e@+y+z) 
= besnA.x(atytz) ; 


so that the equation becomes 
—vyz—b’za— Cay + be sin A (cot A—cot L) e(a+yt+2) = 90, 
or what is the same thing, 
—avyz—l2a—c’axy +A (cot A—cot L) e(a+yt+z) = 0, 

or if we please, —a’yz—b*ze—c'ay + A (cot A—cot L)x# = 0. 

Writing as before, —a’yz—b’sa—c’ay = U, 

etyte=Q, 

the equation is U+A(cot A—cot L) Qz = 0; 


or forming the like equations of two other similar circles, we have the 
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circles (B, C), (C, A), (A, B) containing the angles L, M, N respec- 
tively ; and the equations are 

U+A (cot A—cot L) Ox = 0, 

U+A (cot B—cot M) Qy = 0, 

U+A (cot C—cot N) Qz = 0. 


Correspondence, A, B, 0 at P, and A’, B, C’ at P’, subtending 


equal angles. 


4. Consider now the two figures A’, B’, C’, subtending at P’ the same 
angles L, M,N which A, B,C subtend at P; then we have 


U =i U’ a3 
QAz +cot A—cot L= 0, wee, +cot A’—cot L = 0, 

U ch U’ i 
Ay +cot B—cot M = 0, Ny +cot B’—cot M = 0, 


U ie v’ toe 
Ay ee cot N= 0, way tote cot N=0; 





U Leg , 
th — — 
and thence One +cot A eae +cot A’, 
U ee ; 
Gy ies B = TAG B ) 


U fuse r, 
Oar +cot CO = Y ary toot CG; 

and consequently 
Leelee seal Wie 


i , 
——— B—cot B 
Gag dao cot 
eel / 
AHIR ee ae 
or what is the same thing, 
Ueber 4 0) 
v9 + * = TEA (cot A—cot A’) Qa 


; 1 
“U+A (cot B= cot B’) Qy 
z 
"U+A (cot C—cot 0’) 22 
where observe that the equations 
U+A (cot A—cot A’) Oz = 0, 
U +A (cot B—cot B’) Qy = 0, 
U+A (cot C—cot C’) Gz = 0, 


represent circles (B, C), (C, A), (A, B) containing the angles A’, BY, CO; 
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and since A’+B’+C’= 7, these meet in a point O. We may for con- 
venience write 


ry den i Bey. CA Se fsd 8 
fe ECO. CAO ABO’ 
where BC=0 denotes (w=0) the line BC; BCO=0 the circle through 
BCO. And of course, in like manner, 
Pe Ae CA ee AD 
we Oo. ONO ABO 


Seine 





so that the points P, P’ have a rational, or (1, 1), correspondence. 
Writing 
fey 0 =U GAO TABOs> CA[ ABO BCO 2 ABSBCO; Gag 
= x 3 Ys A Z 
suppose, X, Y, Z are quintic functions of x, y, z, and the curve in the 
first figure corresponding to the line az’ + (Gy + yz = 0 of the second 


ficure is | aX+PpY+yZ=0; 


viz., this is a quintic curve having dps. at each of the points 
A, B, C, O, I, J. In fact, if for BCO we write BCOIJ, and so for the 
other two circles respectively, we have in an algorithm which will be 
at once understood X = BC.CAOIJ.ABOIJ, = (ABCOIJ)’, and 
similarly Y = Z, =(ABCOIJ)’, or the curve is (ABCOIJ)’? = 0. 


A, B,C, D at P and A’, B’, O', D’ at P subtending equal 
angles. 

5. Consider now in plano the points A, B, C, D which at P, and the 
points A’, BY, C’, D’ which at P’, subtend equal angles. Let a, b,c, f, g, h 
denote the perpendicular distances of P from the lines BO, CA, AB, 
AD, BD, CD respectively ; and the like as to a, 0, ¢, f’, 9’, h’. Ob- 
serve that, neglecting constant factors, a, b,c are what were before 
represented by #, y, 2; we may consider the coordinates of P in regard 
to the triangles ABC, BCD, CAD, ABD to be (a, b,c), (a, h, 9), (0, f, 2), 
(c, 9, f) respectively. We have in regard to ABC the point O as be- 
fore, and in regard to BCD, CAD, ABD the points O,, O., O; respec- 
tively. Then A, B, C at P and A’, BY, C’ at P’ subtending equal angles, 
we may write ee ae Uy or ee ge ee 

BCO CAO ABO’ 
viz.. BCO=0 is here the circle through B, C, O, and the like for CAO 
and ABO, the expressions being multiplied into the proper constant 
factors to take account of the constant factors whereby a, b,c and 
a’, ’, c differ from a, y, 2 and a’, y’, # respectively. 
VOL. Iv.—No. 66, DD 
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We have in like manner 
oa te ee ees tape h : g 
“Hin! BOO,e CDG, BOs 
bf : f mi h Sala b if h 


GAO, ‘ ADO, * GDO,’ 
Pps ate heen eT) {8 
ARO BOON ADOR 
From the ratios of (f', 9,2), (',¢,f), (¢,4,9), (a, U, lV’) respec- 
tively we deduce 
CDO,.ADO,.BDO; — BDO,. CDO,. ADO; = 0, 
CAO .ABO;. ADO, — ABO . ADO;. CAO, = 0, 
ABO .BCO,. BDO; — BCO . BDO,. ABO; = 0, 
BCO .CAO,.CDO, — CAO .CDO,.BCO, = 0, 
each of which equations represents a sextic curve; and admitting that 
it can be shown that these pass through O, O,, Oz, O; respectively, the 
forms are DASE.C OOOO ess 0: 
sO -Na em OF OOM ORO EALT— AEP 
1D Be CO O10, 0; yO: 
DA BCO.0,0,0;0I= 0: 





6. Now the locus of P is evidently a curve, and this can only 
happen by reason that the four left-hand functions contain a common 
factor, and the form of them suggests that this common factor is 
ABCDOO,O.0,1J, the four extraneous factors being D*I’J*, A’I°J*, 
BPS’, C’PJ*; viz., ABCDOO,O,0;IJ =0 is a cubic curve passing 
through the ten points; and D*I’J* = 0 a cubic curve through each of 
the points D, I, J twice; viz., it is the triad of lines IJ, DI, DJ; and 
the like as to the other extraneous factors A’I’J*, B’?’J?, and C’PJ*. I 
have not worked out the analysis to verify this ad posteriori; but, the 
conclusion agreeing with Sturm, I accept it without further investi- 
gation, viz., the result is that A, B, 0, D at P and A’, B,C, D’ 
at P’ subtending equal angles, the locus of P is a cubic curve 
ABCDOO,0,0,0,1J = 0 through the ten points thus represented ; 
and of course the locus of P’ is in hke manner a cubic curve 


A BCDOO,0,0;,0;\1J = 0 through the ten points thus represented. 


A, B,C, D,H at P and A, B,C, D', HE’ at P subtending equal 
angles. 

7. We may go a step further, and consider A, B, C, D, E at P and 
A’, BY, C’, D’, HW’ at P’ subtending equal angles. Attending only to the 
points A, B,C,D and A’, B’, C’, D’, the locus of P is a cubic curve 

ABCDOO,0,0,0,1J = 0; 


a PO 
ri i 
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and similarly attending to the points A,B, C, E and A’, B, C’, E’, the 
locus of P is a cubic curve 
ABCEOQ,Q,Q,;IJ = 0. 

(Observe that O, as depending only on A, B, C, is the same point as 
before ; but that Q,, Q., Q;, as depending on E instead of D, are not 
the same as QO,, O., O;.) The two cubic curves have in common the 
points A, B, C,1,J,O, and they consequently intersect in three other 
points ; that is, there are three positions of the point P, and of course 
three corresponding positions of P”. 


A,B,C at P and A, B,C at P subtending equal angles, 
and AP, AP’ wm a given ratio. 

_ Consider, as before, A, B,C at P and A’, B,C’ at P’ subtending 
equal angles, and the points P, P’ being moreover such that the dis- 
tances AP, A’P’ are in a given ratio. And I write for shortness 

OE PES one 
= fal: Lb: M:N’ 
where L, M, N denote 
U+A (cot A—cot A’) Qe, U+A (cot B—cot B’) Qy, 
U +A (cot C—cot C’) Qz, 
respectively. We have 
(AP)? = —a’yz — bz (w—-1) — (a—1) y 
= —wyz—b’za— Cay t+ (Vatey) (e@tytz) 
— ey + b+ (Ve +ce?— a”) ye : 
or what is the same thing, 
= Cy? +0°2?+2be cos A. yz; 
and similarly 
(A’P’)? = 6?y? 4 67274 20'¢ cos A’. 2’. 
The required relation therefore is 
cy + b%2? + 2b'c'cos A yd 6° 
(a +ty+2) ‘ (e+y+z)? 
viz., substituting for #, y’, 2 their values, this is 
L?(@+ty+z)* (b72°M? + c?y?N? + 20’¢ yzMN cos A) 
= O(P2+ Cy? +2beyz cos A) (@MN+yNL4+2LM)’, 
which is an equation of the 12th order. I say that the points 
A, B, C, O, I, J are each quadruple. In fact, according to the fore- 
going algorithm, we may write 
atytze=IJ, z<M=AB.CAOW, &e., 
aL = yM =zN = A°BCOL, 
goo Ae aN = BOTCAOTS A BOL ces 
aMN =yNb = zLM = (ABCOL)’; 
DD2 


ey? +072? +2becosA.yz | 


’ 
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and the equation is 

(BCOIJ)* (IJ)? (A?BCOIJ)? = 6?. A?(ABCOIJ), 
that is (iJ)? (ABCOIJ)* = 6’. A?(ABCOTJ)*; 
so that the points are each quadruple. 


The two Tetrahedra; A,B,C, D at Pin ABC and A, B,C, D at 
Pin ABC subtending equal angles. 

I consider now the before-mentioned problem of the two tetrahedra ; 
viz., on the two bases ABC and A’BC’ respectively, letting fall the 
perpendiculars DK and D’K’, then first A, B, C, K at P and 
A’, B’, C’, K’ at P’ subtend equal angles; the locus of P is a cubic 
curve ABCKOO,0,0,IJ = 0 through these ten points. (O=ABC is 
derived from the points A, B, C; and in like manner O, = BCK, 
Sn GAK. 9,—"A GK.) 

Next, B, C, K at P and B’, C, K’ at P’ subtend equal angles, and 
moreover the distances KP and K’P’ are in a given ratio; the locus of 


P is a 12-thic curve (BOK OW 0, 


having each of these six points as a quadruple point. Hence among the 


56 intersections of the two curves we have the points B, C, K, O,, I, J 
each 4 times, and there remain 36—24, = 12 intersections. 

The conclusion is that A, B,C, D at a point P of ABC, and 
A’, BY, C, D’ at a point P’ of A’B’C,, subtending equal angles, there 
are 12 positions of P, and of course 12 corresponding positions of P’. 


Invariant Conditions for Three Conics having Common Points. 
By J. J. Wacker, M.A. 
[Read June 12th, 1873.] 


1. The notation adopted in the discussion of the invariant conditions 
of the concurrence of three conics, 


wu = ax’ + by’ + cz? + 2fyz+2gz2u+ 2hay = 0, 
v= ae +by’+c2 + 2f y2t 2922+ 2h’ay = 0, 
w= We + y+ 02 + Of y2+ 2g" 2e+2h'ay = 0, 
is as follows. There are twelve independent invariants of the system, 
viz., the three invariants of the single conics, 
A = abe+ 2fgh—af?’—bg’— ch’, 
A fame Wd <b ey ie ie —ch", 
ING oes ee ny —ch”; 
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the three pairs of invariants of the conics taken two and two, 
0 = a’ (be —f?) +0" (ca —g”) +c" (ab —g”) 
+ 2f” (yh — af’) + 2y” (Nef — Vg’) +20" (f'g'—X) 
OFS 06h Ce?) aes... 
+ 2F (GN —Af YA woe. 
Oi sad Orcc— fe) uk 
+2f (gh —a' pf") + oo... 
O;= a’ (be—f?)+ ...... 
+2f" (gh—af)+ ...... 
Oya (be—f*) vt ain 
+2f (gh—af)+ ...... 
O,= a(be—f7) + ...... 
+2F (fli —af) + 0... 
lastly, the three invariants into which the coefficients of all three enter 
symmetrically, which may be considered as fundamental : 
1°. Of the first order in the coefficients of each, 
OB=a (V4 o—2f f") +b (ca +0" —29'9") +e (ab +0 — 2h’h’) 
+26 (fh +9 —awf"—a'f) +29 Uf thf -vy’—V7) 
+2h (fg +f'9 —ch"—c'h’) 
= a (be +b" c—2f"f) + ...... 
= 0" (be + b'e—2ff’) + ...... 
2°. Of the second order in the coefficients of each, 
X* = (ab’c’)? +4) (ab) (acf’) +4 (be'9") (W'a'g”) +4 (ca'h”) (ch’'h’) } 
+84 Caf’) (bf 9’) + Cap h) Cop’ W) + (eg'h”) (by h") ~ (ag'h’) (bef) 
— (of'g" ab’) — ON” )(calg”)} +4 (aie) —2 (fk) | fy'h), 
where (ab’c’), (ab’f”) ... (ag’h”) ... stand for the determinants 








a id is ee a a bf agh 
7 Vd /, / / / / / 
G0 3c He es BO ane OS 4 16 Wel Wee cee 
¢* » Mt 
a b” Ce a” ba si Sf a” g h” 














3°. Of the fourth order in the coefficients of each conic; viz., the 
quartic invariant ‘S’ (Salmon’s “ Higher Plane Curves,” 2nd ed. p. 184) 
of the Jacobian of the system, multiplied by —81, 
HY = — ah, cy + byC3Ag + 31,030, + Ay D.6,62 + (a 362 + b,¢,43 + C321) m 
2 2 2 2 2 E 
— fa, (bse, + b,c, ) +b, (¢) dy +6203) + €3 (Ay bg + ab) )} +m 
5 2.3 2 2 pity 
— 2 (Die, + 6,03 + 03b3) +3 (Ayb3¢, + A306.) +b, 6, +6, a, +4; by 
anes (0, 6,6, + €,a,43b3, + a3b3b,¢)), 
* Dr. Salmon’s “ Conics,”’ p. 348, 5th ed., who, after mentioning its discovery by 
Mr. Sylvester, points out that the invariant may be obtained by operating on the 


Jacobian with the contravariant which is the condition that any transversal should 
be cut in involution by the three conics. 


A 
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where a = Sag hy; b= SOL s), cs Le yee 

a, = —(ab’g”) -(al’'f"), b= — (ab f)—(b//h’), 

4 =—(caf")—(egh"), tg=— (cwh’) —(af'g"), 

bs =—(beh")—(bf'g"), 2 =— (beg”) —(chf”), 

2m = — (ab’c’) —2 (fy’h’). 
This invariant is Dr. Salmon’s ‘M’ (‘ Conies,”’ p. 349). 
2. I may remark—and the remark is new, as far as ] am aware— | 

that the sextic invariant of the Jacobian of three conics is not an in- 


dependent invariant of the system, but calling the ‘ T’ (“‘ Higher Plane 
Curves,” p. 185) of the Jacobian, multiplied by — 729, Q, 
160-48" X+X?= 0. 

To prove this identity, suppose the triangle of reference to be the 
common self-conjugate triangle of v and w; then f= 0, g’= 0, h’= 0, 
f= 09, g’= 0, h”=0 simultaneously. The coefficients of three times 
the Jacobian reduce to 


4 Pts 


Gi Use ey Ban be), 
y= (a'b"—a'd’) g, bg (Ve —V’'e)h, = (Ca —c''a’) f, 
a=(ca—c'a)h, b= (ad"—adb)f, o=(U'c’—d'c)gQ, 
[whence a,b;¢;—a3b,c, = 0], while in this case 
X = 4m?—A (be, + Co. + a3b3), 
Ww = m*—2 (de, +6,a,+3b3) Mm? +3 (Ayb3e, + a3h,c,) m+ b; a + Cs as ais b; 
— (€,A2A3b3 + Azb3b,C, + b,c, Cog), 
QD = 8m — 24 (dye +...) m*§ +86 (ayb3ce, + 3b 0.) m3 + (12 cya.a3b3+...) m 
+24 (b; C1, +...) M?—36 (agb3ce, + a3b,c.) (Dye, +...) 
—8 (b; cee )+27 (a; bs c+ ls bi Cs ) +6 b 46, Co@t.A3b5 
+125; C#( Coy + a3b3) + Co Oy (a3b3 + 0,¢)) + as bs (Die, + Cylly) |. 
Hence Q-1X?= 36 | (ay.b3¢, + a3b,C) mM? — (CyAM3b3 +...) m? 
— (Ayb9C, + Agb,Co) (boy +...) MED, Cy (Cx, + 3b3) +... } 
+27 (a, bs C1 +azb, C5 JA 54:b,C, CoA gb5. 
Also W— 33 XP = 34 (aad gey + Aghicy) M— (CoMtaAgbg +...) }, 
whence | 
BX (¥ —33, X*) = 36 { (a,b30, + agb, 0.) m3 — (c,01203b3+ ...)m? 
— (a,b3c, + agh\c,) (Do +...) m+ bie; (G2 + agbs3) + ... 
+ 3b 16,6, Ao03b5| 
= O—1X*—27 (a; bs, + Qs b; C, ) + 54 dye, ¢.a,a3)5 
= Q—1X*— 27 (a,b3c,-— a3b,¢,). 
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It has been shown above that a,b,c, —a3b,c, vanishes in this case, con- 

sequently, clearing of fractions, 
3X (168 — X’) = 160—2X3, 
or 16Q—48¥X + X? = 0. 

3. Dr. Salmon has discussed the condition for the three conics having 
one point in common, or a single concurrence, and shown it to be 
(‘ Conics,”’ p. 349) x 64 

In fact, taking the common point as one of the corners of the triangle 
of reference, in this case 

i eae ee) 
simultaneously, whence X reduces to 
X= 8) (hgh) (egh')—(F gh’). 
But in this case, a, = 0, a= 0, a; = 0, and consequently ¥ reduces to 
Pe = mt—2Qbem+hic, = (m?—b,c)”. 
Now, however, 0,, c, m reduce to 
b=— (bfh"), = (cefh"), m=—-(foh"), 
consequently, X — 8 (b\c,—m?’), 
and X?= 64 (b,c, —m’)? = 64. 

The form of the Jacobian, wanting the terms 2’, wy, wz, shows 
that the point common to the three conics is a double point on it. 
Conversely, it may be shown, that if the Jacobian have a double point, 
the three conics must pass through this point, or else the relation 
X*= 16¥ must hold. 

For, generally, the discriminant of the Jacobian is proportional to 

: OP — 648°, 
Equating this with zero, and eliminating © between the resulting equa- 
tion and the identity 160 = (48¥—X?) X, 
as the condition for a double point, 
16384." — (48% -- X?)? X*° = 0, 
which may be transformed into 
(16 — X’)’ (64%—X?) = 0. 
Consequently the Jacobian will have a double point if either 


64 = X?, 
which is the condition for the three conics having a common point of 
intersection, or if Lhe et 


4, Suppose, now, the three conics to have two points in common, 


a ae ~iitu” 2° % ike ‘en ere VT -F eey  Wen \ 
Wik es eae pea) | Hae” a sis: 03 abd See Es 


ph | ie os Ee . 
eS y x 2 £55 me TO Ree bi: ct tke 






ee < ‘ > Ania be : pias Fam; 
no 2 r [oh rod 
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and let these be taken as two corners of the triangle of reference; then 
u, Vv, w simultaneously reduce to 
U = au? +2fyz+2gza+ 2hey = 0, 
= AH? + Uf yat 2gca+2hay = 0, 
w= ae’ +2f'y2+ 2g 2a+ 2h'ay = 0, 
whence A= 2fgh—af?, A= 2fq'h’'—af?, A= 2f'q’h’—a’f”, 
0 Safa f 42 (fgW +P UF EUGI), 
Of = — af Of af’ 42 (fy'W + gN GP’ +NG'G), 
O, = — af — fap” $2 (gh + gh Gf’ +1f9), 
8, = — af —2faft+2 (fght+ 9 hft+h'fQ), 
0, = — af?—2faf+2 (fgh—ghft+hfq), 
8, = — af? —2faf' +2 (fol +ghf +hfy), 
D2 uff" aFFtaHf) +2 (Gh +91) 
+29 (hf +f) +2h (fg +f). 
From these values there follow, identically, 
ay? ofy +O f7—A°f? = 0, 
APO’ f + O,ff—Af” = 0, 
APL OpytOsP Af =0, 
(Of Of) +(Oif—-Of VF? + (Of —Of) SF =o, 
which last may be derived from the first three by multiplying them by 


St’, f°, f° respectively, adding and dividing by —ff’f". 


The resultant of the first three of the above four equations, it has 
already been pointed out (Salmon’s “ Conies,” 5th ed., p. 345), is the 
condition that #, v, w should have double contact with the same conic; 
and accordingly the ‘‘ point-pair’? common to the three conics in this 
case form the vertices of a degenerate conic which is touched by every 
line drawn through them. ‘This resultant, however, has never yet, as 
far as I am aware, been exhibited. I obtain it as follows: 

Multiply the first of the above system of four equations by f°, f/f"; 
SS, ff’ successively ; the second by f°, ff", f’F, Jf successively ; the 


third by f”, ff", I'S, Jf successively, and the fourth by f2, f?, f, 
SS SS If successively. Thus will be formed a system of 18 equa- 
tions, from which the 18 quantities 


LFS A LALA SS LISP LS ELS LS BLS LS 
LESS SL SALSA LPP IPT, 


may be eliminated linearly ; so that the resultant may be exhibited in 
the form of a determinant of the 18th degree : 
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A Bo We oe a ON Oy 
A —A’—0, 0, 
ah is 6, A 0; 
EAS CIEN Cae 6, < 
aK A” cee — 0} 
AEN, S A” 0; ey 
BAA ames me. tO, "OP... Sie Ps oe ee 
Nee ef oo, ese ek i hs Os ee A 
op A’ me —6: 6 
a re ere mes 8 or Oo er ii, ola eee 
Nei ewe Tasliec aN iat nee Ac 8 ioe hi! a UROL aA he Chae Ce 
NA | a ac ea eRe LI Ns 5-213 os 
0 40! rs. Eeess =6,80; 
ey ys Ejay asp ay 0; =o 
--0, 0; G6 oo nl = *e = ea 
Go a, =O, 0) 2-3 OmGe 


om —O0 cee eee ou coe — 0, on eee —O) 
e —0,—90 8, ... —O, OQ 


The resultant of the three equations 
Af? Off +f f2-NF" = 0, 
Af’ O,f'f" +0," — Af” = 0, 
AP °— Of T+ Off? — Af? = 0, 
may be reduced to that of a pair of cubics thus: since 


LaL2L 


sew BE piateclp 
the equation Ae? —O'v? + Ox— A’ = 0 


must have a common root with the equation (of the ninth degree) 
whose roots are the quotients of those of 

Az’ — 0,27 + 0,7 —A’ = 0 
divided by those of  Aw’—Ojw’+0,—A’ = 0. 
This equation of the ninth degree is 

A?A? 29 — AA, 0,28 + A” (AQ; 0, +40, 8, —2AA0105) a 

— {A (0, — 80,0) + 3A7A’) +0, (A”O,0,0; + AA’O; — 8A4'A0;) } 2° 
+ {A’O, (0,0;—2A0, —Ad’O,) + 40,0; (8; — 24’0;) +A"0, 0; | a? 
— {A’0; (0; 0,—2A0; — AA’O;) +4010, (0; —24’0,) +40, 0; | a 
+ {A (0; —3A0,0, + 8A°A”) + ©; (A’O10,0, + AAO, — 8A4‘A0,} a? 
— A’ (AO, 0, +A’0,; 0,—2AA'0,0,) @? + AAO,0;2— AA? = 0, 


If this is subtracted from A’a*?—0’a?+Ox— A’ = 0, multiplied by 


Z. =F 
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A226 + AA” (AO’— 0,0, ) 2° 
+ {A2(—A’0 +07) +A0;(—A’0, +0; ) +40; (— AO, + ©, ) — 40, 0,0} a4 
4+ A? (2A'A” —00’) a? 
4 1A? (62—A’0’) + AO, (0; —4’0,) + 4’O, (0; —A0,) — 40,0,0} @? 
+ AA’ (AQO—0,0}) 7+ APA®, 
the result is the cubic 
{3AA”(AOO’ —A’0,0; — A’, 05) + (A0,0’ —A’0,0;) (0,0’—0,0;) 
+A’9; —A’0* + AA” (200,0,—00,0,) + AAO; } 2° 
—{A”(3A0};—A0;) (00; —©,0;) —84’A”0,0; +A’0, 0, 
+ AGO, (8,0’— 0,93) +40; 0,0} } 2? 
+ {A’(340,—0,)(0’0,—0,0;) —34'A’0, 8; + A’; 8; 
+ A0’0; (00;—0,0;) + A”0; 0,0,} # 
_— {3AA’ (A00’— A0,0;—4’0,0; + (40,0 — 0,01) (80; — 0,0) 
+ A”; — A’9?+ AA’ (200,0,—0'0;0;) + AAO, | = 0. 
The resultant of this cubic and 
Aa —O'a +02—A’ = 0 





may be calculated by the known formula, and will evidently be of the 
18th degree in A, A’, A”O ... 03. 


5. The condition just discussed does not involve ®; but when the 
coefficients of y’, 2° are zero in the equations of the three conics simul- 
taneously, any one of the following system of six equations may be 
verified to hold identically, and the other five to subsist in virtue of 
symmetry, viz. : 

Off" + BA’ fF ee. 299 thf - 0, ff + (3 ied Be a 6, f° —_— 0, 
Off + 3A°f2f — 20'P/P"— Off" + OFF — Of? = 0, 
Off a BA” f? f’ — 20,f ff" — Off + Off — eg is —_ 0, 
OPS + BA fof — 20fff — wf "f+ aff—of =0, 
OP f + BA Sf" —2,f/f'— OFF + OFF" OP =0, 
Off + 8A ff’— 2, f/f"— 0 ff + O,f/"— Onf? = 0. 
Among these six and the four equations first deduced the ten quantities 


Wee IOS 6 tsanter Sif may be eliminated linearly, and the re- 
sultant is the following determinant of the tenth order, in which the 
highest power of ® is ®'; 


“Ve 
eo 
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Aer Na es ne Oo Ure Or 2k 0= eO..— Os 0 a= 03 
AGM iecet hes 0K Oo = Ore 0s (One ( 
eee AeA G8 On (he er ha 0) 
Oe 0) = 0M 627-20, Of /—0" Of" 0, °0 
Of. 020 be 0 BAD 0° 0 2. 36 
Qe 00 0-6,220) & 710. 0 30 SAPO 
Cm Ogee One) acOe ' Des OL. SA anna 
Ore “Ort 7 SA FO, 0,407 OF OC 
Cres eee sAs Ore 0. Om bd - Oeo) 
(ee Of Ome eeieet SA a O Lae Gs, 


6. It has been pointed out by Dr. Salmon that when three conics 
have two points in common, their Jacobian breaks up into a conic and 
the right line joining those points. The cubic 


Az’ + A’yi + A’23 + 0772 + O'y2? + 0,2 + Ojza + 0,277 + Ojay? + Oxyz 
y y y y y y 


likewise breaks up in this case into a right line and conic. For the 
invariants A, A’, ... ® being the coefficients of \*, u*, ... Auy in the 
discriminant of Aw+pu+rw in general, this discriminant, when the 
coefficients of y, z? can be made to vanish simultaneously in w, v, w, is 


Stu +P) 20g +ug t+ rg N+ ph + vh") 
—(Aatpa tra )O—f+E ef +f) ; 
consequently, referred to a triangle having as two of its corners the 


two points common to the three conics, 


Av? + Ay? + A"? + Oye+...... + xyz, 
is identical with 
(fotfy tf"2) {2(getgy +9"2) (het ly +W2) 
~(an+a'y+a"2)(fetfy ts}: 
7. If three conics have three points in common, their equations may 
simultaneously be reduced to 
U = 2f ye+2g ze+2h cy = 0, 
Vv = 2f'yz+2q' ze+2h xy = 0, 
w = 2f"yez+2q’2e+2h' ay = 0, 
so that the invariants reduce to 


A=2%fgh, N= 2fgh', A= fils 


EQ 20f Gh +9 Nf +WF7), 0’ — 9 (ffl + GW f" +h"), 
Q, = 2 (fg h’ + gh’ f’ + hf’g), 0; — 2 (f’ ght+gG hf +h fq), 


O,= 2(fghtghft+lKfy), O,= 2(fyh + gh f+IP9) ; 
= 2S f(gh’ + yh) +g(Rf' UP) +E SG +f'9) ; 
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whence 00, A & = ASP gg’ MP LIN PY), 

0 e,—A ® = 4 Cf grk? +9 “gh?f? +N h fg 12) 

6'0,— A" = AS FG? 49g Vf 2+ WEG”) 















































also 

AE ed Pe Ores WP Mighe Ae fae 
A Sea ee nee Amy ean ee Ae ine 
CH ie ie a aie Oi. ea (he i) fee 9 wu” A” Mt ita h " 
A Fe eae A te ee a? Ac Say hse 
ON at de LOL = ge dT) ins ein fat 
ay mse vps a J am ae Ato gh iae igh aires ee Gum) A” r= fg ” hK” 
Big AD Say f: ee Wh” 00,—A ae gf Z h’h 

A? bis te =f h2 ? os = + U2? 

Sucre: a Ty. a 
A” pats a 


8. It follows that when the three conics have three points in 
common, of the three equations, 


A #’—0,2°+ Oja—A’ = 0, 
A 2 —O,2’—O0,7—A” = 0, 
| A“? —O'2*?+0a—A = 0, 
the roots of any one are the quotients of those of another divided each 
by one of those of the third. This gives three relations among the 
coefficients of the three equations ; viz., that the coefficients of the last 
should be proportional to those of the cubic, p. 410. 

It appears also that if the equation be formed which has for its roots 
the sums of the products of those of the first of the three cubics above, 
A* 
must satisfy that equation. In the “ Quarterly Journal of Mathe- 
matics,” Vol. VI., pp. 381-535, I have investigated the form* of this 
derivative (of the sixth degree) of two cubics, and have shown that, 

assuming’ 
K = 0,0,+ 0, 0;— 3A0,0}, 
21, = 2(A’0; + A’O, — 0,0,0;0;) + 8 (0,0;—3A4’) (0,0,;—844’), © 
M = 27A°A?+ 4A0, +4A’0, — 0,0, — 18AA’0.0;, 
M = 27A2A”+4+4A0, +4A4’0, —O, 0, —18AA’0,6};, 


each multiplied by one of those of the second, the expression 


it is 4.(A‘¢?—A°0,0; g?-+ AKo —L)?— MM’ = 0. 





* Which may be verified @ posteriori by a much shorter process, by showing that 
the left side vanishes when two roots of either cubic are equal. 
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4 {A?@®—2A010,8?+ (6, 0, + AK) 6 — 0,0,K + L}?—A?MM’ = 0. 


Substituting for 4, the condition then is 


It will be remarked that, though ®, 0, 0’, considered separately as 
functions of the roots of 


Av’ — 0, 27+0,2—A’ = 0, 

Aa’ — 0,4 +0,2—A” = 0, 
have each six values, they are so related that, one being determined, 
the other two are thereby determined. Consequently, to obtain sufficient 


as well as necessary conditions, relations must be found between 0 and 
0’ in the first degree with ®. These may be obtained as follows. 


Consider the identity 
(8B—y)(By +P'y) + (y—4) (ya + ya) + (a—) (af’ +a’) 
—2 {By (PB —y)+ya(7—«)+a6 (a —6')} 
+(a+B+y) {(B—-y)a+(y-4)P+(a—-B)y} = 


or, what is the same thing, 




















1 1 1 —2/1 1 1]/+(a+6+y)/1 1 1| =9, 
ie / (2B , ORE , a’ p a ey p % 
BY +By ya +ya aBf+a'B| [By ya ap a fy 
which may be transformed into 
1 1 1 —2 


B+y  yta a+ B+y y+a at 
By +By yat+ya af’+a’B Gy¥eiwey oa 
= tie eae oa 1 1 
B+y yta a+p 

B+y yvyta w+ 











ik 1 1 | 














Multiplied by |1 1 1 |, this becomes 
pode 
a a 
3 2(a+fh+y) GN ice) tas, 


atBt+y 2(Pyt+tyataB) 2(a’Byt+Pyat+ya/3) 
a+P+y a(Pt+y)+... 2(ab'y+hya'+ya'p’) 














=) 3 2(a° ++’) By+ya+aP 
atPty a(P+y)+... - dapy 
C+ P+yY Wy+yat+aP) aByt+LyatyaB 
= (a+fht+y) 


atB+y (Byt...) a(S+y)H+... 
a +P +y a'(B+y)+ » 2 (37+ , 





38 a+tPb+y a+ [i +y7/’ | : 
re, 
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/ h’ ¥ fC f id - A 
Now let a f ? p q baal fe ie a f ’ p q > Y h’ then 


the above identity becomes 


Me eSAo 264 |. © 1, 229A PSA BOP. OF a= OF) BA 420 Qo; 
8, 20, 20 Gor Dares: 6, 20, © 
Bb 2 20’ 6, 20; 0 6; . da oo, 




















From this equation a similar one may plainly be deduced by inter- 
changing A’ and A”, ©; and O,, 6, and ©;, 0 and 0’; viz., 


A|38A 20, © | —2A|/8A 20, 6, | =0,;3A 20, 201 
6, 20, 20" ee Py Gray 6, 20, © 
eo & 2 oe, 20, & Qe © 26, 




















Three analogous relations might be obtained from these by inter- 
changing A and A’, 6 and 0), O’ and ©,; and three others by inter- 
changing A and A”, ©, and 0’, 0) and ©. 


8. The covariant 
Aa? + A’y? + AX? + Oy?2 + Ory + O,27a + O1u7z + O,27y + Onny? + Bayz 


evidently breaks up into three linear factors when the three conics 
have three points in common; for, referring them to their common in- 
scribed triangle, the discriminant of Aw+uv+vw is 


(Aft pf Hof”) Qgt pg +g") (Abt ph! +90”) ; 


but this is OA°+...+ Pur. The Jacobian of u, v, w in the same case 
breaks up into three right lines ; viz., those joing the common points. 
But this takes place also, as Dr. Salmon has pointed out, when the 
three conics have a cominon self-conjugate triangle. In fact, as may 
easily be verified, it takes place even though only one vertex and the 
opposite side of the common self-conjugate triangle of two of the 
conics are pole and polar with respect to the third. 


9. The condition that the three conics, 


2f ye+2q zw+2h vy = 0, 
2f" yet 29 ze+2h'ay = 0, 
2f ye t+ 2g" 2a + 2h’ ay = 0, 
should have a fourth point common, is found by eliminating the pro- 


ducts of the variables linearly from the above three equations, and is 
therefore 
Led ee 


fg ok 
iy ie h’ 


= 0, 
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or oF ACA id Oe Wo ad et 
Rp ead 
eg aah 
cht hp Se 
Sin Bd 
or AS eo eee ew Sheath 10 
GRACO TPRY 
ae. 2; 
squaring which and rejecting A= 0, 
3h 20, 26,| = 0. 
6, 20, ® 
Goes O) 2207 








In fact, since generally, if the three conics should have three points 
in common, it has been shown that each of the four determinants, 





























3A 20; © 8A 20, ©, 
6, 20, 20 On oF SA 
Ont @- 220° 6, 20, 90 
8A 20, ® ry OY 2), 
e, 6, ® 3A” 
0) 20 0,207.0) 


has the determinant as a factor, as well as the determi- 


b 
Rei 
nant which has been shown to be the square of the preceding, it fol- 
lows that when the conics have a fourth point also common, each of 
the above four determinants will also vanish. 

Four conditions which are necessary, and sufficient, in order that the 
three conics should have four points in common are, therefore, 


4 (A°? — 2A0,0;6?+ K’6—L’)?—A’MM’ = 0, 


aH & OO 
bo 
2 
































34 20, 20, 
O20 0 thas C) 
(sero) PSY 
together with any two of following four equations : 
BAGEIO uO; SABOD aaEO. 
0; ® 3 ; = 0, 0, cy SAY — 0, 
any 26.8 6 o; 265 6. 
|3A 20, © oA. 20, 
GmecOe 20} —.0, | Qe, 20, 20’ | = 0. 
Gt 20" Gi oe 86 
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But the existence of any three of the last four together with the first, 
though necessary, would not be sufficient, in general, because each of 
the last four determinants has another factor besides | 1 1 1 |; nor 
a py 
a Boy 
would the existence of the second and three of the last four in general 
be sufficient, because the second contains ® in the second degree, and 
is therefore satisfied by a value of ® which does not necessarily also 
satisfy the first. 

It is hardly necessary to remark that in the above enumeration of 
conditions the same interchange of symbols may be made as before. 








10. Since, when the three conics have four points in common, 
SF f’ | = 9, it at once appears that in this case the three lines 
4 ut 


a9 49 
ad OS 
whose equation is Aa*+ A’y?+ A"? + Ox2+...... + xyz = 0, 

have a common point of intersection. The Jacobian of the system be- 
comes indeterminate—every one of its coefficients vanishing—as must 
be the case, since it should represent the right lines joining two and 
two any three of the four points common to the conics; and at the 
same time their common self-conjugate triangle. 
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Tue following is the Abstract furnished by Mr. W. Barrett Davis of 
his communication ‘On Methods used in the construction of Tables of 
Divisors,”’ (p. 10) :-- 
| “ The following three distinct numerical calculations were originally 
undertaken to obtain Jarge series of prime numbers, and to exhibit the 
status of large numbers with regard to the number of divisors. I 
do not know that any algebraical means exist of ascertaining how 
many numbers are composed of two or three prime divisors, say, or 
binary and ternary &c. composites, between given limits. 

“The first Table exhibits the divisors of numbers in the neighbour- 
hood of 10. I have calculated the place of all the prime numbers as 
far as 80,021, and after that as far as the square root, viz., 312000 
by estimation, those that would enter within my limits. The second 
is a similar Table for 10°. An extract from this has been published in 
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Liouville’s ‘ Journal de Mathématiques’ for 1866. The third com- 
putation is an attempt to find the factors of the differences of powers, 
and was suggested by a paper by M. Lamé, in the Comptes Rendus, 
and the facility of the process in the case of cubes and quintics led me 
to goon. I have succeeded in obtaining the primes and composites of 
large numbers, that would be quite unapproachable otherwise. These 
factors are all of one form for each power; thus for cubes they are 
6m-+1, for quintics 10m+1; and this reminds me to ask the members 
of the Society for an algebraical form that will approximately solve the 
following problem: ‘ Required the number of primes of the form 
6m-+1 between given limits A and B.’ 

“Tn conclusion I beg to say that though the matter is simple multipli- 
cation, some mechanical contrivances have been used to shorten the 
labour, which could not have been carried to the same extent without 
_ the use of Col. Oakes’ reciprocals and others. Dase, Burckhardt, and 
Chernac have been constantly used; and I have carefully looked through 
the ‘Commentationes Arithmetic’ of Euler to find a theorem which 
I could apply in a few cases only. I should have been glad to use 
Gauss’s Table and Method for detecting a prime number, but I had not 
his book long enough in my own private use.’ 

Prof. Cayley communicated an article to the ‘‘ London, Edinburgh, 
and Dublin Philosophical Magazine” for May, 1872, ‘ On a Bicyclic 
Chuck.” See p. 104. 

The remarkable echo at Bedgebury Park (p. 185) became the subject 
of a correspondence, initiated by Lord Rayleigh in “ Nature,” under 
the heading, ‘‘ Harmonic Echoes.’ See ‘“‘ Nature,” No. 199 (vol. viii, 
pp. 319, 320, August 21, 1873), Nos. 200, 208, and 210 (vol. ix. p. 6). 

With reference to Mr. Macleod’s paper (p. 236) it may be noted, as 
was pointed out to the Secretaries, that the very oldest books on artil- 
lery (as Santbech, 1561) appear to use the principle of the hodograph, 
though in a bungling fashion. It may be of interest to notice that it 
was thought that it would be desirable to introduce a similar treatment 
of the question into elementary works on the subject of projectiles. 

There is an analysis given in the June (1873) number of the ‘ Lon- 
don, Edinburgh, and Dublin Philosophical Magazine” (pp. 400—454), 
which bears upon Mr. Hayward’s communication (p. 289) in little more 
than name only. The title of the article in question is, ‘ The first 
extension of the term Avea to the case of an autotomic plane circuit; 
by Thomas Muir, MA., Assistant-Professor of Mathematics in Glasgow 
University.” The writer quotes De Morgan’s words, “ No such exten- 
sion of the word has been made that I ever met with ;’’ and then he 
directs attention to a paper by Alb. Ludov. Fried. Meister in the Got- 
tingen Commentaries for 1769-1770, entitled, “De genesi figurarum 
planarum et inde pendentibus earum affectionibus,”’ which, he says, 
contains almost all that even yet can be said on the subject. 

vou. 1y.— No. 66. DD 
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‘ A Member of the Council supplies the following note upon Prof. 
Wolstenholme’s paper (p. 321): ‘‘ Eckardt, in Schlomilch’s Zeitschrift 
for 1870, has shown that if P andQ move in the same circle with uniform 
velocities, a point dividing the chord PQ in a constant ratio describes 
an epitrochoid.” 

Lord Rayleigh communicated to the November (1873) number of the 
London, Edinburgh, and Dublin Philosophical Magazine a ‘ Note on 
Vibrations of approximately Simple Systems,” which bears upon his 
paper on page 357 supra. 

Prof. Wolstenholme’s Note on p. 330 does away with the necessity of 
inserting i eatenso his paper read before the Society at the June 
(1873) eae (p. 556), but a few of its resultssmay be given here. 
Designating by a’, b’, ¢ the quantities given in his Note (p. 330) : 

If we take a=37, a=b, we get the well-known case of the cardi- 
plays). > —0),- 10 = od. 

If we take a=in, a=b, or a=4r, we get in each case the same 
locus, as was shown in the See former paper. 

Again,if we take a=—3b, a=1iv, wehaveagain a=b'’=0, c=); 
or the locus of the intersection of a enattants. tangents to a siodenes 
hypocycloid is the inscribed circle. 





The locus will in general be a circle, if either ey eae ean 
mts y being any integer. Thus if we take 2a=—8b and 
a+2 


a=17, we again get the tricusped hypocycloid under its alternative 
method of generation, and obtain the circle by making ¢=0. 

If a=—4b, and a=2m or 47, we have a=0l'=0, c=2b, giving 
the inscribed circle of the four-cusped hypocycloid; and it has been 
shown by the Author, in his paper on epicycloids, that three of the tan- 
gents from any point of this circle are so inclined. 


In general, if we make a=lU'=0, we get 
ean (Ob) Gieee ot ox = (— 1) (a +20) 
a+b +b : 


giving the circle through the vertices of the epicycloid (or hypocy- 


. 77 sin 











cloid). 
‘Also, if we make c ee Hh have 
1 pes = (—1)" ,at+2b 
ed iis 
therefore a rip a (—1)’ (a+ 20), 


giving again the circle through the vertices. 

It appears, then, that the only cases in which the locus is a circle are 
those discussed in the paper on epicycloids, p. 321. 

The locus can become an epicycloid only by taking c’=b’ on to —U’, 
which gives the equation 


b sin ane a=+(a+ b) sin —— 


b 
a+ 2b" 
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or with the notation of the paper referred to, 
m sin n0 = +n sin m0. 

The form of the equation shows that if C be the centre of the fixed 
circle, P, P’ the points of contact of two moving circles when the tan- 
gents are inclined at the given angle, Q the corresponding point of 
contact of the moving circle in the epitrochoid; then CQ bisects the 
angle PCP’. 

In the February number (1873, p. 98) of the “‘ Philosophical Maga- 
zine”’ appears a ‘‘ Note on the History of certain Formule in Spherical 
Trigonometry” (see the Appendix to Vol. iii. of the Proceedings of the 
London Mathematical Society, pp. 320, 321). In this Mr. Todhunter 
combats the view taken in the Appendix. He remarks that ‘the 
writer (Kligel) states correctly the positions of Gauss and Mollweide ; 
and then he adds that Delambre published the formule in the Connais- 
sance des Tems for 1808, and so French writers usually call them after 
him. But these few words relating to Delambre seem to me to fall 
below the usual standard of German accuracy. For, in the first place, 
the erroneous date (1808) must have been borrowed without verifica- 
tion, although there is nothing to warn us of this. And in the next 
place, the writer apparently puts the claims of Mollweide and Delambre 
as equal, by ascribing to both. the date 1808, overlooking the fact that 
the Oonnaissance des Tems for an assigned year is published in advance 
of that year. ‘Thus, finally, although Mollweide has priority over 
Gauss, yet he comes about a year and a half after Delambre; and there- 
fore, until any other person can be shown to have published the for- 
mul before April, 1807, they must be justly ascribed to Delambre.”’ 

Further on, Mr. Todhunter points out that Delambre’s second mode 
of proof is substantially the same as that independently discovered and 
printed in the ‘‘ Proceedings,” vol. 1., p. 18. One step, however, in 
Prof. Crofton’s proof he states is simpler than the corresponding step in 
Delambre’s, viz., the proof of the equality of the angles MVA and CVP, 

A Mathematical Society of Paris has been founded on the plan of the 
similar Societies of London, Moscow, and Berlin, having for its object 
to encourage mathematical studies, and increase mathematical know- 
ledge, and to form a bond of union of those interested in the mathema- 
tical sciences. The Society publishes a bulletin of its Proceedings 
(Nature, August 1, 1872; and for a more detailed account see Nowvelles 
Annales, August, 1872). 

Want of leisure has precluded Prof. Henrici from drawing up a full 
obituary notice of the late Dr. Clebsch. We shall content ourselves 
with the following brief sketch he has outlined. 

Rudolf Friedrich Alfred Clebsch was born 19th January, 1833, at 
Konigsberg in Prussia, where his father was a medical officer in the 
army. He was a pupil at the Gymnasium, and at the early age of 
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seventeen he became a student at the University of Kénigsberg. Here 
he attended the lectures of Neumann, Richelot, and Hesse on Mathema- 
tical Physics and Mathematics. The influence of each of these three 
men is perceptible in his writings. He took his degree in 1854, and 
went to Berlin, where he was for several years a teacher of mathematics 
at different schools, developing, in a short time, his extraordinary talents 
in this capacity. In his teaching we are told that it was not his aim to 
commence with a series of “difficult abstract definitions, but to start from 
concrete presentation, and rouse the pupil’s interest by intuition. This 
was subsequently the characteristic of his university lectures; the subject- 
matter of the lecture grows up organically before his audience.’”’ We 
learn further that “it was, in the highest sense of the word, an eesthetic 
pleasure to listen to his exposition.” Clebsch accepted, in 1858, the 
appointment of Professor of Theoretical Mechanics at the Polytechnic 
School at Carlsruhe; this he resigned for the chair of Pure Mathematics 
at the University of Giessen. Here he found, for the first time, the 
proper sphere for the full and simultaneous development of the gifts 
which he possessed, both for teaching and for original research; and 
consequently here it is that his scientific work rapidly increases. In 
the autumn of 1868 he left Giessen for Gottingen, where he died four 
years afterwards, on the 7th November, 1872. 

His writings are too numerous to be specially considered in the brief 
space at our command; they may, however, be divided, according to 
contents and succession, into six groups. 

First, he wrote on Mathematical Physics, Hydrostatics, Elasticity, 
and Optics; next on the Calculus of Variations, and on Partial Differ- 
ential Equations of the first order. There follow his first geometrical 
papers on general Theory of Curves and Surfaces. In connection with 
these comes a period characterised by his study of Abelian Functions 
and their use in Geometry. In his last years he was occupied at the 
same time by Plane-Representation of Surfaces and Theory of In- 
variants. * 


A full report of his works is given by a number of his pupils in the 
Mathem. Ann., vol. vii., p. 1. 

Dr. Clebsch was elected an Honorary Foreign Member of the Society 
on December 14th, 1871. R. T. 





* This account has been chiefly drawn up from the account in the “Mathematische 
Annalen,” vol. vi., p. 1, which is itself a reprint from the “‘ Nachrichten der Konig]. 
Gesellschaft der Wissenschaften in Géttingen.” Translations are given in the 
“Nouvelles Annales,” and also in the “ Giornale di Matematiche”’ (Gennaio e Feb- 
braio, 1874). In this latter journal also appeared, in Jan.-Feb. 1873, ‘Commemo- 
razione di R. F. A. Clebsch indirizzata all’ Accademia di Gottingen dal Prof. Carlo 
Neumann,” from the “ Gottingen Nachrichten.” 
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